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Summary

Consider the one-way ANOVA problem of comparing the means m1; m2; . . . ; mc of c distributions
F1�x� � F�x ÿ m1�; . . . ; Fc�x� � F�x ÿ mc�. Solutions are available based on (i) normal-theory proce-
dures, (ii) linear rank statistics and (iii) M-estimators.

The above model presupposes that F1; F2; . . . ; Fc have equal variances (� homoscedasticity). How-
ever practising statisticans content that homoscedasticity is often violated in practice. Hence a more
realistic problem to consider is F1�x� � F��x ÿ m1�=s1�; . . . ; Fc�x� � F��x ÿ mc�=sc�, where F is
symmetric about the origin and s1; . . . ; sc are unknown and possibly unequal (� heteroscedasticity).
Now we have to compare m1; m2; . . . ; mc. At present, nonparametric tests of the equality of
m1; m2; . . . ; mc are available. However, simultaneous tests for paired comparisons and contrasts and do
not seem to be available.

This paper begins by proposing a solution applicable to both the homoscedastic and the heterosce-
dastic situations, assuming F to be symmetric. Then the assumptions of symmetry and the identical
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shapes of F1; . . . ; Fc are progressively relaxed and solutions are proposed for these cases as well. The
procedures are all based on either the 15% trimmed means or the sample medians, whose quantiles are
estimated by means of the bootstrap. Monte Carlo studies show that these procedures tend to be supe-
rior to the Wilcoxon procedure and Dunnett's normal theory procedure. A rigorous justification of the
bootstrap is also presented. The methodology is illustrated by a comparison of mean effects of cocaine
administration in pregnant female Sprague-Dawley rats, where skewness and heteroscedascity are
known to be present.

Key words: Bias-corrected bootstrap; 15% trimmed means; Sample medians;
Smooth bootstrap; Sprague-Dawley rats.

1. Introduction

Consider the one-way ANOVA problem of comparing the means m1; m2; . . . ; mc

of c distributions F1�x� � F�x ÿ m1�; . . . ; Fc�x� � F�x ÿ mc�. Solutions are avail-
able based on (i) normal-theory procedures (ScheffeÂ, 1970), (ii) linear rank statis-
tics (Puri and Sen, 1971) and (iii) M-estimators (Ringland, 1983). Note that in
the foregoing model, F1; . . . ; Fc are assumed to be identical, except possibly for
locations. This, in particular, implies that they have equal variances (� homoscedas-
ticity). However, the homoscedasticity is often violated in practice (cf. Bishop and
Dudewicz, 1978, p. 419). This is because (a) heterogeneity of error may result
from the erratic behaviour of the response to certain treatments (cf. Steel and
Torrie, 1980, pp. 169±170) and (b) in using laboratory measurements to compare
patients having a certain disease, with healthy subjects free of the disease, the
disease may have a more pronounced effect on the laboratory values of some
patients than some others, thereby tending to increase the dispersion (O'Brien,
1992, pp. 819±827).

Hence a more realistic model is F1�x� � F��x ÿ m1�=s1�; . . . ; Fc�x� �
F��x ÿ mc�=sc), where F is an unknown distribution function, symmetric about
the origin and s1; . . . ; sc are unknown and possibly unequal (� heteroscedastic-
ity). Now we have to compare m1; . . . ; mc.

For this problem, at present, there are three approaches available. The first is to
assume that F is normal and develop a methodology accordingly (Bishop and
Dudewicz, 1978, pp. 419±424; Dunnett, 1980, pp. 796±800). The second is to
use a variance-stabilizing transformation such as the square-root or cube-root or
logarithmic or inverse sine or inverse hyperbolic sine transformation (cf. Dude-
wicz, 1983, p. 613), all of which are highly non-linear. The third approach is to
use location statistics, which are scale-invariant (Compagnone and Denker, 1966).
The drawback of the first approach is its inapplicability to non-normal situation,
which will clearly be the case, if the normal scores plot of the sample data is not
linear (Johnson and Bhattacharya, 1986, pp. 218±220). As for the second ap-
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proach, often it is not obvious which transformation is most appropriate. As re-
gards the third approach there are some difficulties in applying it to our problem,
as explained at the end of Section 4.

