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1 Hyperbolic systems in one space dimension

A system of n conservation laws in one space dimension takes the form

ut + f(u)x = 0. (1.1)

Here u = (u1, . . . , un) is the vector of conserved quantities, while f = (f1, . . . , fn) are the
fluxes. The system is strictly hyperbolic if for each u ∈ Rn the Jacobian matrix Df(u) has n
real, distinct eigenvalues.

For hyperbolic systems of conservation laws in one space dimension, in the past decades a
satisfactory theory has been established for solutions with small total variation [9, 2, 18]. This
includes:

• global existence and uniqueness of solutions to the Cauchy problem with small BV initial
data [13, 2],

• Lipschitz continuous dependence on initial data w.r.t. the L1 distance [5],

• convergence of vanishing viscosity approximations [1].

A major remaining open problem is whether this theory remains valid for solutions with large
BV data.

Jenssen’s counterexample [14] shows that, for some special systems of conservation laws, the
total variation of solutions can blow up in finite time. However, it is not yet clear if this blow
up can actually occur also for physical systems, such as the Euler equations of inviscid gas
dynamics, endowed with a strictly convex entropy.

1.1 Isentropic gas dynamics.

A basic 2× 2 system describing isentropic gas dynamics was studied in 1860 by B. Riemann
[16], who constructed a famous class of solutions with piecewise constant initial data. Even
for this basic system, the global existence of solutions with large total variation has remained
until today a challenging open problem.

In Lagrangian variables, the Cauchy problem for the p-system of isentropic gas dynamics takes
the form {

vt − ux = 0 ,
ut + p(v)x = 0 ,

{
v(0, x) = v0(x) ,
u(0, x) = u0(x) .

(1.2)
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Here u is the velocity, ρ is the density, v = ρ−1 is specific volume, while p = p(v) is the
pressure.

Question 1: Consider the pressure law p(v) = v−γ, for some 1 < γ < +∞. Let (v, u) be
an entropy-admissible solution of the Cauchy problem (1.2). Assume that the initial data has
bounded variation:

Tot.Var.{v0}+ Tot.Var.{u0} = M0 < +∞,

and that the density remains bounded below at all times, so that

1

ρ(t, x)
= v(t, x) ≤ C for all t > 0, x ∈ R.

Does this imply that the solution has a uniformly bounded total variation at all times t > 0?
In other words, does there exists a constant M depending only on M0, C, such that

Tot.Var.{v(t, ·)}+ Tot.Var.{u(t, ·)} = M

for all t > 0? Can the total variation approach infinity in finite time?

Remark. In the literature one can find two main techniques to control the total variation:

(i) Estimate the strength of new waves produced by nonlinear interactions, by means of an
interaction potential.

(ii) Take advantage of the decay produced by genuine nonlinearity. Since rarefaction waves
expand, they produce cancellations with shocks of the same family.

Unfortunately, these techniques cannot yield conclusive results in the case of solutions with
large total variation. Indeed, the recent examples in [3] show that, for a large class of pressure
laws p(v), one can construct piecewise constant approximate solutions (by a front-tracking
algorithm) whose total variation grows without bounds. Here the only source of error comes
from the wave speeds, while the strength of waves across every interaction is the same as in
an exact solution.

A further example was constructed in [4], of a piecewise smooth approximate solution where

• all wave strengths are computed exactly,

• rarefaction waves decay in time.

Yet, the total variation blows up in finite time.

1.2 Emergence of vacuum in finite time.

A related issue is the possible emergence of vacuum in finite time. For smooth solutions, the
analysis in [15] proves that the density can approach zero as t → +∞, but vacuum is never
reached in finite time. A major open problem is whether the same result holds for general BV
solutions, possibly containing shocks.
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Question 2: Consider a solution of (1.2) with bounded total variation. Assume that vacuum
does not appear instantly at t = 0+. To fix the ideas, assume

ρ(t, x) = v−1(t, x) ≥ c0 > 0 for all t ∈ [0, 1], x ∈ R.

Can one establish a priori lower bounds on the density, of the form

ρ(t, x) ≥ c(t) for all t > 0, x ∈ R,

for some continuous function t 7→ c(t) > 0?

