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Abstract

We consider a conservation law model of traffic flow on a network of roads, where
drivers choose their departure times in order to minimize the sum of a departure cost
and an arrival cost. Drivers can have different origins and destinations, and different cost
functions. Under natural assumptions, two main results have been established: (i) the
existence of a globally optimal solution, minimizing the sum of the costs to all drivers, and
(ii) the existence of a Nash equilibrium solution, where no driver can lower his own cost
by changing his departure time or the route taken to reach destination. In the special case
of one single road, the global optimum and the Nash equilibrium are uniquely determined.

1 Introduction

Starting with the classical paper [14], conservation law models have been widely used in the
analysis of traffic flow [7, 5, 6, 10, 11, 12, 13]. Most of these studies were concerned with
modeling, prediction, and control of traffic flow, on a single road or on a network of roads.

We adopt here a different perspective, looking at vehicular traffic in connection with decision
problems [1, 2, 3, 4, 8, 9]. Traffic patterns are determined by the choices of a large number of
individual drivers; each one choosing his departure time and the route to reach destination in
an optimal way, for a given a cost criterion.

To begin with a simple example, consider a group of drivers starting from a location A (a
residential neighborhood), who wish to reach a destination B (a working place) at a given
time T , all driving on the same road. There is a cost for starting early and a cost for arriving
late. These costs can also account for the discomfort of waking up early in the morning or
spending a long time stuck in traffic. Denoting by τd and τa respectively the departure and
the arrival time, the total cost to each driver can be described as

Ψ
.
= ϕ(τd) + ψ(τa) . (1.1)
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For example, one could choose the penalty functions

ϕ(s) = − s , ψ(s) = aeb(s−T ) (1.2)

for suitable constants a, b > 0. If L is the length of the road connecting A with B, and v is
the (constant) speed of cars, then τa = τd + L

v and the optimal departure time for each driver
is

τdopt = argmin
s

{
ϕ(s) + ψ

(
s+

L

v

)}
. (1.3)

However, if everyone adopts this same strategy and departs exactly at the same time, in a real
life situation a big traffic jam is created and this strategy is not optimal anymore. Clearly,
the simple-minded solution (1.3) does not take into account the impact of traffic density on
the velocity of cars.

Calling ρ = ρ(t, x) the density of cars at time t at the point x along the road, we thus consider
the conservation law

ρt + [ρ v(ρ)]x = 0 . (1.4)

Here the decreasing function v = v(ρ) describes the velocity of cars depending on the density.
Let κ > 0 be the total number of drivers. In connection with the above model, a natural
problem can be considered.

1. Global Optimization Problem. Find a departure rate ū(·) which minimizes the com-
bined total cost to all drivers.

Let x ∈ [0, L] be the space variable, denoting points along the road.

u(t, 0)
.
= ρ(t, 0) v(ρ(t, 0)) = ū(t) (1.5)

be the departure rate at time t, measuring how many drivers enter the highway per unit time.
We regard t 7→ ū(t) as a control function, that can be assigned at will, subject to the obvious
constraints

ū(t) ≥ 0 ,

∫ ∞
−∞

ū(t) dt = κ . (1.6)

Let ρ = ρ(t, x) be the solution of conservation law (1.4), defined for (t, x) ∈ R × [0, L], with
boundary data (1.5) assigned at x = 0, and let

u(t, x)
.
= ρ(t, x) v(ρ(t, x)) t ≥ 0 , x ∈ [0, L]

be the corresponding flux. The optimization problem can thus be stated as

minimize: J(u) =

∫
ϕ(t)u(t, 0) dt+

∫
ψ(t)u(t, L) dt . (1.7)

The above problem is relevant if there exists a central planner who can decide the departure
time of all vehicles. In a more realistic situation each driver makes an individual choice,
minimizing his own cost function given the traffic pattern determined by the decisions of all
the other drivers. This leads to a different mathematical problem.
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2. Equilibrium problem. Find a departure rate ū(·) which yields a Nash equilibrium
solution, i.e., a solution where no driver can reduce his own cost by choosing a different
departure time.

Clearly, this implies that in an equilibrium solution all drivers share the same total cost
(departure cost + arrival cost).