Section 2 contains some preliminaries. Section 3 proposes solutions to the above
problem, which are applicable to both the homoscedastic and the heteroscedastic
settings (thereby eliminating the need for a preliminary test of equality of vari-
ances). First the unknown distribution function F, is assumed to be symmetric
about the origin. Then this problem is tackled under the weaker assumption that F is
possibly skewed with median zero. Finally the restriction on the shapes of
F1; . . . ; Fc are relaxed. In all these cases, the test statistics are based on either the
15%-trimmed means or the sample medians, and their quantiles are estimated using
the bias-corrected bootstrap. Section 4 is devoted to Monte Carlo studies including a
comparison of our procedures with their well-known competitors. Section 5 illus-
trates the theory by means of a comparison of the mean effects of cocaine on preg-
nant rats, where heteroscedasticity and skewness are present. The Appendix consists
of asymptotics, including a rigorous justification of the bootstrap.

2. Some Preliminaries

Let Xr � �Xr1; . . . ; Xrnr� be a sample from an unknown distribution function Fr

and �Xrt and Xr;med denote respectively the 15%-trimmed mean and the sample
median.

Let wr � 1

nr

P jXr0i ÿ Xr;medj
� �2

be the square of the mean absolute deviation

of the Xr-sample from its median Xr;med and ŵr � wr=nr (cf. Babu and Rao,
1992). Next, the variance estimate v̂rt of �Xrt is defined as follows:

Let a � 0:15; n � nr; �na� the integer part of na; Xi � Xri and X�i� the ith order
statistic, r � gÿ �na�,

XL � �1ÿ r� X�g�1� � rX�g� ;

XU � �1ÿ r� X�nÿg� � rX�n�1ÿg� ;

�Xw � nÿ1 Pnÿg

g�1
�X�i� � g�XL � XU��

" #
;

and

l � P �X�i� ÿ �Xw�2 � g��XL ÿ �Xw�2 � �XU ÿ �Xw�2�
h i

:

Then v̂rt � nÿ1�1ÿ 2a�ÿ1 �nÿ 2naÿ 1�ÿ1 l (cf. Rocke, Downs, and Rocke
(1982)).

The statistics T3; T4; S3; S4 are defined later in this section. The issue which of
the two families of statistics fT1; T2; T3; T4g and fS1; S2; S3; S4g is to be used,
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will be clarified in later sections. In general T's are used if symmetry is suggested
by the preliminary analysis. Otherwise S's are used.

If ml is the location parameter corresponding to Fl; l � 1; 2; . . . ; c, then for
testing H0 : m1 � . . . � mc against H1 : mi 6� mj for at least one pair (i; j), the
statistic to be used is either T1 or S1. For paired comparisons, which involve the
simultaneous testing of all pairs (mi; mj) for which mi ÿ mj 6� 0, the statistic is T2

or S2. For a simultaneous comparison of contrasts, the statistic is T3 or S3. For
example, let c � 3 and a simultaneous comparison of the contrasts
2m1 ÿ m2 ÿ m3, 2m2 ÿ m1 ÿ m3 and 2m3 ÿ m1 ÿ m2 be required. Then
T3 � max �A1; A2; A3� and S3 � max �B1; B2; B3�. Here

A1 � �2 �X1t ÿ �X2t ÿ �X3t� �4v̂1t � v̂2t � v̂3t�ÿ1=2 ;

A2 � �2 �X2t ÿ �X3t ÿ �X1t� �4v̂2t � v̂3t � v̂1t�ÿ1=2 ;

and

A3 � �2 �X3t ÿ �X1t ÿ �X2t� �4v̂3t � v̂1t � v̂2t�ÿ1=2 :

Bi is obtained from Ai by replacing �Xrt and v̂rt by Xr;med and ŵr respectively.
For testing H0 : m1 � . . . � mc against the hypothesis of ordered alternatives

HA : m1 � m2 � . . . � mc

with strict inequality between ma and ma�1 for at least one a, the choice is

T4 �
P

1� j< i� c
tij and S4 �

P
1� j< i� c

sij :

The null distributions of Ti and Si, are intractable, and their asymptotic null distri-
butions may not be of much use for practical sample sizes. On the other hand
bootstrap method is known to give a better approximation than the one based on
the normal approximation theory.

