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Optimization

The following steps will help guide you through the process of finding the extreme values of f(x).

1. Read the problem carefully. Read one phrase at a time and assign a variable to any unknown quantity.

2. Draw and label a diagram. Whenever possible, draw a diagram representing the scenario described in
the problem. Label the diagram using the variables you previously defined. This will help determine the
function to be optimized.

3. Determine the function f to be optimized. If f is a function of more than one variable, then find an
equation (i.e., constraint) relating the variables and use it to express f in terms of one variable only. In this
case, there may be more than one way to write the function to be optimized. Choose the one that is easiest
to differentiate.

4. Determine the domain of f . If the domain of f is not given directly in the statement of the problem,
then it must be determined from the context of the problem. This is an important part of the process since
it determines which method is used in the next step to justify your final answer.

5. Find the extreme value(s). Use the appropriate method based on the domain to justify your answer.

(a) If the domain is a closed interval, then use the Closed Interval Method for finding extreme values.

Closed Interval Method: Suppose f(x) is continuous on [a, b].
i. Find the critical numbers of f(x) on (a, b).
ii. Evaluate f(x) at the critical numbers found in the previous step AND at the endpoints a and b.
iii. The largest value found in the previous step is the absolute maximum value and the smallest value

found is the absolute minimum value of f(x) on [a, b].

(b) If the domain is not closed then use the First or Second Derivative Test for Absolute Extreme Values.

First Derivative Test for Absolute Extreme Values: Suppose f(x) is continuous on an interval
and c is a critical number of f(x).

i. If f ′(x) < 0 for x < c and f ′(x) > 0 for all x > c then f(c) is the absolute minimum value of f(x)
on the given interval.

ii. If f ′(x) > 0 for x < c and f ′(x) < 0 for all x > c then f(c) is the absolute maximum value of f(x)
on the given interval.

In other words, if there is exactly one change in sign of the derivative on the given interval, then the
absolute extreme value is the same as the local extreme value. We can also use the second derivative
to detect a single change in sign of the derivative.

Second Derivative Test for Absolute Extreme Values: Suppose f ′′(x) is continuous near c and
f ′(c) = 0.

i. If f ′′(x) > 0 for all x in the domain then f(c) is the absolute minimum value of f(x).
ii. If f ′′(x) < 0 for all x in the domain then f(c) is the absolute maximum value of f(x).
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Examples

1. Find two numbers whose difference is 100 and whose product is minimum.

2. A rectangular box with square base and open top is to have 1200 square inches of external surface area.
What dimensions yield the maximum volume?

3. Consider a rectangular box with square base and a volume of 63 cubic feet. If material for the base costs 20
cents per square foot and material for the sides and top costs 15 cents per square foot, find the dimensions
of the box that minimize the cost of materials.

4. A square of side x is cut from each corner of a cardboard rectangle measuring 4′ × 2′. The sides are folded
up to make a container.
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Find the value of x that maximizes the volume of the box.

5. Find the dimensions of the rectangle of maximum area that can be inscribed in the triangle bounded by the
lines 2x + 3y = 6, x = 0, and y = 0. The sides of the rectangle must be parallel to the axes.

6. Find the area of the largest rectangle (sides parallel to axes) inscribed in the region of the first quadrant
bounded by the curve x + y2 = 8

7. Find the dimensions of the isosceles triangle of largest area that can be inscribed in a circle of radius R.

8. A piece of wire 1 meter long is to be cut into two pieces. One piece will be bent into a square while the other
piece will be bent into a circle. How should the wire be cut in order to optimize (maximize and minimize)
the total area enclosed?

9. Find the dimensions (radius and height) of the right circular cylinder of largest volume that will fit inside a
sphere of radius R.

10. A rain gutter is to be constructed from a metal sheet of width 45 cm by bending up one-third of the sheet
on each side through an angle of θ radians. Find the value of θ that maximizes the cross-sectional area of
the gutter.
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