Recent results concerning the existence, uniqueness, and characterization of globally optimal
and of Nash equilibrium solutions are described in Section 2. As mentioned in Section 3,
the existence results remain valid also in the case of several groups of drivers, with different
origins and destinations, different departure and arrival costs, traveling on a general networks
of roads. The difficult issue of stability of Nash equilibria is discussed in Section 4.

2 A single road

As usual, we assume that the flux function ρ 7→ ρ v(ρ) is strictly concave down and attains a
positive maximum M for some density ρ∗ > 0. Here M is the maximum flux of cars that can
transit on the highway. Since in (1.6) we are not requiring that ū(t) ≤M , we need to specify
what happens if the flux of cars arriving at the entrance of the highway is strictly larger that
this maximum flux. As in [1], we shall simply assume that a queue is formed at the entrance
of the highway. The length q(t) of this queue varies in time according to

q̇(t) =

{
ū(t)−M if q(t) > 0 ,

0 if q(t) = 0 .

As remarked in [1], it is very convenient to switch the usual role of the variables t, x, and
write (1.4) in the form of a conservation law for the flux u = ρv(ρ):

ux + f(u)t = 0 , u(t, 0) = ū(t) . (2.8)

The function u 7→ f(u) = ρ is here defined as a partial inverse of the function ρ 7→ ρ v(ρ) = u,
mapping [0,M ] onto [0, ρ∗]. The advantage of this new formulation is that, instead of a
boundary value problem, we now have a Cauchy problem, whose solution can be determined
by the Lax formula. More precisely, let

U(t, x)
.
=

∫ t

−∞
u(τ, x) dτ

be the total number of drivers that have crossed the point x along the highway before time t.
Then the function U provides a viscosity solution to the Hamilton-Jacobi equation

Ux + f(Ut) = 0 , U(t, 0) = U(t) . (2.9)

Here U(t) =
∫ t
−∞ ū(s) ds denotes the total number of drivers that have started their journey

before time t (joining the queue at the entrance of the highway, if there is any).

Interpreting U = U(t, x) as the value function for an auxiliary optimization problem, and
calling f∗ the Legendre transform of f , for every x > 0 the solution of (2.9) is provided by

U(t, x)
.
= inf

τ

{
x f∗

( t− τ
x

)
+ U(τ)

}
. (2.10)
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Globally optimal solutions and Nash equilibrium solutions will be studied under the following
natural set of assumptions.

(A1) The flux function f : [0,M ] 7→ R is continuous, increasing, and strictly convex. It is
twice continuously differentiable on the open interval ]0, M [ and satisfies

f(0) = 0 , f ′′(u) ≥ b > 0 for 0 < u < M . (2.11)

(A2) The cost functions ϕ,ψ are locally Lipschitz continuous and satisfy

ϕ′ < 0 , ψ, ψ′ > 0 , lim
x→−∞

ϕ(x) = lim
x→+∞

(
ϕ(x) + ψ(x)

)
= +∞ . (2.12)

The following results were proved in [1].

Theorem 1 (globally optimal solutions). Under the assumptions (A1)-(A2), for every
κ > 0 there exists a unique solution u = u(t, x) of (2.8), with initial values u(0, x) = ū
satisfying the constraint (1.6), which minimizes the total cost (1.7). Moreover:

(i) The optimal solution is continuous, i.e., it contains no shocks. Moreover, it does not
produce any queue at the entrance of the highway.

(ii) On the support of u, the sum of the departure and arrival costs along all characteristics
is constant. More precisely, if x 7→ t(x) = t0 +xf ′(ū(t0)) is any characteristic line where
u > 0, then

ϕ(t0) + ψ(t(L)) = C , (2.13)

for some constant C independent of t0.

Theorem 2 (Nash equilibrium solutions). Under the assumptions (A1)-(A2), for every
κ > 0 there exists a unique Nash equilibrium solution u = u(t, x) of (2.8), with initial values
u(0, x) = ū satisfying the constraint (1.6).

Calling τa(t) the arrival time of a driver departing at time t, one has

ϕ(t) + ψ(τa(t)) = C (2.14)

for every t in the support of ū. Here C is a constant independent of t.

Remark 1. In general, the Nash equilibrium solution produces a queue at the entrance of
the highway, and contains shocks. Notice the further difference between (2.13) and (2.14).

