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1 - The naive selection method

Let F : [0, T ]× IRn 7→ 2IR
n

be a multifunction, and consider the differential inclusion

ẋ ∈ F (t, x). (1)

In order to construct solutions of (1), a naive approach consists of the two steps:

(i) find a selection f(t, x) ∈ F (t, x),

(ii) solve the ordinary differential equation ẋ = f(t, x).

When the multifunction F is lower semicontinuous with closed convex values, a continuous se-
lection f is obtained using Michael’s theorem. The local existence of solutions to the corresponding
O.D.E., with continuous right hand side, is then proved by the classical theorem of Peano.

Dropping the assumption that the values of F be convex, the above approach runs into difficul-
ties. Indeed, in this case no continuous selection of F may exist, hence step (i) in the naive approach
cannot be accomplished if we requre that f be continuous. On the other hand, if we consider a
selection f which is only measurable, then the differential equation in (ii), with discontinuous right
hand side, may have no solutions at all.

In order to implement the “naive approach” in the non-convex case, we thus need to isolate a
property of functions f : [0, T ]× IRn 7→ IRn which is stronger than measurability but weaker than
continuity: strong enough so that the O.D.E. in (ii) always has solutions, but general enough so
that also the corresponding selection problem (i) can be solved.

To define such a property, consider the cone in IR× IRn with opening M > 0,

ΓM =
{

(t, x) ∈ IRn+1; |x| ≤Mt
}
.
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Definition 1. A map f from IR × IRn into a metric space Y is ΓM -continuous if, for every t, x,
one has

lim
ν→∞

f(tν , xν) = f(t, x) (2)

for every sequence (tν , xν)→ (t, x) such that (tν − t, xν − x) ∈ ΓM for each ν ≥ 1.

Remarks. In (2), one only requires that the limit value f(t, x) be attained when the point (t, x)
is approached along the directions of the cone ΓM . For this reason, we usually say that a (possibly
discontinuous) function f satisfying the above conditions for some M is directionally continuous.
Observe that, in the case n = 0, the above definition simply means that f : IR 7→ Y is right-
continuous.

Caratheodory solutions to a differential equation with directionally continuous right hand side
were first constructed by Pucci [17], by means of piecewise linear approximations.

Theorem 1. Let f : [0, T ] × IRn 7→ IRn be ΓM -continuous and satisfy |f(t, x)| ≤ L for some
L < M and all t, x. Then, for every x̄ ∈ IRn, the Cauchy problem

ẋ(t) = f(t, x(t)), x(0) = x̄ (3)

has a Caratheodory solution on [0, T ].

An alternative proof [5] relies on the continuity of the Picard operator generated by f .

Proposition 1. Let f : [0, T ]× IRn 7→ IRn be bounded and ΓM -continuous. Then, for any L < M ,
the operator u 7→ φ(u), with

φ(u)(t) = f(t, u(t)), (4)

is continuous from the set of lipschitzean functions

Y =
{
u ∈ C0

(
[0, T ]; IRn

)
; |u(t)− u(s)| ≤ L|t− s|

}
(5)

into L1
(
[0, T ]; IRn

)
.

Using the above proposition, the solution of (3) can be obtained by Schauder’s theorem, as
the fixed point of the compact mapping u 7→ P(u), with

P(u)(t) = x̄+

∫ t

0

f(s, u(s)) ds. (6)

Concerning the existence of directionally continuous selections, the main result proved in [5]
is:

Theorem 2. For any M > 0, every lower semicontinuous multifunction F : [0, T ] × IRn 7→ 2IR
n

with closed values admits a ΓM -continuous selection.

Combining the two previous theorems, the existence of solutions for a differential inclusion
follows easily.

2



Theorem 3. Let F : [0, T ] × IRn 7→ 2IR
n

be a bounded lower semicontinuous multifunction with
compact values. Then the Cauchy problem

ẋ(t) ∈ F (t, x(t)), x(0) = x̄ (7)

has a solution on [0, T ].