Therefore, bootstrap method is attractive, especially when the samples are of
moderate size. In this connection, we shall use the bias-corrected refinement (cf.
Efron and Tibshirani, 1986, p. 68), of the bootstrap percentile method. For brev-
ity, it will be called the bias-corrected bootstrap.

One reason for the good performance of the bias-corrected bootstrap is that it
leads to `second-order correctness', which refers to rate of convergence, when
there is a correction for the skewness of the distribution. Central Limit Theorem
establishes only convergence, but does not provide any rate of convergence. Edge-
worth expansions lead to approximation of a sampling distribution, by an expres-
sion involving normal distribution plus a skewness term plus error.

The skewness term is typically of the order O�nÿ1=2) and the error term of the
order o�nÿ1=2). The second-order correctness has the potential of automatically
correcting for the skewness term (cf. Babu and Singh, 1983).

Let X�l; 1� < X�l; 2� < . . . < X�l; nl� be the order statistics of Xl � �Xl1; . . . ; Xlnl�.
Write X�l; 0� � 2X�l; 1� ÿ X�l; 2� and X�l; nl�1� � 2X�l; nl� ÿ X�l; nlÿ1�. Let F*l be the con-
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tinuous distribution function, which places the probability �nl � 1�ÿ1 uniformly on
each of the intervals �X�l; 0�; X�l; 1�; . . . ; �X�l; nl�X�l; n�1��. Then bootstrap samples are
drawn from F*l, l � 1; 2; . . . ; c. This is the smooth bootstrap (cf. Collings and
Hamilton, 1988).

Let Ĝi be the resulting bootstrap distribution of Ti and zi � Fÿ1�Ĝi�Ti��. Then
the bias-corrected bootstrap quantile estimate of the 95% quantile of Ti is simply
Ĝÿ1

i �F�2zi � 1:645��; F being the cumulative standard normal distribution func-
tion.

Note that in the foregoing process the bootstrap is applied separately to each
Xl-sample. Hence this methodology is applicable even when the underlying distri-
butions are heteroscedastic or have different shapes.

Remark 2.1: The smooth bootstrap was used in preference to the classical boot-
strap for the following reasons:

(i) For small samples, say ni � 10, the classical bootstrap may yield a sample,
having only a single distinct observation, so that the corresponding scale
estimate becomes zero. Then t*ij and s*ij (the bootstrap counterparts of tij and
sij), become undefined.

(ii) Even when the samples are not small, the classical bootstrap may yield tied
observations, for whom the ranks are not well defined. Therefore, problems
will arise with bootstrapping the Wilcoxon procedure (cf. Section 3). Of
course ties can be resolved by the methods of Akritas, Arnold, and
Brunner (1997) or Brunner, Puri, and Sun (1995). However, since we
are already using bootstrapping, the smooth bootstrap is easier to apply.

The smooth bootstrap precludes possibilities (i) and (ii).

Remark 2.2: For estimating the qth quantile (0 < q < 1) of our test statistics,
the smooth bootstrap quantile sq is consistent (cf. Appendix). Moreover, for large
samples, sq and the bias-corrected bootstrap quantile bq give nearly the same re-
sult. However, for practical sample sizes, the best results are obtained by using bq.
Hence, in all our Monte Carlo studies only bq will be used.

Some other competitors to our procedures are the Wilcoxon procedure, Dunnett's
normal theory procedure, and the procedures of Brunner and Puri (1996), Holm
(1979), Schaffer (1986) and Marcus, Peritz, and Gabriel (1976). The first two
are briefly described below while the others are described at the end of Section 4.

The Wilcoxon Procedure (cf. Puri and Sen, 1970, pp. 245±246).

For simplicity, we shall describe this only for the case of equal sample sizes
(although the theory can be modified to cover unequal sample sizes). Let
n1 � n2 � . . . � nc. For 1 � i < j � c, denote by h�Xi; Xj� the Wilcoxon statistic
based on the ith and jth samples. Let m and V2 be its null mean and variance
respectively (as the sample sizes are equal, m and V are the same for all i and j).
Write h3�Xi; Xj� � n

���
2
p �h�Xi; Xj� ÿ m�=V . Denote by Rc;a the upper ath quantile
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of the range of a sample of size c from the standard normal. As before, let mi be
the location parameter for Fi.

