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Worksheet #4: Tangent Line Approximations
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Evaluating a polynomial only requires the operations of addition, subtraction, multiplication, and division. While these
computations could become tedious, we can evaluate any polynomial by hand. But how can we compute the exact value
of functions that are not polynomials, such as trigonometric, root, exponential, and logarithmic functions? Come to think
of it, how does a calculator compute these values? For this assignment, we will begin to see how to use calculus to answer
these questions.

More specifically, we are going to investigate how to use the tangent line to approximate the decimal value of a function
that is too difficult to compute otherwise. Recall that the whole idea of the tangent line was to find the line that goes
through the point (a, f(a)) and closely approximates f(x) for x near a. The equation of the line tangent to f(x) at
(a, f(a)) is given by

y = f(a) + f ′(a)(x − a)

which is really just the point-slope equation of a line. In particular, if x is near a, than we can approximate f(x) by

f(x) ≈ f(a) + f ′(a)(x − a) = L(x)

where L(x) is called the linearization of f(x) at a. Our goal for this worksheet is to understand how we should go about
selecting a so that L(b) is a reasonable approximation to f(b) as well as to begin to understand how a calculator computes
the value of trigonometric and root functions. To this end, we will make use of the applet at the following site:

http://www.math.psu.edu/dlittle/java/calculus/linearization.html

You may either click on the above address or type this address into your favorite web browser that supports Java. Make
sure you read the instructions on the above web page and then click the applet to begin.

How To Use The Applet:

1. Enter f(x), a, and b. For example, enter f(x) =
√

x (type “sqrt(x)”), a = 1, and b = 2.
Our goal is to approximate f(b) by using the line tangent to f(x) at x = a. The applet automatically draws the
tangent line in red. The black dot on the curve represents the point (b, f(b)). This is the point on the curve that
we are really interested in, however, the decimal value of f(b) is not easily computed by hand. So instead, we use
the point (b, L(b)) on the tangent line, represented by the green dot. If we choose the value of a wisely, then L(b)
will be a good approximation to f(b).

2. Drag the point of tangency (red dot) closer to (b, f(b)) (black dot). Notice how the closer the point of tangency
gets to (b, f(b)), the closer the point (b, L(b)) (green dot) gets to (b, f(b)). In other words, if we want to get a
good approximation to f(b), we should make sure that a is very close to b. Of course we can’t just set a = b since
presumably f(b) is difficult to compute. So we should also make sure that f(a) can be computed easily by hand.

For example, with f(x) =
√

x and a = 1, we have L(x) = 1 + 1
2 (x − 1) and therefore

√
2 ≈ L(2) = 1 +

1
2
(2 − 1) = 3/2 = 1.5

To get a better approximation to
√

2, notice that 1.42 = 1.96 (i.e.,
√

1.96 = 1.4 = 7/5). So if we let a = 1.96, we
have L(x) = 7

5 + 5
14 (x − 1.96) and therefore

√
2 ≈ L(2) =

7
5

+
5
14

(2 − 1.96) = 99/70 = 1.4142857

The exact value of
√

2, to 10 decimal places, is given by 1.4142135623.... Note that this value was obtained from a
calculator which uses a method similar to the tangent line approximation described above to calculate square roots.

3. Select “Show Differentials” from the Choice Menu. The quantities dx, dy, ∆x, and ∆y are all labeled on the graph.
The quantities dx and dy are called differentials and refer to the change in x and y coordinates between the points
(a, L(a)) (red dot) and (b, L(b)) (green dot). The quantities ∆x and ∆y refer to the change in x and y coordinates
between the points (a, f(a)) (red dot) and (b, f(b)) (black dot).
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NAME SECTION

Instructions: Approximate each of the following quantities using a tangent line approximation. Clearly indicate the
function f(x) and the values of a and b you are using. Pick a so that your approximation is as accurate as possible and so
that f(a) can be computed easily by hand. Compute the corresponding linearization function, L(x), and give the exact
value of L(b). Use the applet to verify your calculations. Do not simply copy the approximation given by the applet.
DO NOT USE A CALCULATOR FOR ANY OF YOUR COMPUTATIONS!

1. Approximate
√

55. My calculator tells me that
√

55 ≈ 7.416198487095663.

f(x) = a = f(a) =

f ′(x) = b = f ′(a) =

L(x) =

√
55 ≈ L(b) =

2. Approximate
5

7.962/3
. My calculator tells me that 5

7.962/3 ≈ 1.2541841052936.

f(x) = a = f(a) =

f ′(x) = b = f ′(a) =

L(x) =

5

7.962/3
≈ L(b) =

3. Approximate sec2(π/4 + 0.1). My calculator tells me that sec2(π/4 + 0.1) ≈ 2.4958485639694.

f(x) = a = f(a) =

f ′(x) = b = f ′(a) =

L(x) =

sec2(π/4 + 0.1) ≈ L(b) =


