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We all know that the area of a circle of radius r is πr2. This formula should be as familiar to us as the formulas for the
area of a rectangle and a triangle. So familiar in fact that we take for granted that it’s true. But why is it so? The goal
of this worksheet is to use the techniques of calculus to prove this formula.

A common theme this semester has been to calculate a desired quantity by first approximating it, then systematically
making our approximation better. For example, we approximated the slope of a tangent line by computing the slope of
a secant line and then making the approximation better by moving the two points on the secant line closer to the point
of tangency. In order to approximate the area of a circle, we can (among other things) use a regular polygon and then
make the approximation better by simply using a regular polygon with more sides.

For example, a regular heptagon (i.e., a 7-sided polygon where all sides have the same length and all interior angles are
equal) can be inscribed in or circumscribed about a circle.

An inscribed heptagon A circumscribed heptagon

For an inscribed polygon, each vertex is on the circle and for a circumscribed polygon, each side is tangent to the circle.
It should be clear from the above examples, regardless of the number of sides, that the area of a circle is more than
the area of an inscribed polygon and less than the area of a circumscribed polygon.

All that remains is to find a formula for the area of a regular polygon. Notice that a regular n-sided polygon can be
broken up into n identical isosceles triangles (as shown below in the case of a heptagon).

The remaining portion of this worksheet is devoted to finding a formula for the area of these triangles and proving the
formula for the area of a circle.

The following applet can be used to approximate the area of a unit circle using regular polygons.

http://www.math.psu.edu/dlittle/java/calculus/circlearea.html

You may either click on the above address or type this address into your favorite web browser that supports Java. Make
sure you read the instructions on the above web page and then click the applet to begin.
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1. Find the area of the isosceles triangle shown to the right. Your answer should be
in terms of the variables r and θ.

r

r

θ

Area =

2. A regular polygon with n sides (where n ≥ 3) consists of n identical isosceles triangles in a circular arrangement
(see previous page). Using θ as described in the previous problem, write θ (in radians) as a function of n.

θ =

3. Using your answers to the previous questions, what is the area of a regular polygon with n sides inscribed in a
circle of radius r? Your answer should be in terms of the variables n and r (not θ).

Area =

4. Use your answer to the previous question to show that the limit (as n goes to infinity) of the area of a regular
polygon with n sides inscribed in a circle of radius r is πr2. You must show all relevant work in order to receive
full credit.



5. Find the area of the isosceles triangle of height r shown to the right. Your answer
should be in terms of the variables r and θ. Hint: It may be helpful to draw a
vertical line through the triangle that bisects the angle θ.

θ

r

Area =

6. Using your answer to the previous question, what is the area of a regular polygon with n sides circumscribed
about a circle of radius r? Your answer should be in terms of the variables n and r (not θ).

Area =

7. Use your answer to the previous question to show that the limit (as n goes to infinity) of the area of a regular
polygon with n sides circumscribed about a circle of radius r is πr2. You must show all relevant work in order to
receive full credit.

8. Using your answers to the previous questions, prove that the area of a circle of radius r is πr2. Make sure to cite
appropriate theorems from this course as part of your justification.