Simultaneous Test for Paired Comparisons

At level a; mi ÿ mj is regarded to be significantly different from zero, if
jhS�Xi; Xj�j > Rc;a. Equivalently, H0 is rejected if max

1� i< j� c
jhS�Xi; Xj�j > Rc;a. A

simultaneous test for contrasts can be performed as on page 250 of Puri and Sen
(1971). The details, being messy, are omitted.

For the one-way ANOVA model involving normal distributions with unequal
variances, Dunnett proposes four procedures, of which the GH procedure seems to
be the best and is described below.

Dunnett's GH Procedure (Dunnett, 1980, p. 796).

Let �Xl and s2
l be the sample mean and sample variance of a sample of size nl from

Fl; l � 1; 2; . . . ; c. Write ul � nl ÿ 1 and

êij � s2
i

ni
� s2

j

nj

 !
s4

i

n2
i ui
� s4

i

n2
j ui

 !ÿ1

:

Denote by SRa; cêij the upper a quantile of the studentized range of c normal vari-
ates with êij degrees of freedom.

Simultaneous Test for Paired Comparisons

For i 6� j; mi ÿ mj is considered to be significantly different from zero, if

���
2
p
j �Xi ÿ �Xjj s2

i

ni
� s2

j

nj

 !ÿ1=2

> SRa; cêij :

Remark 2.3: All Dunnett's procedures including the GH procedure, are de-
signed only for paired comparisons. They cannot handle contrasts, involving three
or more treatments.

As there is no danger of confusion, we shall refer to Dunnett's GH procedure
as simply Dunnett's procedure.

Finally we shall describe the statistic Q1; ad to be used for checking symmetry
or skewness in Section 4, where F1; . . . ; Fc, differ if at all, only in location and
scale. Define Ug; i (respectively Lg; i) the mean of the gni upper (or lower) order
statistics of the sample Xi (obtained by linear interpolation, if gni is not an inte-
ger). Set

Q2; i � �U0:05; i ÿ L0:05; i�=�U0:5; i ÿ L0:5; i� and Q2 �
Pc
1

niQ2; i

� � Pc
1

ni :

�
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In the case of the uniform, normal and double exponential distributions (which are
standard examples of light-tailed, normal-tailed and heavy-tailed distributions), the
population parameter q2 corresponding to Q2 is given by q2 � 1:9, 2.58 and 3.3
respectively. The middle point of (2.58, 3.3) is 2.94. However, for computational
simplicity, we replaced 2.94 by 3 (as a cut-off point). Based on empirical consid-
erations, 5 was chosen as a lower cut-off point for very heavy tails. Thus F was
classified as light- (or normal-) tailed or heavy-tailed or very heavy-tailed, accord-
ing as Q2 < 3 or 3 � Q2 < 5 or 5 � Q2 respectively.

Let Mi be the average of the middle 50% of the order statistics of the sample
Xi, i � 1; 2; . . . ; c, Q1; i � �U0:05; i ÿMi�=�Mi ÿ L0:05; i� and Q1 �

P
i

niQ1; i=
P

ni.

According to Hogg, Fisher, and Randles (1975), the distributions may be as-
sumed to be symmetric or right-skewed or left-skewed, according as 1

2 � Q1 � 2,
or Q1 > 2 or Q1 <

1
2 . However, the performance of Q1 is adversely affected by

outliers. Therefore, we introduce Q1; ad, which is more effective than Q1. Let
Q1; 0:10 and Q1; 0:20 denote Q1 computed on the 10%- and 20%-trimmed samples
respectively. Then

Q1; ad � Q1 ; if Q2 < 3

� Q1; 0:10 ; if 3 � Q2 < 5

� Q1; 0:20 ; if 5 � Q2 :

Modifying the proposal of Hogg et al., we say that 1
2 � Q1; ad � 2 indicates sym-

metry, while Q1; ad > 2 and Q1; ad <
1
2 indicate right-skewness and left-skewness

respectively. For practical sample sizes, the final level of the test will be affected
by a preliminary test of symmetry (although asymptotically this effect will be
zero). The extent to which it is affected, depends on the preliminary test statistic.
In the case of Q1; Q1; ad etc., the effect is very little. For, being based on order
statistics, these have very good convergence properties, much better than those
based on measures such as kurtosis (cf. Hogg, 1974, p. 913).

