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1 - Control of mechanical system by moving coordinates

and locomotion in fluids

There are two essentially different ways to control the motion of a mechanical system:

(a) by applying additional forces

(b) by directly prescribing some of the coordinates as functions of time.

For example, a skier can control its speed by raising or lowering his barycenter, on a trail with
varying slope. In this second case, one gets a set of mathematical equations which involve also
the derivative of the control function. When this function has a jump, the motion has impulsive
character. A survey of the theory of impulsive controls can be found in [B1].

Various extensions of the basic theory appear to be of interest:

(i) What happens if the mechanical system is subject to it non-holonomic constraints? (A simple
example: think of a ball rolling on a horizontal table. Assume that the table can be shifted
horizontally in any direction.)

(ii) In the case of a body, or a chain of bodies, immersed in a non-viscous irrotational fluid, the
motion can be described by a finite-dimensional Lagrangian system. What geometric prop-
erties render the system “fit for jumps”, so that the equations of motion are linear w.r.t. the
time derivative of the control function?

(iii) Does the theory admit an infinite-dimensional extension, covering for example bodies im-
mersed in fluids with viscosity, and with non-zero vorticity? In particular, can one obtain
controllability and stabilization properties also for these infinite-dimensional systems?

Background: Theoretical mechanics, control theory, PDE’s of fluid motion.

References: [B1, B3, BR, KMR, J, Ma, ST].
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2 - Mathematical models for the control of forest fires

The paper [B2] introduced a new class of variational problems for differential inclusions, moti-
vated by the control of forest fires or, more generally, by the confinement of a contaminating agent
which is spreading in space.

The area burned by the fire at time t > 0 is modelled as the reachable set for a differential
inclusion ẋ ∈ F (x), starting from an initial set R0. To block the fire, a barrier can be constructed
progressively in time, at a given speed σ (length of wall constructed per unit time). For example,
one may think of a thin strip of land which is either soaked with water poured from above (by an
airplane or a helicopter), or cleared from all vegetation using a bulldozer. In any case, this will
prevent the fire from crossing that particular strip of land.

Moreover, a cost functional is given, accounting for the total value of the land destroyed by
the fire and the cost of building the barrier.

This model provides a rich source of new mathematical problems. For example

1. Can the spreading of the fire be eventually confined to a bounded set ?

2. Does there exists an optimal confinement strategy ?

3. What are the properties of optimal strategies, and how can they be found ?

Partial answers to 1. and 3. were provided in [B2]. A positive answer to 2, in a fairly general
setting, was recently provided in [BDL]. Many interesting issues remain open. In particular:

(i) Assume that the fire propagates in all directions with unit speed, and the wall is constructed
at speed σ. Then there must exists a critical speed σ∗ such that the following holds: If σ > σ∗,
then there exists an admissible strategy that confines the fire to a bounded set. If σ < σ∗,
no such strategy exists. The results in [B2] show that σ∗ ∈ [1, 2]. Can one close this gap? A
natural conjecture is that σ∗ = 2.

(ii) Extend the necessary conditions for optimality proved in [B2], covering the cases where (i)
there is also a cost for building the walls, and (ii) some of the walls are eventually surrounded
by fire on both sides.

(iii) Establish regularity conditions on the walls constructed by an optimal strategy. Can one prove
any (local) lower bound on their radius of curvature?

(iv) Produce sufficient conditions for the optimality of a blocking strategy. Can one use here any
idea from the theory of Hamilton-Jacobi equations, or dynamic programming?

(v) Write an efficient numerical code to compute the optimal location of the barriers.

Background: basic ODE theory, rectifiable sets, topology of the plane, differential inclusions,
optimal control.

References: [AC, B2, BBFJ, BDL, BW].
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3 - Optimal Harvesting of Natural Resources

To state a specific example, consider a steady state equation describing the density φ of fish,
growing at the rate g, subject to combined harvesting from several fishing companies:

∆ φ + g(x, φ)−
m∑

i=1

φ(x)µi(x) , x ∈ Ω , (1)

∇u · n = 0 x ∈ ∂Ω . (2)

Here µi is the intensity with which the i-th company fishes at the location x. Notice that (1) is an
elliptic equation, where the first term accounts for diffusion, while (2) imposes Neumann boundary
conditions on the boundary of the smooth domain Ω.

Each company will choose a strategy µi in order to maximize its payoff:

Ji
.=

∫

Ω

(
φ(x)− ci(x)

)
µi(x) dx .

