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Motivation

I Consider a parameter of interest θ which can be written as a functional of F ,
where F is a p-variate distribution function (p ∈ N+):

θ(F ) =

∫
...

∫
K (x1,x2, ...,xm)dF (x1)dF (x2)...dF (xm).

x1, ...,xm are all p-variate and K is a symmetric function of m arguments.
I When sample size n ≥ kernel size m, K (X1, ...,Xm) is an unbiased estimator.

However, when n is strictly bigger than m, there must exist some better
estimators, since K (X1, ...,Xm) does not use up the entire data set.

I Consider

Un :=
1(n
m

) ∑
1≤i1<...<im≤n

K (Xi1, ...,Xim) = E [K (x1, ..., xm)|X(1), ...,X(n)].

Un is called a U-statistic and was proposed by W. Hoeffding in 1948.
I Un is an unbiased estimator of parameter θ. It is a function of the order

statistics and therefore is the best unbiased for nonparametric inference.

Topic One: U-Statistic Form Risk Estimation

I As a motivating problem, we consider risk estimation in the context of
nonparametric kernel density estimation.

I Given a continuous r.v. X , we are interested in estimating its probability
density function, say f (x).
I Nowadays, the most used and visible density estimation method is called

the nonparametric kernel density estimator.
I It is defined for a kernel K as

f̂h(x) =
1
n

n∑
i=1

Kh(x − Xi),

where h is the bandwidth that controls the smoothness of the estimated
density curve. The issue of bandwidth selection is much more crucial
than the choice of kernel K .

I In order to select the “optimal” bandwidth, one usually estimates the risk
function first and then considers the best bandwidth as the one that yields
the minimum risk score.

Risk Using L2 Loss
I As a U-statistic is the best unbiased estimator in the context of

nonparametric inference, we would like to construct a U-statistic form risk
estimation that arises from L2 loss.

I The risk of f̂h(·) based on L2 loss is usually defined as:

RiskL2,n = EXn[

∫
(f (x)− f̂h(x))2dx ]

∝ n − 1
n

E [K√2h(X1,X2)]− 2E [Kh(X1,X2)].

where Kt(x , x0) is a Gaussian kernel with mean x0 and standard deviation t .

Role of n in Minimum Risk Methodology
I In general, we can estimate RiskL2,n? at sample size n? 6= n.
I We consider doing so as to examine the overfitting problem (Loader, 1999).

RiskL2,n? = EXn?[

∫
(f (x)− f̂h(x))2dx ] ∝ n?− 1

n?
E [K√2h(X1,X2)]− 2E [Kh(X1,X2)].

Topic One: U-Statistic Form Risk Estimation (Cont’)

I A U-statistic estimate for the above relative risk at n? 6= n can be constructed as:

UL2,n? =
1(n
2

)∑
i<j

KL2,h(Xi,Xj), KL2,h(x1, x2) =
n?− 1

n?
K√2h(x1, x2)− 2Kh(x1, x2). (1)

UL2,n? is identical to the Unbiased Cross-Validation risk estimator with n? = n.

Risk Using Kullback-Leibler Loss
I Recall the definition of KL distance:

d(f , f̂h) =
∫

log
f (x)

f̂h(x ,Xn)
f (x)dx ,

where f (x) is the true underlying density, and Xn is a data set of size n.
I Minimizing the KL risk is equivalent to maximizing

Negative Relative RiskKL,n(h) =
∫

EXn[logf̂h(x ,Xn)]f (x)dx = EXn+1[logf̂h(X ,Xn)].

I Furthermore, instead of using the full data set Xn, we can define a negative
relative risk estimator based on a subsample of size n?, Xn?, by using a
U-statistic denoted as UKL,n?:

UKL,n? :=
1( n

n?+1

) ∑
(n,n?+1)

KKL,h(Xi1, ...,Xin?+1), (2)

where

KKL,h(Xn?+1) =
1

n? + 1

n?+1∑
i=1

logf̂h(Xi,X<−i>),

and X−<i> is a subset of the sample, excluding the i th point.
I Notice that the kernel size of UKL,n? is n? + 1 which might be large if n?/n is a

fixed fraction.
I BIC is equivalent to using n? = n/[log(n)− 1] in AIC (Ray and Lindsay, 2008).