Remark 2.4: Bootstrap methods for testing and confidence intervals have been
discussed in Hinkley (1988 and 1989), Diciccio and Romano (1988) and Wu
(1986). However, these do not apply to our problem, as briefly explained below:

1. The majority of theoretical results in Hinkley (1988) and Diciccio and
Romano (1988, Section 2.4) deal with statistics, which are either functions
of vector averages or representable by certain Volterra series (Hinkley, 1988,
p. 324). Nevertheless, our statistics T2 and T3 (for simultaneous testing of
paired comparisons and contrasts respectively) do not satisty the above con-
ditions.

2. Assume for simplicity c � 3 and consider the heteroscedastic model
Fi�u� � F��uÿ mi�=si�, i � 1ÿ 3, where F is symmetric about zero and the
s0is are possibly unequal. For i � 1ÿ 3, let �Xia denote the trimmed mean of
the sample from the ith distribution. Using the pure significance tests in
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Hinkley, 1988, Section 5 or Hinkley, 1989, Section 3, or the results in
Diciccio and Romano, 1988, Section 2.4, one can construct separate tests
(or confidence intervals) for each m1; m2 and m3. The resulting tests for
m1 ÿ m2, m2 ÿ m3 and m3 ÿ m1 will be based on �X1a ÿ �X2a, �X2a ÿ �X3a and
�X3a ÿ �X1a respectively. However, as these tests are not independent, the only
way of combining them into an overall simultaneous test of the paired com-
parisons q1 ÿ q2, q2 ÿ q3 and q3 ÿ q1 or the contrasts, say 2q1 ÿ q2 ÿ q3,
q1 ÿ 2q2 � q3 and q1 � q2 ÿ 2q3 seems to use tests based on statistics of
the type T2 and T3 introduced at the beginning of this section.

3. Using resampling methods, Wu (1986) has proposed approximately unbiased
variance estimators in the heteroscedastic regression model, including the
special case of the c-sample location problem with unequal variances (Wu,
1986, p. 1276). Nevertheless, he has not considered simultaneous testing of
paired comparisons and contrasts. The simulation study in his paper consid-
ers confidence intervals for a single parametric function, assuming the nor-
mality of the underlying distribution.

Remark 2.5: The generalised two-sample Behrens-Fisher problem of comparing
the medians of two unknown distributions with possibly different shapes was stud-
ied with and without the symmetry assumption in Fligner and Policello (1981)
and Fligner and Rust (1982) respectively. Our study of ANOVA for distributions
with possibly different shapes can be regarded as a modified c-sample version of
this problem. However, the techniques of these authors do not easily extend to the
present setting.

3. Selection of the Statistics

(a) Robustness to Possible Heteroscedasticity
Let Xr � �Xr1; . . . ; Xrmr� be a sample from Fr�u� � F��uÿ mr�=sr�, r �
1; 2; . . . ; c�c > 2�; F an unknown distribution function symmetric about the
origin and s1; . . . ; sc unknown and possibly unequal. The appropriate sta-
tistics to use in this case are T1; T2; T3 and T4. See Section 2 for details on
the choice of Ti.

(b) Robustness to Possible Skewness as Well as Heteroscedasticity
Suppose that the assumption of symmetry itself is suspect. Then one ap-
proach is to apply (to the data) the logarithmic (or some similar) transfor-
mation, hopefully achieving symmetry and to analyze the transformed data,
as in (a) above. However, as explained in Section 1, it is preferable to avoid
transformations altogether and work with the original data.
Note that the possible lack of symmetry implies that the error distribution
has median zero, but may lack symmetry and the parameters of interest are
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therefore the population medians m1; m2; . . . ; mc. This leaves us with two
options.
I. Perform analysis using the family fS1; S2; S3; S4g:
II. Perform a preliminary test of symmetry, using Q1; ad.
If that test supports symmetry; i.e. if 1

2 � Q1; ad � 2, then proceed as (a)
above by using fT1; T2; T3; T4g; otherwise proceed as in Option I by using
fS1; S2; S3; S4g.