Here ci(x) > 0 is the cost of harvesting at the location x ∈ Ω.
The case m = 1 is a problem of optimal control, for a single harvesting company. When m ≥ 2

we have a non-cooperative differential game.

In this connection, natural problems are:

(i) For the optimal control problem (m = 1), what can be said about the optimal strategy? Is it
a function, or more generally a Radon measure?

(ii) Is the optimal strategy unique, continuously depending on the data?

(iii) In the case m > 1, which assumptions guarantee the existence of a Nash equilibrium solution
for the differential game?

(iv) What additional constraints can one impose (say, create a marine reserve), in order to increase
the total amount of fish harvested in a Nash equilibrium solution?

The one-dimensional case, where Ω = ]a, b[⊂ IR, was studied in [BS3, BS4]. Little is known in
the most relevant case: Ω ⊂ IR2. This problem can also have a strong computational component,
since it involves the optimization of solutions to an elliptic PDE where the source terms are
measures.

Background: elliptic PDE theory, measure theory, optimal control, differential games.

References: [N, BS3, BS4].
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4 - Non-cooperative Differential Games and Economic Models

For an optimal control problem, the value function can be found as the solution to a Hamilton-
Jacobi PDE. Similarly, for a non-cooperative differential game for N players, the value functions
satisfy a system of H-J equations [F]. Unfortunately, these systems of equations are highly nonlinear
and very difficult to solve. In many cases, the Cauchy problem is ill posed [BS1, BS2].

The homotopy approach proposed in [B4] considers a situation where the state of the system
evolves in time according to

d

dt
x = g1(x, u1) + θg2(x, u2), x(0) = y ∈ IRm.

where u1, u2 are the controls of the two players. The goal of each player is to minimize his own
(exponentially discounted) cost functional

Ji =
∫ ∞

0

e−ρtLi

(
x(t), u1(t), u2(t)

)
dt .

When θ = 0, the second player cannot affect the evolution of the system. Hence his optimal
strategy is the myopic one, minimizing his instantaneous running cost. The differential game
thus reduces to an optimal control problem for the first player. In this case, the value functions
V1(y), V2(y) for the two players can be found as viscosity solutions to scalar H-J equations.

More generally, for θ > 0, the value functions Vi(y, θ) will satisfy a system of H-J equations
of the form

ρV1(x, θ) = H(1)(x,∇V1,∇V2, θ), ρV2(x, θ) = H(2)(x,∇V1,∇V2, θ). (3)

In this connection, natural problems are:

(i) Knowing the functions V1, V2 when θ = 0, can we construct solutions V1(x, θ), V2(x, θ) of (3),
for θ > 0 small, by solving a bifurcation problem ?

(ii) Does there exist a one-parameter family of solutions of (3), continuously depending on the
parameter θ ? Are these solutions unique ?

An example: Let q(t) be the amount of product in stock and let p(t) be its unit price, at time t.
A supplier can produce a good and put it on the market at a controlled rate a(t), while a consumer
can buy the product at rate b(t). The functions t 7→ a(t) and t 7→ b(t) are thus the controls for the
two players.

We now consider a system with dynamics

{
ṗ = p ln(q0/q) ,

q̇ = a− b .
(4)

According to the first equation in (4), the price increases when the inventory level goes below a
fixed value q0, and decreases when q > q0.
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Consider the exponentially discounted payoffs for the two players:

Jprod =
∫ ∞

0

e−βt
[
p(t) b(t)− c

(
a(t)

)]
dt ,

Jcons =
∫ ∞

0

e−βt
[
φ(b(t))− p(t) b(t)

]
dt .

The payoff for the producer is given by the profit generated by sales, minus the cost c(a) of
producing the good at rate a. The payoff for the consumer is measured by a utility function φ(b),
minus the price payed to buy the good.

We can now modify the above model, assuming that there exists one single big producer and
a large number of small consumers. Assume that a fraction θ ∈ [0, 1] of all consumers join together
in a group and play strategically, while the other 1− θ play myopically. This situation fits well in
the above framework. For θ = 0 we have an optimal control problem, while θ > 0 yields a genuine
differential game.

Background: Bifurcation theory for ODE’s, optimal control, Hamilton-Jacobi equations.

References: [B4, BP, BS1, BS2, CL, EAP, F].
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Mathematical Physics, 260–287, P. Donato, C. Duval, J. Elhadad, and G. M. Tuynman Eds.,
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