A Simulation Study of L2 Loss Based Bandwidth Selection:
I Bandwidth selection procedure can be done by minimizing UL2 or UKL.
I The performance of bandwidth selector using n? = p · n where p = 0.3, ...,1.0

was investigated and compared.
I It can be shown that the bandwidth selector by minimizing UL2,n? is identical to

Hall and Robinson’s (2009) un-rescaled bagging-CV bandwidth selector.
n? 30 40 50 60 70 80 90 100

E [ĥL2] 0.5902 0.5508 0.5221 0.4994 0.4809 0.4663 0.4544 0.4426
SD[ĥL2] 0.0890 0.0958 0.1019 0.1081 0.1125 0.1160 0.1183 0.1222

Table: R = 1,000 samples of size n = 100 were drawn from N(0,1).

I Notice that as n? decreased the selected
bandwidth became larger. The ratio of the
means was about 1.20 when one took
n? = n/2.

I Bandwidth densities became narrower at
smaller values of n?. It was rare to select
an “optimal” bandwidth less than 0.3 by
minimizing UL2,n?(h) w.r.t. h when
n? ≤ n/2. In addition, the choice of
n? = n/2 yielded the smallest average
integrated squared error of ĥL2.

I Similar conclusion can be drawn while
considering KL risk.

Topic Two: An Unbiased Variance Estimator of Un

I As a U-statistic is an unbiased estimator of the parameter of interest, exploring its
variance to evaluate the parameter estimation is always crucial and of interest.

I In the case of risk estimation, we may want to know how precise we can estimate the
risk function by a U-statistic.

I Remember that,
1. the asymptotic results of a general U-statistic are not reliable whenever the sample

size n is not large or the kernel size m is not negligible compared with the sample size
n;

2. its closed form variance is complicated, especially when both m and n are large.
Proposal of An Unbiased Variance Estimator:
I Consider a U-statistic defined as

Un =
1(n
m

)∑
i

K (Si),where Si is a size-m sample out of i .i .d .X1, ...,Xn.

I Define
I Let Q(0) = 1

N0

∑
P0

K (S1)K (S2), where P0 contains all pairs of size-m samples with no
overlaps and N0 is the number of pairs in P0. Then, we have E [Q(0)] = [E(Un)]

2.
I Let Q(m) = 1

Nm

∑
Pm

K (S1)K (S2), where Pm contains all pairs of size-m samples and
Nm is the number of pairs in Pm. Then, we have Q(m) = U2

n .
I Therefore,

V̂u := Q(m)−Q(0) (3)
is an unbiased estimate of Var (Un).

1. V̂u is a function of the order statistic and therefore is the best unbiased estimator.
2. We have shown that V̂u can be written as a U-statistic itself with kernel size 2m.

Simulation Comparison (Estimating Var (Un))

I In the following, we compared the proposed unbiased
variance estimator, V̂u = Q(m)−Q(0), with
nonparametric bootstrap and smoothed bootstrap
variance estimators.

Table 1: Risk Based on L2 Loss
True Unbiased Est Nonpar. Smoothed

(simulated) V̂u

V̂ar (UL2) 0.000464 0.000467 0.000499 0.000493
SD{V̂ar (UL2)} 1.525e-4 1.417e-4 1.307e-4

Bias/SD 0.019 0.247 0.222
Compute Time 40.76 hr 2.88 hr 4.47 hr

Table 2: Risk Based on KL Loss
B = True Unbiased Est Nonpar. Smoothed

1,000 (simulated) V̂u

V̂ar (UKL) 0.005114 0.004919 0.004306 0.004364
SD{V̂ar (UKL)} 0.002258 0.001105 0.001104

Bias/SD 0.086 0.731 0.680
Compute Time 0.018 hr 8.40 hr 8.58 hr

I Since the kernel size of UL2 is small (i.e. m = 2), the simulation
results shown in Table 1 were based on complete U-statistics.
The computation time for V̂u was a lot longer than its bootstrap
counterparts. But this could be reduced greatly by subsampling.

I The kernel size of UKL is large (assume n? = n/2). Results in
Table 2 were based on incomplete U-statistics with B = 103.

Ongoing and Future
Work

I V̂u can be considered as a
subsampling estimator
which has negligible bias
but larger standard
deviation compared with its
bootstrap counterparts.

I We are expecting that
there should exist a
compromise variance
estimator between the
subsampling and
bootstrapping ones that
has smaller variation but
without large bias. Such
an estimator should be a
good trade-off solution.

I Currently, we are studying
some extrapolation and
interpolation methods
with application in variance
estimation and others.
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