(c) Robustness to Possible Differences in Distribution Shapes
We have so far assumed that F1; . . . ; Fc have the same shape. This assump-
tion is tenable, if the Qÿ Q plot corresponding to any pair of samples is (at
least approximately) linear. Otherwise, it becomes dubious, in which case,
we may proceed as in Option I of (b). Here again the parameters of interest
are population medians.

4. The Monte Carlo Studies

Due to restriction on computer time, of the four statistics T1; T2; T3 and T4, only
T1; T2 and T3 were considered. Even here, only T2 and T3 were studied in detail,
since preliminary studies found the performance of T1 is similar to that of the
other two. Similarly, in the family S1; S2; S3 and S4 only S2 and S3 were studied
in detail.

The procedure (a) in Section 3 was studied for c � 3; ni � 10, 15 and 20 and
for c � 5; ni � 20; i � 1; 2; . . . ; c. The procedure (c) in Section 3 was studied for
c � 3 and ni � 20, i � 1; 2; 3. Then our procedure corresponding to Option II of
(b) in Section 3 was compared, in terms of level and power, with the Wilcoxon
procedure, and Dunnett's procedure, for c � 3 and n1 � n2 � n3 � 20.

Random samples of sizes ni �i � 1; 2; . . . ; c� were drawn using IMSL subrou-
tines on a VAX 23 computer, from a number of distributions to be specified
shortly, and there were two thousand replications. Following the recommendations
of Efron and Tibshirani (1986, p. 72), one thousand bootstrap samples were
drawn from each sample. The nominal level was always kept at five percent. The
quantiles of our test statistics were always estimated by the bias-corrected boot-
strap quantiles (cf. Remark 2.2).

Let N�0; 1� and N�0; 42� denote respectively the standard normal and the nor-
mal distribution with mean 0 and variance 16. For a given integer l; l% cN will
denote the mixture �100ÿ l�% N�0; 1� � l% N�0; 42�. The distributions studied
were Beta �3; 3�, shifted appropriately to the left so that its median became zero,
N�0; 1�; 5% cN, 10% cN, 15% cN, and the standard exponential and Lognormal
distributions, shifted appropriately to the left so that their medians become zero.
These will be referred to as distributions, B; N; 5% cN, 10% cN, 15% cN, E and L
respectively.
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In connection with Tables 1, 2, 3, 5 and 6, heteroscedasticity was introduced as
follows. When c � 3, the values in the second and third samples were multiplied
by two and four respectively. When c � 5, the values in the second, third, fourth
and fifth sampler were multiplied by two, three, four and five respectively.

In Table 4, the first, second and third samples were drawn respectively from
distributions F1; F2 and F3 having different shapes. Tables 5 and 6 compare our
procedure (Option II of (b) in Section 3) with the Wilcoxon procedure and Dun-
nett's normal theory procedure.

Tables 1, 2 and 3 are concerned respectively with the procedure in Section 3,
when c � 3, ni � 10 and 15 and c � 5; ni � 20. (Recall that now the T2-test is
for paired comparisons, while the T3-test is for contrasts. When c � 5,

T3 � max �A1; A2; A3; A4; A5� where A1 � �4 �X1t ÿ
P5
j�2

�Xjt� �16v̂jt �
P5

2
v̂jt�ÿ1=2 and

Ai; i � 2; . . . ; 5 is obtained from A1 by interchanging 1 and i).
Tables 1±6 contain the point estimates p̂ and also the 95% confidence intervals,

i.e., the numbers correspond to the intervals p̂� 1:96
�����������������������������
p̂�1ÿ p̂�=2000

p
.

Table 4 studies the procedure (c) in Section 3 for c � 3 and ni � 20 for cases 1
and 2, F1; F2 and F3 denoting respectively N; E and L in case 1 and B; E and
10% cN in case 2.