Indeed, since F is bounded, all sets F (t, x) are contained in some ball B(0, L) centered at the
origin with radius L. Fix any M > L. By Theorem 2 there exists a ΓM -continuous selection f
of F . By Theorem 1, the problem (3) has a solution x : [0, T ] 7→ IRn, which is of course also a
solution of (7).

We remark that, if f is a directionally continuous selection of F , then the map φ defined at
(4) is a continuous selection from the multifunction Φ : Y 7→ L1

(
[0, T ]; IRn

)
, with

Φ(u) =
{
v ∈ L1; v(t) ∈ F (t, u(t)) a. e.

}
. (8)

Since Φ is lower semicontinuous with closed, decomposable values, the existence of a continuous
selection φ follows already from the results in [2,4,14,15]. The method of directionally continu-
ous selections, besides providing an alternative, simpler construction for φ, allows for additional
regularity estimates [1].

Proposition 2. Let F : [0, T ] × IRn 7→ 2IR
n

be a bounded lower semicontinuous multifunction
with compact values. If F is Hölder continuous of some exponent α < 1, then it admits a selection
f such that the corresponding map φ in (4) is Hölder continuous of the same exponent. If F is
Lipschitz continuous, then f can be chosen so that φ is simultaneously Hölder continuous of every
exponent β < 1.

2 - Abstract selection theorems

The selection theorem stated in the previous section can be conveniently recast in an entirely
abstract form. This approach leads to more transparent proofs and can be applied more generally
to multifunctions defined on arbitrary subsets of Banach spaces.

Let X,Y be complete metric spaces and let F : X 7→ 2Y be a lower semicontinuous multifunc-
tion with closed values. Without any extra assumption, F may not admit any continuous selection.
In this case, we can introduce a stronger topology T + on X and ask whether a selection f exists,
which is continuous from X (with the finer topology T +) into Y (with the metric topology).

When X = IRn+1 and T + is the topology generated by the basis of open sets

Γt,x,ε =
{

(s, y); t ≤ s < t+ ε, |y − x| ≤M(s− t)
}

(9)

with (t, x) ∈ IRn+1 and ε > 0, Theorem 2 provides a positive answer. More general results in this
direction were obtained in [9,10].

Theorem 4. Let X,Y be complete metric spaces and let T + be a topology on X with the property

(P ) For every pair of sets A ⊆ B ⊆ X with A closed and B open (in the original topology), there
exists a set C, closed-open in T +, such that A ⊆ C ⊆ B.
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Then every lower semicontinuous multifunction F : X 7→ 2Y with closed values admits a T +-
continuous selection. If X is locally compact, the conclusion remains true replacing (P ) with the
weaker property

(P ′) If B is a neighborhood of a point x ∈ X (in the metric topology), then there exists a set C,
closed-open in T +, such that x ∈ C ⊆ B.

In the locally compact space IRn+1, the property (P ′) is easy to check. Indeed, if B is a
neighborhood of a point (t, x) in the usual topology, then for ε > 0 sufficiently small the set

Γt−ε,x,2ε =
{

(s, y); t− ε ≤ s < t+ ε, |y − x| ≤M(s− t+ ε)
}

is closed-open in T +, contains (t, x) and is contained in B. The following result, proved in [9],
enables one to construct directionally continuous selections on arbitrary (noncompact) subsets of
Banach spaces.

Lemma 1. Let E be a Banach space with norm | · | and define the product space X = IR×E, with
the usual metric. Then the topology T + on X, generated by all open sets Γt,x,ε in (9) with t ∈ IR,
x ∈ E and ε > 0, has the property (P ).

3 - Upper semicontinuous regularizations

Let f be a bounded map from [0, T ] × IRn into IRn. If f is not continuous but we still wish
to attach to the Cauchy problem (3) some kind of generalized trajectory, we can define the convex
valued, upper semicontinuous regularization of f :

G(t, x) =
⋂
ε>0

co
{
f(t′, x′); |t′ − t| < ε, |x′ − x| < ε

}
(10)

and consider the multivalued problem

ẋ(t) ∈ G(t, x(t)), x(0) = x̄. (11)

¿From the theory of differential inclusions [3], it is well known that (11) always admits a Caratheodory
solution, which can be regarded as a “generalized solution” of (3). Observe that, if f is continuous,
then G(t, x) = {f(t, x)} for every t, x. In general, the convex sets G(t, x) are much bigger than

the singletons {f(t, x)}, hence the family SGx̄ of solutions of (11) is larger than the family Sfx̄ of
Caratheodory solutions of (3), which indeed may be empty. It is a remarkable fact that, when f
is directionally continuous, these two sets of solutions actually coincide [7].