1.3 Generic singularities.

For a large class of nonlinear wave equations, solutions with smooth initial data can lose
regularity within finite time. Typically, this can be proved by showing that the norm

‖u(t, ·)‖C1(R)

blows up in finite time.

Establishing that singularities do occur is only a first step in a more detailed analysis. In
addition, one can

• prove (or disprove) that, for “generic” smooth initial data, singularities are localized
along finitely many points, or curves, in the t-x plane.

• Give a local asymptotic description of these generic singularities.

Here we say that a property is generic if it holds true on a countable intersection of open
dense sets in Ck(R) (for a suitable k ≥ 1).

For a scalar conservation law with convex flux,

ut + f(u) = 0, u(0, x) = u0(x), (1.3)

an elegant result by Schaeffer [17] shows that, for generic initial data u0 ∈ C3(R), the solution
u = u(t, x) is piecewise regular, with at most a locally finite number of shock curves in the t-x
plane.

As proved in the recent paper [6], this generic regularity result does not extend to 3 × 3
systems. A remaining open problem is what happens for 2× 2 systems.

Question 3. Let (1.3) be a strictly hyperbolic, genuinely nonlinear 2×2 system of conservation
laws. Is it true that, for a generic smooth initial data u(0, ·) = u0 ∈ C3(R;R2) (with small
total variation) the solution is piecewise smooth with a locally finite set of shock curves?

2 Hyperbolic systems in several space dimensions

At the present time, the basic theory of hyperbolic systems of conservation laws in several
space dimensions includes
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• General theorems on the local existence and uniqueness of solutions, for sufficiently
regular initial data. These results are valid up to the time when a shock forms and
regularity is lost [12].

• The analysis of a number of specific solutions with great physical or engineering rele-
vance, such as the shock reflection problem [7].

For a long time there has been an expectation that the one-dimensional results on the global
existence and well-posedness of hyperbolic conservation laws could be extended to the multi-
dimensional setting. However, recent developments [8] based on Baire category and convex
integration techniques [10, 11] point toward the fundamental ill-posedness of n×n hyperbolic
systems of conservation laws in any space dimension d ≥ 2. Indeed:

• Even for smooth, compactly supported initial data u0 ∈ C∞c (Rd Rn), the solution can
develop a shock in finite time.

• Given an initial datum containing a shock, infinitely many weak solutions exist. Impos-
ing additional entropy inequalities does not suffice to single out a unique solution.

In principle, given this huge wealth of weak solutions constructed by the Baire category
method, one may still hope to find some additional criteria (not necessarily related to a
physical entropy) which selects unique solutions, continuously depending on the initial data
in L1(Rd;Rn). However, this seems very unlikely. On the contrary, one may conjecture that
multidimensional systems are hopelessly ill posed in the following sense:

Definition. The abstract Cauchy problem

d

dt
u = Φ(u), u(0) = ū ∈ X, (CP )

on a Banach space X is totally ill posed if there exists a dense subset Du ⊂ X such that
the following holds.

• For each initial datum ū ∈ Du, (CP) has a unique solution t 7→ u(t) = Stū

• For any open set V ⊂ X and τ > 0, the map (t, ū) 7→ Stū does NOT admit any
continuous extension to [0, τ ]× V

To prove a result in this direction, one should seek a dense set D of piecewise smooth initial
data ū for which the Cauchy problem has two distinct solutions. Namely, for each ū ∈ D there
should exist two sequences of initial data ū[n, ū

]
n such that

(i) As n→∞ the initial data converge to the same limit: ū[n → ū, ū]n → ū.

(ii) For each n ≥ 1 the corresponding solutions t 7→ u[n(t), t 7→ u]n(t) are unique.

(iii) However, for every t > 0, as n→∞ these solutions converge to different limits:

u[n(t) → u[(t), u]n(t) → u](t), u[(t) 6= u](t).
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We remark that the expectation that multidimensional hyperbolic conservation laws could be
well posed was based on a multitude of examples of Riemann problems, where unique solutions
were found. It would be of interest to construct simple examples of Cauchy problems admitting
multiple solutions. Preferably, these solutions should be piecewise smooth, and obtained as
limits of vanishing viscosity approximations.
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