
Math 140: Calculus with Analytic Geometry I Sections 7, 9, 16
Penn State University Spring 2013

Worksheet #5: The Mean Value Theorem
Due March 11, 2013

One of the most important results from differential calculus is the Mean Value Theorem. It states that if f(x) is continuous
on [a, b] and differentiable on (a, b) then there exists a number c between a and b such that

f ′(c) =
f(b) − f(a)

b − a
.

In terms of an object traveling along a straight line (assuming position is continuous on [a, b] and velocity is defined on
(a, b)), this means that there is at least one moment when the instantaneous velocity of the object is equal to the average
velocity of the object during the interval a < t < b.

The specific case of the Mean Value Theorem when f(a) = f(b) is referred to as Rolle’s Theorem. In other words, if f(x)
is continuous on [a, b], differentiable on (a, b), and f(a) = f(b), then there exists a number c between a and b such that

f ′(c) = 0.

In terms of an object traveling along a straight line, this means that if the object is at the same location at two different
moments in time, t = a and t = b, then there is at least one moment when the object is not moving during the interval
a < t < b.

The goal of this worksheet is to further understand the statement of the Mean Value Theorem as well as find all values
of c that satisfy its conclusion. To this end, we will make use of the applet at the following site:

http://www.math.psu.edu/dlittle/java/calculus/meanvalue.html

You may either click on the above address or type this address into your favorite web browser that supports Java. Make
sure you read the instructions on the above web page and then click the applet to begin.

How To Use The Applet:

1. Enter f(x), a, and b as described above. For example, let f(x) = sin(x), a = 1, and b = 5.

The slope of the secant line through the points (a, f(a)) and (b, f(b)) is shown in the lower left corner of the applet.

2. Try to find all the values of c that satisfy the conclusion of the Mean Value Theorem. The point (c, f(c)) is
represented by the red point. The line tangent to f(x) at x = c is drawn in gray. The red dashed line through the
point (c, f(c)) is parallel to the secant line. This dashed line serves as a guide to help you find the points on the
curve that have the same slope as the secant line.

Adjust the value of c by dragging the red dot along the curve. When you think you are close to a value of c that
satisfies the conclusion of the Mean Value Theorem, press the “Locate” button in the lower left corner of the applet.
The applet will adjust your value of c to a more accurate position. Note that the tangent line is now parallel to the
secant line.

Notice that there are two values of c that satisfy the conclusion of the Mean Value Theorem as applied to f(x) =
sin(x) on [1, 5]. In other words, there are two values of c on the interval [1, 5] such that

cos(c) =
sin(5) − sin(1)

5 − 1

Use the applet the verify that these two values are approximately 2.0376723203 and 4.2455129868.
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1. State the three hypotheses of Rolle’s Theorem when applied to f(x) = sin2(3x)−cos(3x) on the interval [π/12, 7π/12]?
Are all three hypotheses satisfied? You do not need to justify your answers.

2. Find the exact value of each number c that satisfies the conclusion of Rolle’s Theorem for f(x) = sin2(3x)− cos(3x)
on [π/12, 7π/12]. You must show all relevant work to receive full credit. Verify your answer using the applet. Do
not use the applet to find your answer. Note: The function sin2(3x) − cos(3x) can be entered into the applet as
“sin(3x)^2 – cos(3x)”. The value π can be entered as “pi”.

3. Consider f(x) = x2/(x+2) on the interval [−1, 1]. Find the exact value of each number c that satisfies the conclusion
of the Mean Value Theorem. You must show all relevant work to receive full credit. Verify your answer using the
applet. Do not use the applet to find your answer.



4. Use the applet to approximate all values of c that satisfy the conclusion of the Mean Value Theorem when applied
to f(x) = sin(5x) + cos(7x) on the interval [0, 11π/20]. List these values of c correct to 5 decimal places. No
explanation required. Zoom in on portions of the curve to make sure you have found every value of c.

5. Consider f(x) = |x − 2| on the interval [−1, 3].

(a) Explain why there is no value of c on [−1, 3] such that f ′(c) =
f(3) − f(−1)

3 − (−1)
= −1

2
.

(b) Why does this not contradict the Mean Value Theorem?


