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Abstract

We introduce a new method for sufficient dimension reduction with multivariate responses. This is inspired
by an earlier work of Li, Wen and Zhu (2008), which reduces the multivariate response vector to a response
random variable by projecting the former onto randomly sampled direction. In this work we propose to
project the multivariate response vector onto the set of empirical directions (Li and Wang, 2007) rather
than random directions. An advantage of this modification is that, unlike resampling, repeated applications
of this method always yield numerically identical result. We develop the population-level properties of this
method, such as unbiasedness, as well as its asymptotic properties, such as its square root n consistency and
asymptotic normality.

Introduction

We consider the dimension reduction problem where both the predictor X and the response Y are vectors.
Suppose X is a p-dimensional random vector and Y is a q-dimensional vector. If the conditional distribution
of Y |X depends on X only through βTX for a matrix β ∈ Rp×d, d ≤ p, that is

Y ⊥⊥ X|βTX,

then the column space of β determines a dimension reduction space. The intersection SY |X of all dimension
reduction spaces is called the central subspace.

Estimator

Let (X1, Y1), . . . , (Xn, Yn) be a random sample from (X, Y). Assume that E(Xi) = 0 and V ar(Xi) = Ip.
Let us describe the following estimation procedure. For every pair i, j ∈ {1, . . . , n} we consider all n
projections (X1, (Yi−Yj)TY1), . . . , (Xn, (Yi−Yj)TYn). To the resulting projections with univariate response
we can apply univariate-response methods, such as SIR or SAVE, to obtain matrix Mn(Yi − Yj).

Then we consider the following estimator

Mn,mn
=

1

mn

∑ ∑
i<j

Mn(Yi − Yj)Mn(Yi − Yj)T , (1)

where mn =
(
n
2

)
. Let v1, . . . , vd be the eigenvectors of Mn,mn

for its largest d eigenvalues. Then
span(v1, . . . , vd) will be used as the estimator of SY |X.

Let Yi, Yj be independent copies of Y , and suppose that Yi, Yj ⊥⊥ (X, Y ). Let M(Yi−Yj) be the population
counterpart of Mn(Yi − Yj). And let denote

M = EYi,Yj[M(Yi − Yj)M(Yi − Yj)T ].

Theorem 1Under certain conditions,
span{M} = SY |X.

Properties of the Estimator

The following asymptototic results provide the theoretical justification of the use of the estimator Mn,mn

introduced above. The estimator Mn,mn
is
√
n consistent.

Assume that Mn(Yi − Yj)Mn(Yi − Yj)T has the following expansion

Mn(Yi − Yj)Mn(Yi − Yj)T =

= M(Yi − Yj)M(Yi − Yj)T + En−2Ψ(X, Y, Yi − Yj) + Rn(Yi − Yj), (2)

where for every i, j the entries of the p×p-matrix Ψ(X, Y, Yi−Yj) have mean 0 and finite second moments,
and the remainder Rn(Yi − Yj) satisfies

sup
i,j
||Rn(Yi − Yj)|| = oP (n−1/2),

where || · || is the Frobenius norm of a matrix.

Theorem 2With the expansion (2),

Mn,mn
= M + OP (n−1/2)

Also, the estimator Mn,mn
is asymptotically normal.

Theorem 3Under conditions of Theorem 2
√
n vec(Mn,mn

−M)
D→ N(0, C),

where
C = 4V arYi

[
EYj

(
vec[M(Yi − Yj)M(Yi − Yj)T ] | Yi

)]

Simulations

Simulations are in the process of being done.