Theorem 5. Let f : IR× IRn 7→ IRn be ΓM -continuous and satisfy |f(t, x)| ≤ L for some L < M
and all t, x. Call G the upper semicontinuous, compact convex valued regularization of f , defined at
(10). Then every solution of ẋ(t) ∈ G(t, x(t)) is also a Caratheodory solution of ẋ(t) = f(t, x(t)).

By the above theorem, one can establish a useful link between upper- and lower-semicontinuous
differential inclusions, namely
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Theorem 6. Let F : IR×IRn 7→ 2IR
n

be a bounded lower semicontinuous multifunction with closed
values. Then there exists a bounded upper semicontinuous, compact convex valued multifunction G
such that every solution of ẋ(t) ∈ G(t, x(t)) is also a solution of ẋ(t) = F (t, x(t)).

Indeed, assume |F (t, x)| ⊆ B(0, L) for all t, x. Choose M > L and construct a ΓM -continuous
selection f of F . Defining G as in (10), by Theorem 5 it follows that every solution of ẋ ∈ G(t, x)
is also a solution of ẋ = f(t, x) ∈ F (t, x), as required.

In [12] an extension of Theorem 6 is proved for evolution systems of the form

ẋ ∈ Ax+ F (t, x),

where A is the generator of a strongly continuous semigroup of contractions in a Banach space and
F is lower semicontinuous with closed values.

These results make it possible to deduce theorems, concerning lower semicontinuous differential
inclusions, from the analogous results valid in the upper semicontinuous, convex valued case. For
example, we have

Theorem 7. Let D ⊂ IRn be compact, convex. Let F : IR × D 7→ IRn be a bounded, lower
semicontinuous multifunction with compact values, periodic with period T . If the tangency condition

lim inf
λ→0+

d(x+ λv, D) = 0

holds for each t ∈ IR, x ∈ D and every v ∈ F (t, x), then the differential inclusion ẋ(t) ∈ F (t, x(t))
has a T -periodic solution with values inside D.

The proof [7] is obtained by constructing an upper semicontinuous multifunction G according
to Theorem 6, and then showing that the inclusion ẋ ∈ G(t, x) has a T -periodic solution taking
values inside D.

4 - Selections generating a continuous flow

If F is a Lipschitz continuous multifunction with compact convex values, then [3,16] it admits
a Lipschitz continuous selection f . In particular, for every (t0, x0) ∈ IR× IRn, the Cauchy problem

ẋ(t) = f(t, x(t)), x(t0) = x0 (12)

has a unique solution, say t 7→ x(t, t0, x0), depending continuously on the initial data. Setting

Φt,t0(x0)
.
= x(t, t0, x0),

we thus obtain a continuous, time dependent flow on IRn, generated by f . If the values of F are no
longer assumed to be convex, one can still hope for the existence of some (possibly discontinuous)
selection f such that all Cauchy problems (12) are well posed.

Some examples of discontinuous maps generating a continuous flow are known [6]:

Theorem 8. Let f : IRn+1 7→ IRn be any map which satisfies |f(t, x)| ≤ L for all t, x. Assume
that, for some M > L, as u varies over all Lipschitz continuous functions with constant M , the

5



total variation of t 7→ f(t, u(t)) is uniformly bounded. Then each Cauchy problem (12) has a unique
solution, depending continuously on t0, x0.

Unfortunately, given a Lipschitz multifunction with nonconvex values, it does not seem possible
to construct even local selections with the property stated in Theorem 8. A less direct approach,
taken in [8,11], is based on the observation that the solution set of (12) depends on the Picard map
Pf of f in an upper semicontinuous way. More precisely, set

Pf (u)(t) =

∫ t

0

f(s, u(s)) ds,

and define the distance between the Picard operators of f and g by

∥∥Pf − Pg∥∥ .
= sup

{∣∣∣∣∫ t

0

[
f(s, u(s))− g(s, u(s))

]
ds

∣∣∣∣ : t ∈ [0, T ], u ∈ Y
}

where Y is the family of lipschitzean functions considered at (5).

