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Abstract
Wind stress drives the upper ocean circulation at mid-latitudes by means of an interplay
with the vertical turbulent friction and the Coriolis force, generating horizontal wind-drift
currents which spiral and decay with depth. Classical Ekman theory – applied almost
universally in oceanography – predicts that the angle between the vectors of the surface
current and surface wind is 45◦ , if the coefficient of vertical turbulent mixing is constant.
However, observations show that the deflection angle is usually close to 30◦ in arctic regions
and larger than 45◦ in some low latitude areas, because the vertical turbulent mixing varies
with depth. In contrast to Ekman’s classical solution, the solutions that are available
for depth-dependent eddy viscosity are quite involved and, as in data-driven studies, it
is difficult to sort out spurious correlations that obscure the underlying structure. We
propose a perturbative approach, providing a formula for the deviation of the deflection
angle from the 45◦ reference value.
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Introduction

As the wind blows across the ocean, it moves its near-surface waters as a result of its frictional drag on the surface. In equatorial regions, where the Coriolis effect due to the Earth’s
rotation vanishes, the resulting wind-drift current moves in the same direction as the wind
(see [1]). However, in non-equatorial regions the Coriolis effect, arising because of the Earth’s
spin around its polar axis, is of overriding importance: the wind-driven stress (acting in the
direction of the wind) is balanced not only by frictional forces opposing it but also by the
Coriolis force. The outcome is a deflection of the surface ocean current from the direction of
the wind, to the right in the northern hemisphere and to the left in the southern hemisphere
(see [11]).
The deflection of surface currents was first noticed by the Norwegian explorer F. Nansen during
the arctic Fram expedition (1893–1896). Nansen observed that the ice, rather than moving
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in the same direction as the wind, was moving consistently to the right of the wind direction.
He discerned that this was due to the effect of the Earth’s rotation and reasoned that, as
the depth increased, each successive layer of water, moving over the one below it like a wind,
would produce an increasing deviation until, at a certain depth, the flow direction would be
opposite to that at the surface [8]. Nansen turned to the Swedish physicist V. W. Ekman to
provide theoretical support for his observations and reasoning. Ekman’s subsequent theory of
wind-driven currents stands more than a century after its introduction [7] as the basis for our
understanding of wind-driven ocean circulation. While Ekman’s theory is also relevant for the
air flow in the atmospheric planetary boundary layer (see [3]), our concern will be wind-drift
ocean currents. These surface currents regulate the global climate by transporting the heat
stored in the upper ocean, thus moderating the extremes of temperature on our planet. The
oceans cover over 70% of the Earth’s surface and water can absorb and release large amounts
of heat without a large increase in temperature. IPCC 5th Assessment Report from 2014
estimates that most of the excess heat trapped by greenhouse gases has been stored within
the upper 75 m of the oceans, while the ocean heat content in 2018 was larger than any other
year since observations began in the 1950s (see [2]).
Numerous field studies were devoted to verify Ekman’s theory. While the predicted deflection
of the surface current from the wind direction is observed at mid-latitudes, the deflection angle
appears to differ substantially from the of 45◦ value of Ekman’s classical theory, being typically
much lower (it can be reduced to about 20◦ ) but larger values (in excess of 50◦ ) are also
encountered. Moreover, the deviation of the surface current from the wind is typically larger
during the day than during the night (see [9]). These discrepancies are ascribed to Ekman’s
oversimplified hypothesis of constant eddy viscosity, a depth-dependent eddy viscosity being
typically essential for realistic predictions. Since field data shows that the class of relevant
eddy viscosities feature quite different behaviours (the intensity could increase or decrease
with depth, but specific regions present non-monotonic types with multiple local extrema)
and the available explicit solutions for non-constant eddy viscosity are very scarce (see the
discussion in [3]), one has to rely on case-by-case numerical simulations. This type of approach
makes it very difficult to identify the important factors that control the size of the deflection
angle. We propose an alternative method: by developing a perturbative approach, we provide
a generally valid formula that predicts the deviation of the deflection angle from the classical
45◦ reference value. In particular, our approach explains why an eddy viscosity that increases
with depth produces deflection angles less than 45◦ , while an eddy viscosity that decreases
with depth yields deflection angles larger than 45◦ .

