
Research Notes on

Control and Optimization of Biological Shapes

(Alberto Bressan, August 2018)

1 Modeling controlled growth

Living tissues, such as roots, leaves, and flowers in plants or bones in animals, come with
an immense variety of shapes. It is reasonable to assume that, through evolution driven by
natural selection, optimal shapes should have emerged.

From a mathematical point of view, two main questions arise.

• What has been the driving force determining these shapes?

If a biological shape has emerged with the purpose of maximizing an internal efficiency,
then one should be able to recover it as the solution to a suitable variational problem.

On the other hand, if this shape represents an optimal response to external competition,
then it could be more appropriately studied by means of a game-theoretical model.

• How does Nature control the growth process in order to achieve all these shapes, some-
times with great precision?

To answer this question, one must first introduce a set of equations describing the growth
of living tissues. At a second stage, one should understand what kind of feedback controls
can be imposed, in order to stabilize growth toward a given shape.

2 Variational problems

A basic goal is to identify suitable functionals that measure the efficiency of various biological
shapes.

For example, given a distribution of leaves in 3-dimensional space, how much sunlight can they
capture? What is the cost of building a network of branches that carry water and nutrients
from the root to all the leaves? What shape provides the best compromise between cost and
payoff?

Similar questions can be asked for plant roots. Here the functional to be maximized should
account for the water and nutrients collected from the soil, subject to the cost of building a
ramified root system.

For all these models, one can study the corresponding variational problems, establishing the
existence and properties of optimal configurations. Some results in this direction can be found
in [9, 10], relying on the theory of ramified transportation [4].
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At a second stage, these optimal shapes should be compared with the ones actually found
in nature. Sometimes a correspondence is found. Otherwise, this might indicate that plant
shapes have evolved more in response to external competition, rather than optimizing internal
efficiency.

We remark that, among several computer algorithms that yield tree-like structures, the ones
producing the most realistic images are based on “space conquering strategies” [2, 11, 13].
An interesting issue is how to build a mathematical model of such competition, in a game-
theoretical setting.

3 Controlling growth

For the growth of a single plant stem, a simple PDE model was introduced in [8] and further
analyzed in [7]. It accounts for a response to gravity and to external obstacles. The feedback
stabilization of the growth of a plant stem in the vertical direction was studied in [1].

Controlling the growth of a multi-dimensional living tissue is a far more difficult issue, still
largely unexplored. In the model introduced in [6], the density of morphogen controls the
volumetric growth at each point of the tissue. The resulting evolution is then determined
by minimizing an instantaneous elastic deformation energy. The analysis in [6] established
the well-posedness of this model. It remains to understand what kind of shapes can be
generated, assuming that “signaling cells” can produce various amounts of morphogen at
different locations.

A detailed derivation of a model for the growth of living tissues can be found in [3]. For a
biological description of plant growth we refer to [12].

Remark. Most living organisms do not consist of one single homogeneous tissue. Rather,
several different tissues are present, with different dimensions and physical characteristics. A
realistic model should describe the growth of a stratified domain [5], consisting of the union of
finitely many manifolds of various dimensions. This will be of course more difficult to analyze.
However, the presence of structurally different tissues produces an immediate “symmetry
breaking”, and can help providing additional means to control shape growth.
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