Lemma 2. Let D ⊂ IRn be compact. Let f : [0, T ] × IRn 7→ IRn be measurable and assume that
(i) Pf : Y 7→ C0

(
[0, T ]; IRn

)
is well defined and continuous. (ii) For every (t0, x0) ∈ [0, T ]×D,

the Cauchy problem (12) has a unique solution x(·, t0, x0). Then, for any ε > 0, there exists δ > 0
such that, for every g : [0, T ]× IRn 7→ B(0,M) with

∥∥Pg − Pf∥∥ ≤ δ, the set of solutions of

ẋ(t) = g(t, x(t)), x(t0) = x0, t ∈ [0, T ], (13)

has diameter smaller than ε, for every (t0, x0) ∈ [0, T ]×D.

In order to obtain a selection from F whose corresponding Cauchy problems are well posed,
one can construct a sequence of approximate selections fν and numbers δν > 0 with the following
properties:

(i) Every Cauchy problem

ẋ = fν(t, x), x(t0) = x0 t ∈ [0, T ]

has a unique solution.

(ii) If
∥∥Pg − Pfν∥∥ ≤ δν , then the set of solutions of (13) has diameter ≤ 2−ν .

(iii)
∥∥Pfν+1 − Pfν

∥∥ ≤ δν/2, δν+1 ≤ δν/2.

If f = lim fν is a selection from F and Pfν → Pf uniformly on Y , then, for every t0, x0,
the uniqueness of the solution of the Cauchy problem (12) follows by construction. Indeed, let
x1(·), x2(·) be distinct solutions of (12), say with ‖x1 − x2‖C0 > 2−k for some k. Using (iii) we
then compute

∥∥Pf − Pfν∥∥ ≤ ∞∑
ν=k

∥∥Pfν+1 − Pfν
∥∥ ≤ ∞∑

ν=k

δν
2
≤
∞∑
ν=k

1

2
· δk

2ν−k
= δk.

By (ii), the solution set of (12) thus has diameter smaller than 2−k, a contradiction.
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Using the above argument, one can prove [8,1]

Theorem 9. Let F : [0, T ] × IRn 7→ 2IR
n

be a bounded, Lipschitz continuous multifunction with
compact values. Then there exists a directionally continuous selection f of F such that, for every
x̄ ∈ IRn, the Cauchy problem (3) has a unique solution, depending continuously on the initial data.
More precisely, there exist constants C, δ > 0 such that any two solutions x(·), y(·) of (3) satisfy

∣∣x(t)− y(t)
∣∣ ≤ C

log
∣∣ log |x(0)− y(0)|

∣∣ ∀t ∈ [0, T ]

whenever |x(0)− y(0)| ≤ δ.

Concerning selections which take values within the set of extreme points of F (t, x), the main
result in [11] is

Theorem 10. Let D ⊂ IRn be compact. Let F : [0, T ]×IRn → 2IR
n

be a bounded continuous multi-
function with compact values. Assume that either F is Lipschitz continuous or else intcoF (t, x) 6= ∅
for every t, x. Then there exists a measurable selection f from extF such that, for each t0, x0, the
Cauchy problem (12) has a unique Caratheodory solution, depending continuously on the initial
data.

An easy consequence of this theorem is the contractibility of the set M of solutions to

ẋ(t) ∈ extF (t, x(t)), x(0) = x0, t ∈ [0, T ],

first proved in [13] by a Baire category argument. Indeed, let f be the selection from extF
considered in Theorem 10, and call x(·, t0, x0) the corresponding unique solution of the Cauchy
problem (12). The setM is then contracted to a single point by the following continuous homotopy:

ϕ(v, λ)(t) =

{
v(t) if t ∈ [0, λT ],
x(t, λT, v(λT )) if t ∈ [λT, T ].
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