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An ordinary differential equation

x′ = f(t, x(t)) (ODE)

uniquely assigns the time derivative x′(t) = d
dtx(t) as a function of t and x.

A differential inclusion
x′ ∈ F (t, x(t)), (DI)

on the other hand, only requires that the derivative x′ be inside a given set F (t, x) ⊂ Rn.
Therefore, given an initial condition x(0) = x̄, one can usually find several solutions of (DI).
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Figure 1: A differential equation (above) and a differential inclusion (below). Here R(t) is the set
reached by trajectories of the differential inclusion at time t.

As a research field, differential inclusions may be regarded as a gymnasium, where new ideas
and techniques can be introduced and developed in a rather elementary setting [?]. Some of
these ideas have later found application to other branches of mathematics: control theory,
Calculus of Variations, PDEs.

A basic case is where the set-valued function F is upper semicontinuous (in practice, this
simply means that its graph is closed), and each set F (t, x) is compact and convex. Under these
assumptions, many results valid for ODEs with continuous right hand side can be extended to
the multivalued case. A direct link between ODEs and differential inclusions is provided by

Cellina’s approximate selection theorem [7]:

Given a multifunction F with closed graph and convex values, for any ε > 0 there exists a
continuous function fε whose graph is contained in an ε-neighborhood of the graph of F .
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Figure 2: An illustration of Cellina’s theorem. Left: a multifunction F with closed graph and compact,
convex values. Right: a continuous function fε whose graph is contained in an ε-neighborhood of the
graph of F .

By taking solutions of x′ = fε(t, x) and letting ε→ 0 one can thus obtain a solution of (DI).

The most interesting aspects of differential inclusions arise in the case where the sets F (t, x)
are compact but not convex. In this case, the theory is substantially different from the ODE
case, and new ideas have been developed.

1 The upper semicontinuous, non-convex case

For some years, it was conjectured that the Cauchy problem

x′ ∈ F (x) , x(0) = 0 (CP)

would always have solutions if F has closed graph and each set F (x) is diffeomorphic to a
compact convex set (in other words, instead of assuming that F (x) is convex, we only assume
that F (x) is topologically equivalent to a convex set). This conjecture was disproved by the
counterexample [2], see fig. 3.

Recent work has sought to revive this conjecture, assuming that the multifunction F satisfies
some additional regularity conditions. Motivated by Cellina’s theorem, we assume that F can
be ε-approximated by functions fε whose Sobolev norm ‖fε‖W 1,p remains uniformly bounded
as ε→ 0.

In the planar case x ∈ R2, if ε-approximate selections fε exist such that ‖fε‖W 1,1 ≤ C for
every ε > 0, it was proved in [5] that the Cauchy problem (CP) has at least one solution. It
remains an open problem to understand whether a similar result holds on a higher dimensional
space Rn, with n ≥ 3.

Question 1. Let F be a bounded multifunction on Rn with closed graph. Assume that, for
every ε > 0, there exists a smooth function fε whose graph is contained in an ε-neighborhood
of the graph of F , with Sobolev norm ‖fε‖W 1,n−1 ≤ C independent of ε. Does this imply that
(CP) admits a solution?
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Figure 3: A multifunction F with closed graph, whose images are either single points (outside γ), or

a half-circumference (on the curve γ). Here γ =
{

(x1, x2); x2 = x1 cos 1
x1

}
. In this case, the Cauchy

problem (CP) has no solution. Indeed, any solution starting at the origin cannot leave the curve γ. It
cannot stay still at the origin, because 0 /∈ F (0). It cannot move along γ either, because to reach any
other point (x1, x2) ∈ γ it would need to cover an infinite length.

2 Extremal solutions by the Baire category approach

In analysis, it is often much easier to solve problems under a convexity assumption. For
a convex problem, a weak limit of a sequence of approximate solutions is usually an exact
solution. This suggests:

(i) Consider a “relaxed” (convexified) problem, show that it does have solutions.

(ii) Prove that “almost all” solutions to the relaxed problem solve the original problem as well.

Here “almost all” is understood in the sense of Baire category: the convexified problem has a
nonempty, closed set of solutions. Among these solutions:

• the good ones, that also solve the original problem, form a residual subset (i.e., a count-
able intersection of open, everywhere dense subsets).

• The bad ones, who do not solve the original problem, form a meager set (i.e., a countable
union of closed sets with empty interior).

By Baire’s category theorem, this implies that the original problem has a nonempty, dense set
of solutions.

In the context of differential inclusion, ideas in this direction have been developed starting
with the seminal paper [8].