2

Background

For our purposes it is convenient to use a locally valid Cartesian coordinate system with x,
y, and z aligned eastward, northward and upward, respectively, and with the corresponding
fluid velocity components denoted by u, v and w, respectively. In non-equatorial regions,
away from surface, bottom and coastal boundary layers the ocean flow is geostrophic (arising
from a balance between the pressure gradient force and the Coriolis force), whereas in the
mixed layer near the surface (the upper 200-300 m) one has to account for the wind-drift (see
[11]). We consider non-equatorial open ocean regions since equatorial flows present peculiar
features that are not encountered elsewhere (the vanishing of the meridional component of
the Coriolis force at the Equator leads to a breakdown of the geostrophic balance, while its
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change of sign across the Equator produces an effective waveguide, with the Equator acting as
a fictituous natural boundary that facilitates azimuthal flow propagation – see the discusions
in [1, 4]). Since the ratio of vertical speed to horizontal speed is about 10−4 (see [11]), we
neglect the vertical motion and consider an open ocean region with a horizontal geostrophic
flow field (û, v̂), subjected to a wind stress (τ 1 , τ 2 ) along its surface. For a homogeneous
fluid of density ρ0 the vertical component of the geostrophic flow is zero and the horizontal
geostrophic flow depends on the magnitude of the pressure gradient (see [11]):
(û, v̂) =



−

1 ∂p 1 ∂p 
,
,
f ρ0 ∂y f ρ0 ∂x

(2.1)

where p is the pressure and f = 2ω sin φ is the Coriolis parameter, equal to twice the vertical
component of the Earth’s rotation vector (ω ≈ 7.272 × 10−5 rad s−1 and φ being the radian
frequency of Earth’s rotation and the latitude, respectively). Neglecting vertical motion means
that the pressure distribution is hydrostatic, so that (û, v̂) is depth-independent and, assuming
steady wind conditions and a turbulent mixing parametrized by a constant vertical eddy
viscosity coefficient K, the balance between frictional and Coriolis forces can be expressed in
the form of the following differential equations for the latitudinal and longitudinal velocity
components of the wind drift, as a function of depth:

∂2u


 −f (v − v̄) = K 2 ,
∂z
(2.2)
2


 f (u − ū) = K ∂ v .
∂z 2
The wind stress at the surface z = 0 is given by
(τ 1 , τ 2 ) = ρ0 K

 ∂u ∂v 
,
,
∂z ∂z

(2.3)

and the boundary condition
(u − ū, v − v̄) → (0, 0)

as

z → −∞ ,

(2.4)

expresses the fact that the wind-drift current is insignificant at great depths. Ekman’s solution
to this problem is, in complex variables notation,
√
z 
n  z π o
2
(u − ū) + i(v − v̄) =
[τ1 + iτ2 ] exp
exp i
−
,
(2.5)
ρ0 f d
d
d 4
p
where d = 2K/f is the Ekman-layer reference depth, with πd representing the lower boundary of the Ekman layer – the near-surface region of the ocean affected by the movement of
wind and frictional influence, typically about 30–200 m deep. The wind-driven horizontal flow
component (2.5) is independent of the geostrophic flow field (û, v̂), with the surface current
directed 45◦ to the right/left of the surface wind stress in the northern/southern hemisphere,
with velocities decaying and rotating with depth to the right/left to form a spiral (see Fig. 1).
Observational evidence for Ekman’s solution (2.5) is provided by the wind-driven currents
in the Southern Ocean (see [13]). However, most field studies of wind-drift ocean currents
report systematic differences (see e.g. [6]). Ekman’s basic predictions, that the wind-drift
current surface veers at the surface to the right/left of the wind (in the northern/southern
hemisphere) and that with increasing depth the current speed is reduced, while the direction
3

Figure 1: Sketch of the structure of wind-driven currents at mid-latitudes: the vertical motion is very weak and, according to Ekman theory, the horizontal current velocity vectors
form a descending spiral from an angle of 45◦ (to the right/left direction of the wind in the
northern/southern hemisphere) at the water surface to an angle of 180◦ (opposite to the wind
direction), at a Ekman-layer depth. The vectors rapidly decrease in length (speed) as the
depth increases, being reduced by a factor of eπ ≈ 23 at the bottom of the Ekman layer
(Image credit: NOAA).
rotates farther away from the wind direction following a spiral, are generally accepted but
the details are generally not. It is by now recognized that the assumption of constant eddy
viscosity is an extreme simplification and a depth-dependent eddy viscosity K(z) is necessary,
so that instead of (2.2) we have the system

