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Introduction
In medical /scientific studies, many investigators wish to make causal statements about the effect of a
treatment on its outcome. Let Y denote the response of interest and X be a p-dimensional vector of
covariates. Let Z be an binary indicator of treatment exposure. We assume that Z takes the values {0, 1}:
Z = 1 if treated, Z = 0 if control. Let the observed data be represented as (Yi,Xi, Zi), i = 1, . . . , n, a
random sample from the triple (Y,X, Z). The parameters of interest are the average causal effect:

ACE = E[Y (1)− Y (0)], (1)

and the average causal effect among the treated:

ACET = E[Y (1)− Y (0)|Z = 1]. (2)

In a observational study, X could be related to both the outcome and the treatment assignment. We refer
to such X as confounders. Consequently, estimated differences between treatment groups may arise not
only due to the treatment but also because of the masking effect of confounders. An important assumption
made by Rosenbaum & Rubin (1983) for non-randomized observational studies is called strongly ignorable
treatment assignment:

Z ⊥ {Y (0), Y (1)}|e(X). (3)

where
e(X) ≡ P (Z = 1|X)

is the propensity score which is defined as the probability of receiving the treatment as a function of
covariates.

TWO-STAGE MODELING
Based on (3), causal inference is a two-stage ap-
proach. In the first stage, the propensity score is
estimated as a function of covariates. In the second
stage, ACE in (1) or ACET in (2) is estimated as a
function of the treatment indicator (sometimes with
other covariates), adjusted by the propensity score.
Most popular two-stage techniques for causal infer-
ence are matching, stratification and inverse proba-
bility weighting. In inverse probability weighting,
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Some simulation studies have shown that different
estimation methods employed in the first stage will
affect the finite sample properties of the estimated
treatment effect in the second stage. Therefore, we
aim to investigate how the estimation of propen-
sity scores in the first stage will affect the second
stage, and come up with a new method that outper-
forms the existing methods in estimating propensity
scores.

TRADITIONAL METHOD
In the literature, the estimation of the propensity
score in (4) is usually done by logistic regression.
Logistic regression assumes that

e(X) ≡ e(X, β) =
1

1 + exp{XTβ}
. (4)

The estimation of β is achieved by maximum likeli-
hood principle.
If we regard the estimation of propensity scores as a
classification problem, we may extend our methods
to the nonparametric machine learning realm. These
methods include classification and regression trees
(CART) and its various extensions, such as pruned
CART, bagged CART, and random forests. Com-
pared to logistic regression, tree-based algorithms
have several advantages. For example, there is no
need to assume any parametric model for a tree. By
splitting a tree based on different covariates at dif-
ferent nodes, the algorithm automatically includes
interaction terms and exclude unimportant covari-
ates in the model.

The proposed method
Combining logistic regression with nonparametric machine learning methods

We now develop ways to combine parametric mod-
els with nonparametric models to estimate propensity
scores. Let e1(X) be the estimate of the propensity
score from a logistic regression model and e2(X) be
the estimate of the propensity score from a nonpara-
metric algorithm, such as a random forests model.
We denote the proposed estimate as:

ê(X) =
a

a+ b
e1(X) +

b

a+ b
e2(X).

As we can see, ê(X) is a weighted average of logis-
tic regression and the nonparametric estimator with
weights a and b. Intuitively, we would think that if
e1(X) is more accurate, we would give more weight to
logistic regression and if e2(X) is more accurate, we
would like to give more weight to the nonparametric
model. Therefore, given (Yi,Xi, Zi), i = 1, . . . , n, we
propose the following data-based weights:

ai = e1(Xi)
Zi(1− e1(Xi))

(1−Zi),

and
bi = e2(Xi)

Zi(1− e2(Xi))
(1−Zi).

Table 1 shows some simulation results for estimated
ACET under different scenarios of true propensity
score models. As can be seen, parametric methods
tend to yield lower bias but higher variance than non-
parametric methods. In general, both parametrric
methods (LR and LDA) perform quite well. Among
all nonparametric methods that we tested, random
forests performs the best in terms of bias and vari-
ance. These two conclusions validate our proposed
method. In other words, due to the trade-off between
bias and variance among parametric and nonparamet-
ric methods, it is reasonable to combine the para-
metric method with the nonparametric method. In
addition, because of the superior performance of the
random forests algorithm over other nonparametric

algorithms, we choose it as the nonparametric com-
ponent in our newly proposed estimator. As can be
seen, the proposed method, which is a weighted av-
erage of logistic regression and random forests, beats
all the other methods in terms of bias and variance
in our simulation study.

Table 1. Comparison of properties of estimated
ACET based on various classification algorithms.

LDA = linear discriminant analysis; CART =
classification and regression trees; PRUNE = pruned
CART; BAG = bagging; RF = random forests; SVM

= support vector machines; KNN = k-nearest
neighbors. A,B,C and D are different scenarios of

true propensity score models.

Method A B C D
Absolute bias (percent)

Logistic 8.60 9.63 11.32 12.38
LDA 8.64 9.58 11.45 12.35
CART 18.69 14.27 16.60 17.13
PRUNE 22.93 16.95 16.92 18.75
BAG 11.95 9.33 11.34 10.09
RF 8.80 7.64 10.45 9.05
SVM 14.28 12.20 9.55 12.09
KNN,k=3 31.03 23.48 18.39 29.24
KNN,k=10 10.95 9.79 10.52 10.69
Proposed 7.58 6.75 7.32 7.95

Standard error
Logistic 0.068 0.068 0.061 0.076
LDA 0.067 0.068 0.061 0.075
CART 0.060 0.061 0.068 0.062
PRUNE 0.059 0.059 0.067 0.061
BAG 0.057 0.056 0.062 0.058
RF 0.066 0.062 0.068 0.067
SVM 0.058 0.057 0.059 0.060
KNN,k=3 0.063 0.062 0.063 0.064
KNN,k=10 0.066 0.065 0.064 0.067
Proposed 0.062 0.060 0.057 0.065
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