Let F be a continuous multifunction on Rn with compact, possibly not convex values. As in
figure 4 denote by coF (x) and extF (x) the convex hull and the set of extreme points of the
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Figure 4: A set F (x), its convex closure coF (x) and the set of extreme points extF (x).

set F (x). Consider the set of solutions to the three differential inclusions

x′ ∈ extF (x), x′ ∈ F (x), x′ ∈ coF (x),

always with initial data x(0) = 0 and t ∈ [0, T ].

Since extF (x) ⊆ F (x) ⊆ coF (x), it is clear that Fext ⊆ F ⊆ Fco.

If F is Lipschitz continuous (w.r.t. the Hausdorff distance), one can prove that the set Fco ⊂
C([0, T ]; Rn) is nonempty and compact. Moreover, Fext is a residual subset of Fco, hence
nonempty and everywhere dense [?, 17].

When the multifunction F is only continuous (not Lipschitz), it is known [16] that the sets Fext
and F may not be dense in Fco. Yet, by a generalized version of the Baire category theorem
where points are replaced by compact sets, it was proved in [4] that the solution sets Fext, F
are non-empty. In particular, this yields a new proof of the classical theorem of Filippov [13]
on the existence of solutions to differential inclusions with continuous, non-convex right hand
side.

Very recently, an alternative approach to extremal solution was introduced in [3], always based
on Baire category but from a dual point of view. Let F be a continuous multifunction on Rn
with compact convex values. Given a continuous function t 7→ w(t) ∈ Rn, call Fw the set of
all solutions to

x′(t) ∈ Fw(t)(x(t)), x(0) = 0.

Here Fw(t)(x) ⊆ F (x) is the set of points y ∈ F (x) that maximize the inner product with the
vector w(t), as shown in Fig. 5.

It is easy to prove that Fw is a nonempty subset of F . Remarkably, as proved in [3], for a
residual set of functions w(·) ∈ C([0, T ]; Rn) one has Fw ⊆ Fext.

Otherwise stated, if at every time t ∈ [0, T ] we choose the derivative x′(t) on the face
Fw(t)(x(t)), then for “almost all” continuous functions w(·) (in the sense of Baire category)
the solution we obtain actually satisfies x′(t) ∈ extF (x(t)) for a.e. t ∈ [0, T ].

Question 2. The above result was proved for the space C([0, T ]; Rn) of all continuous func-
tions. Depending on the regularity properties of the multifunction F (say, Lipschitz or Hölder
continuous), can one prove a similar result on a smaller space of functions w(·) satisfying a cer-
tain modulus of continuity? For example, when is it true that the set {w ∈ Cγ ; Fw ⊆ Fext}
is residual in the Hölder space Cγ([0, T ]; Rn) ?
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Figure 5: The set Fw(t)(x) of all points in F (x) which maximize the inner product with w(t).

Some spectacular applications of Baire category have recently been developed in connection
with PDEs [11, 12].

In [6], a simple result was proved on existence of solutions to the total differential inclusion{
∇u(x) ∈ extF (x, u(x)), x ∈ Ω ,
u(x) = 0 x ∈ ∂Ω .

(1)

Here Ω ⊂ Rn is a bounded open set with smooth boundary. In this connection, one may ask

Question 3. Can one establish solutions to PDEs such as (1), by a dual Baire category
argument? This would involve the solution of problems of the type{

∇u(x) ∈ Fw(·)(x, u(x)), x ∈ Ω ,
u(x) = 0 x ∈ ∂Ω .

(2)

where Fw is some subset of F (x, u(x)) depending on w(·), and then show that for almost all
guiding functions w(·) (in the sense of Baire category, in a suitable space) the solution of (2)
actually solves (1) as well.

3 Extremal solutions by a probabilistic approach

As described in the beautiful book of Oxtoby [14], measure and category theories share many
similarities. One wonders if the above results on existence of extremal solutions could alter-
natively be proved replacing “almost all” in the sense of Baire category with “almost all” for
a given probability measure on the set of solutions Fco. This leads to:

Problem 4. Construct a probability measure P on the space of continuous functions C
(
[0, T ]; Rn

)
which is supported on the set Fco of solutions of

x′(t) ∈ coF (x(t)), x(0) = 0,

and has the following properties.

(P1) With probability one, trajectories satisfy x′(t) ∈ extF (x(t)) for a.e. t ∈ [0, T ]. Otherwise
stated,

P (Fext) = 1.
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(P2) The support of P is dense on Fco. Namely, for every open set U ⊂ C
(
[0, T ]; Rn

)
one has

U ∩ Fco 6= ∅ ⇐⇒ P (U) > 0.

A first result in this direction, relying on Brownian motion on the unit sphere, can be found
in [10].
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