∂ 
∂u 


K(z)
,
 −f (v − v̄) =
∂z
∂z
(2.6)

∂ 
∂v 

 f (u − ū) =
K(z)
,
∂z
∂z
with the boundary conditions (2.3) and (2.4); see [5]. We regard the physically relevant eddy
viscosities K(z) as perturbations of the asymptotic reference value K0 = lim K(z) > 0, so
z→−∞

that
K(z) = K0 + εK1 (z) ,

z ≤ 0,

(2.7)

where ε  1 and the asymptotic rate of convergence is faster than quadratic, that is, there
exist constants a, b, c > 0 such that
|K1 (z)| ≤

a
,
1 + b|z|2+c

z ≤ 0.

Field data shows that quite often the perturbation K1 actually converges exponentially fast
to zero at great depths (see the discussion in [3]).
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3

Methods

To simplify notation, we use the complex function
with U = u − ū ,

Ψ = U + iV ,

V = v − v̄ ,

and perform the variable change
.
s = s(z) = K0

Z

0

z

−1
dy,
K(y)

(3.8)

to write the system (2.6) more compactly as the complex-valued second order differential
equation
Ψ00 (s) = iκ(s)Ψ(s)
s < 0,
(3.9)
where
κ(s) =

f
K(z)
K02

s ≤ 0.

(3.10)

The boundary conditions (2.3) and (2.4) are transformed to
Ψ0 (0) =

1
(τ 1 + iτ 2 )
ρ0 K0

and

Ψ → 0

as

s → −∞ ,

(3.11)

respectively. Writing
f
+ εk(s) ,
K0

κ(s) =

s ≤ 0,

(3.12)

we set
s ≤ 0,

Ψ(s) = Ψ0 (s) + εψ(s) + o(ε) ,

(3.13)

where Ψ0 is the explicit classical Ekman solution
Ψ0 (s) =

1−i
√
(τ 1 + iτ 2 ) e(1+i)λs
ρ0 2f K0

with

λ =

p

f /(2K0 ) .

(3.14)

Inserting (3.13) in (3.9) one obtains
Ψ000 (s) + εψ 00 (s) = i

 f


+ εk(s) Ψ0 (s) + εψ(s) + o(ε).
K0

Dividing by ε and letting ε → 0, this yields a linear, non-homogeneous second order differential
equation for the perturbation ψ, namely
ψ 00 (s) − i

f
ψ(s) = ik(s)Ψ0 (s) ,
K0

(3.15)

to be solved with homogeneous boundary and asymptotic conditions:
ψ 0 (0) = 0,

ψ → 0

as

s → −∞.

(3.16)

The solution to (3.15)-(3.16) can be expressed as the convolution
Z

0

ψ(s) = i

G(s, t) k(t)Ψ0 (t) dt ,
−∞
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s≤0,

(3.17)

where for t < 0 the Green’s function w(s) = G(s, t) provides a solution to


s ∈ (−∞, t) ∪ (t, 0) ,
w00 (s) − i Kf0 w(s) = 0,
w0 (0) = 0,
w0 (t−) − w0 (t+) = 1,
w(s) → 0

The solution to (3.18) is of the form
 h
i
 A e(1+i)λs + e−(1+i)λs
w(s) =

Be(1+i)λs

as s → −∞.

(3.18)

for s ∈ (t, 0) ,
(3.19)
for s ∈ (−∞, t) .

Using the continuity of w and the jump condition in the derivative at s = t, we find
A =

1 − i (1+i)λt
e
,
4λ

B =

i
1 − i h (1+i)λt
e
+ e−(1+i)λt ,
4λ

so that the solution to (3.15)-(3.16) is given by
Z 0h
i
1
1
2
(τ + iτ )
e(1+i)λt + e−(1+i)λt e(1+i)λ(s+t) k(t) dt
ψ(s) =
2ρ0 f
s
Z s
i
h
1
+
(τ 1 + iτ 2 )
e2(1+i)λt e(1+i)λs + e−(1+i)λs k(t) dt .
2ρ0 f
−∞
At s = 0 one finds
ψ(0) =

1
(τ 1 + iτ 2 )
ρ0 f

Z

(3.20)

0

e2(1+i)λt k(t) dt ,

−∞

so that (3.14) yields
n
1
1+i
√
Ψ(0) =
(τ 1 + iτ 2 ) e−iπ/4 1 + ε √
ρ0 f K0
2λ 2

Z

0

o
e2(1+i)λt k(t) dt .