• For a globally optimal solution, the sum ϕ(t(0)) + ψ(t(L)) is constant along character-
istics. These are straight lines, defined by dx/dt = v(ρ) + ρv′(ρ).

• For a Nash equilibrium solution, the sum ϕ(τ(0)) + ψ(τ(L)) is constant along car tra-
jectories. These are curves defined by dx/dτ = v(ρ).

Remark 2. The Nash equilibrium satisfies a minimax property: among all admissible depar-
ture rates ū which satisfy (1.6), it minimizes the maximum total cost to each driver. With the
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same notation as in (2.14), it was proved in [4] that the Nash equilibrium provides a solution
to the problem

minimize: sup
{
ϕ(t) + ψ(τa(t)) ; t ∈ Supp(ū)

}
.

For further analysis and examples of these solutions we refer to [1]. Continuous dependence
on data was studied in [4].

3 A network of roads

In this section we consider a more general model of traffic flow where drivers travel on a
network of roads. Let A1, . . . , Am be the nodes of the network. Along the arc γij connecting
Ai with Aj , we assume that the flow of traffic is described by the conservation law

ρt + [ρ vij(ρ)]x = 0 . (3.15)

Here t is time and x ∈ [0, Lij ] is the space variable along γij . We assume that the velocity vij is
a continuous, nonincreasing function of the car density ρ. If vij(0) > 0 we say that the arc γij
is viable. If the two nodes i, j are not directly linked by a road, we simply take vij ≡ 0, so that
the arc is not viable. We consider n groups of drivers traveling on the network, distinguished
by the locations of departure and arrival, or by their cost functions. More precisely:

• All drivers of the k-th group depart from a node Ad(k) and arrive at a node Aa(k), but
can choose different paths to reach destination.

• Any driver of the k-th group, departing at time τd and arriving at destination at time
τa, will incur in the total cost ϕk(τ

d) + ψk(τ
a).

For k ∈ {1, . . . , n}, let Gk be the total number of drivers in the k-th group. Of course, we
assume that there exists at least one chain of viable arcs

Γ
.
=
(
γ
i(0),i(1)

, γ
i(1),i(2)

, . . . , γ
i(ν−1),i(ν)

)
(3.16)

with i(0) = d(k) and i(ν) = a(k), connecting the departure node Ad(k) with the arrival node
Aa(k). We denote by

V .
=
{

Γ1, Γ2, . . . , ΓN

}
the set of all viable chains (i.e. concatenations of viable arcs) which do not contain any closed
loop. For a given k ∈ {1, . . . , n}, let Vk ⊂ V be the set of all viable paths for the k-drivers,
connecting Ad(k) with Aa(k).

Let Gk,p be the total number of k-drivers who travel along the path Γp. Clearly

Gk,1 + · · ·+Gk,N = Gk for all k. (3.17)

We shall use the Lagrangian variable β ∈ [0, Gk,p] to label a particular driver in this subgroup.
The departure and arrival time of this driver will be denoted by τdk,p(β) and τak,p(β), respec-
tively. With this notation, the definition of globally optimal and of Nash equilibrium solution
can be more precisely formulated.
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Definition 1. A family of departure timings {τk,p} is a globally optimal solution if it
provides a global minimum to the functional

J
.
=
∑
k,p

∫ Gk,p

0

(
ϕk(τ

d
k,p(β)) + ψk(τ

a
k,p(β))

)
dβ . (3.18)

Definition 2. A family of departure timings {τdk,p} is a Nash equilibrium solution if
no driver can lower his total cost by changing departure time or the route taken to reach
destination. This is the case if and only if there exist constants c1, . . . , cn such that:

(i) For almost every β ∈ [0, Gk,p] one has

ϕk(τ
d
k,p(β)) + ψk(τ

a
k,p(β)) = ck . (3.19)

(ii) For all τ ∈ R, there holds

ϕk(τ) + ψk(Ak,p(τ)) ≥ ck . (3.20)

Here Ak,p(τ) is the arrival time of a driver that starts at time τ from the node Ad(k) and
reaches the node Aa(k) traveling along the path Γp.