Table 5 contains the empirical levels of our procedure in Option II of (b) of
Section 3, and the Wilcoxon procedure and Dunnett's procedure. Recall that Op-
tion II chooses Ti or Si according as Q1; ad suggests symmetry or skewness. Ta-
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Table 1 Table 2

Empirical levels (in percent) and confidence Empirical levels (in percent) and confidence
intervals (c � 3; ni � 10) intervals (c � 3; ni � 15)

Distributions T2-test T3-test Distributions T2-test T3-test

B 5:50� 0:99 5:70� 1:02 B 4:40� 0:90 4:60� 0:92
N 5:80� 1:02 5:95� 1:04 N 4:70� 0:93 4:90� 0:95

5% cN 6:00� 1:04 6:10� 1:05 5% cN 4:90� 0:95 5:05� 0:96
10% cN 6:30� 1:06 6:60� 1:09 10% cN 5:09� 0:96 5:29� 0:98
15% cN 6:70� 1:10 6:90� 1:11 15% cN 5:60� 1:01 5:90� 1:03

Table 3

Empirical levels (in percent) and confidence
intervals (c � 5; ni � 20)

Distributions T2-test T3-test

B 4:65� 0:92 4:85� 0:94
N 4:90� 0:95 5:20� 0:97

5% cN 5:00� 0:96 5:25� 0:98
10% cN 5:25� 0:98 5:35� 0:99
15% cN 5:80� 1:02 5:90� 1:03

Table 4

Empirical levels (in percent) and confidence
intervals (c � 5; ni � 20)

Cases S2-test S3-test

1 4:25� 0:88 4:1� 0:87
N 4:15� 0:87 4:1� 0:87



ble 6 contains a similar study of empirical powers, after the addition of 0.50 and
0.75 to the second and third sample values respectively.

In Table 5, the first and second entries under each procedure denote its empiri-
cal level for paired comparisons and contrasts respectively. The only exception is
the * under Dunnett's procedure, denoting the inapplicability of the latter to con-
trasts (cf. Remark 2.3). A similar interpretation applies to Table 6 with `empirical
level' replaced by `empirical power'.

Table 5 shows that our procedure (Option II) is quite robust. Dunnett's procedure
is good at the Beta and the Normal models, but becomes conservative (with the
resulting loss of power) for heavy-tailed symmetric distributions and extremely
liberal for skewed distributions. This resembles the performance of the two-sam-
ple t-test in such situations. The Wilcoxon procedure fares the worst, being unac-
ceptably liberal. This is not surprising, in view of its unsatisfactory performance
even in the simpler two-sample location model, with unequal variances (cf. Pratt,
1964, 665±680).

In Table 6, all the entries under the Wilcoxon procedure and the last two under
the Dunnett procedure, should be discounted, as the corresponding empirical lev-
els are excessively high. Thus when both robustness of level and reasonably good
power across distributions are taken into account, our procedure becomes the best
performer. Moreover, the Dunnett and the Wilcoxon procedures cannot be made
robust by bootstrapping.

For the situation corresponding to distribution L in Table 5 (and nominal level 5
percent), the empirical level of Dunnett's procedure based on the bootstrap quan-
tile was only 0.073 percent. One possible explanation for the failure of the boot-
strap is the non-robustness of the sample means, on which Dunnett's statistic is
based.

The appropriate quantile of the Wilcoxon procedure was estimated by bootstrap-
ping separately from each sample Xn ÿ crXr;med, where cr is the nr-dimensional
vector with all entries equal to 1. For the situation corresponding to distribution L
in Table 5 and nominal level five percent, the empirical level of the Wilcoxon
procedure for paired comparisons was 9.1 percent. Because of the unsatisfactory
performance, the Wilcoxon procedure also was not considered any further.
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Table 5

Empirical levels (in percent) and confidence intervals (c � 3; ni � 20)