(3.21)

−∞

The formula

d
arg(1 + εξ)
= Im(ξ) ,
ξ ∈ C,
dε
ε=0
enables us to express the change of the deflection angle due to the perturbation as
Z 0
n1+i Z 0
o

1
2(1+i)λt
√
Im
e
k(t) dt =
e2λt k(t) sin 2λt + π4 dt .
2λ −∞
2λ 2 −∞

(3.22)


R0
A positive/negative value of the integral −∞ e2λt k(t) sin 2λt + π4 dt corresponds to an increase/decrease of the deflection angle from the reference value π/4.
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Discussion

The formula (3.22) for the change of the deflection angle due to the perturbation provides
insight into the way the depth-variation of the eddy viscosity influences the deflection angle.
Note that the change of variables (3.8) preserves the monotonicity properties, and that, as
s decreases from 0 towards −∞, the function e2λt k(t) sin 2λt + π4 changes sign alternatly,
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τ1+ i τ 2

i
Ψ(0)
0
−π/4

1
Figure 2: The center of the spiral is on the ray deflected by an angle of π/4 from the direction of
the steady wind. The perturbation K0 + εk(t) of the constant eddy viscosity K0 produces a shift in
different directions, depending on the sign of the integral in (3.22).
(1+8j)π
π
, 0), negative on Ij− := (− (5+8j)π
being positive for s ∈ I0 := (− 8λ
8λ , −
8λ ) and posi(5+8j)π
tive on Ij+ := (− (9+8j)π
8λ , −
8λ ) for integers j ≥ 0. Moreover, since its antiderivative is
1
2λt
√
e k(t) sin(2λt), we have
2 2

Z

0

e

2λt

sin 2λt +

−∞

π
4



Z
dt = 0 ,
I0

e2λt sin 2λt +

π
4



dt =

π
−4
1
√
e
2 2

,

with
Z
I0

e2λt sin 2λt +


π
4

5π 
π
π
Z
−2πj e− 4 + e− 4

e
e− 4
,
,
dt =
e2λt sin 2λt + π4 dt = −
4
4
Ij−
9π 
5π
Z

e−2πj e− 4 + e− 4
2λt
π
e sin 2λt + 4 dt =
,
4
Ij+

for j ≥ 0. The sequence {dj }j≥0 of the absolute values of these integrals converges exponentially fast to zero and is strictly decreasing starting with j ≥ 1 but d2 ≈ 0.005 < d0 ≈ 0.114 <
d1 ≈ 0.118. Testing the case when the perturbation k is constant on each of the intervals Ij±

R0
shows that a decreasing eddy viscosity does not necessarily yield −∞ e2λt k(t) sin 2λt+ π4 dt >
0, the key factor being the relative size of the values assigned to the intervals I0 and I0− . Note
that I0 corresponds to the upper eighth part of the Ekman layer of depth d = πλ , while I0−
extends within the lower half of the Ekman layer. This analysis shows that an eddy viscosity
that increases/decreases with depth in the Ekman layer does not always induce a deflection
angle that lags/exceeds π/4, even if this implication holds for Madsen’s model of a linear
increase with depth [10] (which then motivated the expectation that this is a universally valid
feature – see the discussion in [9]). Moreover, if the eddy viscosity at the top of the Ekman
layer (within I0 ) is lower than towards the middle of the layer, then the negative contribution
from I0− dominates the positive one from I0 , with a negative integral as the typical outcome.
This explains why in arctic regions the deflection angle is below π/4, since the ice cover tends
to quell the turbulence near the ocean surface.
7

With regard to the observed day-night changes in the deflection angle, note that solar heating
quenches turbulence throughout the Ekman layer during the day, while turbulence becomes
stronger at night due to nocturnal convection, as the vertical extent of the Ekman layer
(typically less than 100 m) coincides with the depth above which the downward flux of solar
energy exceeds 1 % of that entering at the sea surface (see [15]). The nocturnal increase of the
eddy viscosity occurs across the upper half of the Ekman layer (the change in the lower half
being rather insignificant). This amplifies the contribution from the region I0− , leading thus
typically to an overall negative integral in (3.22) with the result that the deflection angle is
smaller during the night.
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