Notice that (i) means that all k-drivers bear the same cost ck, regardless of the path Γp that
they take to reach destination. Moreover, (ii) means that no k-driver can achieve a cost < ck
by choosing any other starting time τ .

We observe that, given the departure times τdk,p(β), the corresponding arrival times τak,p(β)
depend on the overall traffic pattern on the entire network. This is obtained by solving the
various conservation laws (3.15) on every arc, with suitable conditions at junctions, specify-
ing the priorities assigned to drivers that wish to enter the same road. A simple condition
governing junctions was considered in [3], assuming that a separate queue can form at the
entrance of each road. Drivers arriving at the node Ai from all incoming roads γ`i, and who
want to travel along the arc γij , join a queue at the entrance of this outgoing arc. Their place
in the queue is determined by the time at which they arrive at Ai, first in first out. With
these modeling assumptions, the following results were proved in [3].

Theorem 3 (existence of globally optimal solutions on networks). Assume that,
for every viable arc γij the corresponding flux function f = fij satisfies (A1). Moreover,
assume that for every k = 1, . . . , n the cost functions ϕk, ψk satisfy (A2). Then, for any n-
tuple (G1, . . . , Gn) of nonnegative numbers, there exists departure timings τdk,p : [0, Gk,p] 7→ R
satisfying (3.17) which yield a globally optimal solution of the traffic flow problem.

Theorem 4 (existence of a Nash equilibrium solutions on networks). Under the
same assumptions on Theorem 3, for any n-tuple (G1, . . . , Gn) of nonnegative numbers there
exists departure timings τdk,p : [0, Gk,p] 7→ R satisfying (3.17), which yield a Nash solution of
the traffic flow problem.
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Remark 3. In the case of one group of drivers traveling on a single road, the uniqueness
of the globally optimal solution stated in Theorem 1 is an easy consequence of the charac-
terization (2.14). The uniqueness of the Nash equilibrium, stated in Theorem 2, is derived
from a monotonicity argument. Indeed, the departure distribution U(t) =

∫ t
−∞ ū(t) dt for a

Nash equilibrium can be characterized as the pointwise supremum of a family of admissible
distributions, satisfying an additional constraint of the form (2.14).

In the case of several groups of drivers on a network of roads, the existence of a Nash equilib-
rium stated in Theorem 4 is proved by a fixed point argument. By its nature, this topological
technique does not yield information about uniqueness or continuous dependence of the Nash
equilibrium.

4 Stability of the Nash equilibrium

For simplicity, consider one group of drivers on a single road. Assume that on a given day
the departure rate is ū(·). If this is not a Nash equilibrium, on the next day some drivers
may decide to change their schedule, departing at a different time, hopefully yielding a lower
individual cost. Iterating this process, it is natural to expect that after several days a Nash
equilibrium solution will be approached.

Given a departure distribution ū, call

Φū(t) = ϕ(t) + ψ(τa(t))

the total cost to a driver who departs at time t. Notice that the arrival time τa depends on
the departure time t but also on the overall traffic pattern, i.e. on ū. Two models have been
proposed in [4], describing how drivers can change their behavior day after day. To simplify
the mathematical analysis, it is convenient to replace the discrete variable recording the day
on the calendar by a continuous time variable s.

Model 1. Drivers who initially depart at time t continuously modify their departure time,
depending on the gradient Φū

t of the cost. The evolution of the departure rate ū is then
described by

d

ds
ū = (Φū

t ū)t . (4.21)

Model 2. Drivers who depart at time t may decide to jump to a different departure time
τ ∈ R, with probability proportional to the difference in cost. This leads to the integro-
differential evolution equation

d

ds
ū(t) =

∫
ū(τ)

[
Φū(τ)− Φū(t)

]
+
dτ −

∫
ū(t)

[
Φū(t)− Φū(τ)

]
+
dτ , (4.22)

where [a]+
.
= max{a, 0}.

In both cases the key issue is whether, as s → ∞, the departure rate ū(·) converges to
the unique Nash equilibrium. At the present date, this problem is completely open. Quite
surprisingly, numerical simulations reported in [4] indicate that the equilibrium solution may
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be unstable, while solutions of (4.21) or (4.22) approach a chaotic attractor. Even for initial
data close to equilibrium, linearized stability has not been rigorously investigated.
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