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1 Getting Started

The goal of this assignment is to understand how to use Taylor and/or Maclaurin series to determine the exact value of
a convergent series. To begin, make sure that you are familiar with the Maclaurin series expansions for 1/(1− x), sin(x),
and ex (see page 786 of Calculus). Next, consider the effects of the following operations on these series:

• Differentation

• Integration

• Multiplication by xn

• Division by xn

• Replace x by ax

• Replace x by xn

where n is a positive integer and a is a nonzero constant. For example, we have seen in class how the Maclaurin series
expansions for cos(x), tan−1(x) and ln(1 + x) can be constructed using the series and operations listed above. See what
new Maclaurin series expansions you can discover by starting with the Maclaurin series for one of the above functions
and then applying one or more of the above operations. For starters, see what happens when you

• repeatedly differentiate the Maclaurin series expansion for 1/(1 − x), sin(x), and ex.

• repeatedly differentiate and multiply by x the Maclaurin series expansion for 1/(1 − x), sin(x), and ex.

• repeatedly integrate and multiply by x the Maclaurin series expansion for 1/(1 − x), sin(x), and ex.

Experiment with applying other sequences of operations to the Maclaurin series for 1/(1− x), sin(x), and ex. Make sure
to determine the interval of convergence for each new Taylor/Maclaurin series expansion you discover. Try to gain an
understanding of how we can manipulate the Taylor series of a function for the purpose of determining
the value of a convergent series (see example on next page).

2 The Assignment

Your assignment, should you choose to accept it, is to answer as many questions as possible from Section 11.7 using
Taylor series. For each series you correctly answer using Taylor series, one point will be added to your
homework/quiz average. Not all of the problems in this section can be answered using Taylor Series, but for those
that can, your solution must include the following information:

1. The function f(x) and its Taylor series expansion, including an explanation of how the series was obtained.

2. The interval of convergence of the Taylor series, including all relevant calculations to find the radius of convergence
and the convergence/divergence at the endpoints.

3. The specific value of x used to determine the convergence/divergence of the series.

4. The exact value of the series, if it converges. If the series diverges, then simply state that x is not in the interval of
convergence.

You do not need to show that the remainder Rn(x) goes to zero as n goes to infinity. In other words, you may assume
that the series converges to f(x) on its interval of convergence. Furthermore,

• Each problem submitted must be written up neatly on a separate sheet of paper, using complete and
grammatically correct sentences. See the next page for an example of how to write each solution.

• Papers ripped out of a spiral bound notebook and/or scratchwork will not be graded.

Make sure to show me your work before turning it in so that I can make any necessary comments. Students are allowed
to work together but solutions must be written up individually without any help. I reserve the right to ask you about
your solutions before awarding extra credit. Solutions may not be copied from any source.



3 An Example

The following example concerns the series
∞∑

n=1

(−1)n−1 2n(3n + 4)
53n+3n

. (1)

Consider the Maclaurin series expansion of ln(1 + x):

ln(1 + x) =
∞∑

n=1

(−1)n−1 1
n

xn

which has radius of convergence R = 1. Replacing x with 2x3 yields

ln(1 + 2x3) =
∞∑

n=1

(−1)n−1 1
n

(2x3)n

=
∞∑

n=1

(−1)n−1 2n

n
x3n

which has radius of convergence R = 1/ 3
√

2 (i.e., −1 < 2x3 < 1 is equivalent to −1/ 3
√

2 < x < 1/ 3
√

2). Multiplying both
sides by x4 yields

x4 ln(1 + 2x3) = x4
∞∑

n=1

(−1)n−1 2n

n
x3n

=
∞∑

n=1

(−1)n−1 2n

n
x3n+4.

Differentiating both sides with respect to x produces

4x3 ln(1 + 2x3) +
6x6

1 + 2x3
=

∞∑

n=1

(−1)n−1 2n(3n + 4)
n

x3n+3 (2)

which also has radius of convergence R = 1/ 3
√

2, since multiplying by x4 and differentiating do not change the radius of
convergence. Note the similarity of this power series with the series at the top of the page. For x = 1/ 3

√
2, the series

∞∑

n=1

(−1)n−1 3n + 4
2n

diverges by the Test for Divergence. For x = −1/ 3
√

2, the series

∞∑

n=1

3n + 4
2n

also diverges by the Test for Divergence. Therefore the interval of convergence for the series in (2) is (−1/ 3
√

2, 1/ 3
√

2).

The series in (1) is the Maclaurin series of

f(x) = 4x3 ln(1 + 2x3) +
6x6

1 + 2x3

evaluated at x = 1/5. Since this value is in the interval of convergence, the series converges to

∞∑

n=1

(−1)n−1 2n(3n + 4)
53n+3n

= f(1/5)

= 4(1/5)3 ln(1 + 2(1/5)3) +
6(1/5)6

1 + 2(1/5)3

=
508 ln(127/125) + 6

125 × 127