Distribution Option II Wilcoxon Dunnett

B 4:9� 0:9 5:0� 0:9 48:0� 2:1 55:0� 2:1 4:9� 0:9*

N 4:9� 0:9 4:9� 0:9 54:7� 2:1 50:0� 2:1 4:6� 0:9*

5% cN 4:7� 0:9 4:5� 0:9 68:1� 2:0 7:3� 1:9 4:1� 0:8*

10% cN 4:9� 0:9 5:3� 0:9 78:1� 1:8 82:4� 1:6 3:6� 0:8*

15% cN 4:8� 0:9 4:7� 0:9 78:3� 1:8 83:0� 1:6 2:9� 0:7*

E 5:2� 0:9 5:2� 0:9 79:0� 1:7 83:5� 1:6 17:1� 1:6*

L 5:4� 0:9 5:4� 1:0 84:3� 1:5 89:5� 1:3 19:3� 1:7*



Following a suggestion of the referee, our procedures were also studied for
unequal sample sizes, when large variances appear with small sample sizes and
small variances appear with large sample sizes. More precisely, samples of sizes
n1 � 10, n2 � 20 and n3 � 30 were drawn from the five symmetric distributions
B; N; 5% cN, 10% cN and 15% cN. The values in the second sample were multi-
plied by two while those in the first sample were multiplied by four. The results
are presented in Table 6b, where the first and second entries in each row, under
the column `levels' (and similarly under the column `powers') correspond to
paired comparisons and contrasts respectively. (The nominal level was 5%.)

We now compare our methodology with some existing procedures.
Statistics for the location-scale model have been proposed by Compagnone and

Denker (1996) and Denker and Puri (1992). One of them is based on the kernel
function

w�x1; . . . ; xm� �
Pm

1
xk�������������������������Pm

k�1
�xk ÿ �x�2

s

(Compagnone and Denker, 1996, p. 137). Because of its scale-invariance, this
statistic is sensitive to location differences but unaffected by scale differences and

332 G. J. Babu, A. R. Pasmanabhan, M. L. Puri: Robust ANOVA

Table 6a

Empirical power (in percent) and confidence intervals (c � 3; ni � 20)

Distribution Option II Wilcoxon Dunnett

B 13:1� 1:4 12:9� 1:4 66:0� 2:0 71:0� 1:9 15:2� 1:5*

N 12:2� 1:4 11:8� 1:4 60:0� 2:1 70:0� 2:0 13:9� 1:5*

5% cN 11:0� 1:3 10:6� 1:3 77:0� 1:8 81:0� 1:7 10:4� 1:3*

10% cN 10:8� 1:3 10:4� 1:3 92:0� 1:1 95:0� 0:9 8:4� 1:2*

15% cN 10:4� 1:3 10:2� 1:3 88:1� 1:4 94:2� 1:02 6:0� 1:0*

E 7:2� 1:1 10:0� 1:3 87:0� 1:4 92:2� 1:1 75:0� 1:9*

L 6:8� 1:1 9:4� 1:2 89:1� 1:3 91:5� 1:2 70:0� 2:0*

* not applicable to contrasts (cf. Remark 2.3)

Table 6b

Empirical levels and powers (in percent)

Distribution Levels Powers

B 4.60, 4.82 8.24, 14.22
N 4.85, 4.97 7.70, 8.15

5% cN 4.74, 5.20 7.20, 7.26
10% cN 4.80, 5.30 6.32, 6.14
15% cN 5.10, 5.20 5.74, 5.92



therefore can be used for testing for location differences in presence of nuisance
scale parameters. However, there are some difficulties in applying such statistics to
our problems. As explained in the next paragraph, such tests may be, for practical
sample sizes, liberal for some distributions and conservative for some others in the
two-sample problem. The results are going to to be similar for the c-sample prob-
lem. Moreover, inference (based on these statistics) seems to be limited to paired
comparisons and not possible for contrasts.

Consider, for example, the much simpler statistic (for the two-sample scale pro-

blem) based on the kernel function
Pm
k�1
�xk ÿ �x�2 (Compagnone and Denker,

p. 138). Even here, exact variance estimates could be tedious to compute for prac-
tical sample sizes (para. 3, page 145) and only an approximate variance estimate
based on the jackknife has to be employed (page 146). Probably, as a result of
this, the test is liberal for some distributions (Table III, entries under G1; G2 and
G5, pp. 151±152) and conservative for some others (Table IV, entry under G4).
Finally, the test based on a similar statistic in Denker and Puri (1992) is some-
what less robust than the above test (cf. Compagnone and Denker, 1992, p. 142,
second last paragraph).

Nonparametric methods for stratified two-sample designs were proposed in
Brunner, Puri, and Sun (1995) even without the assumption of continuity of the
underlying distribution function. Nonparametric hypotheses and rank statistics for
unbalanced factorial designs (making allowance for heteroscedastic errors) were
studied in Akritas, Arnold, and Brunner (1997), once again without assuming
continuity of the underlying distribution function. For the one-way ANOVA mod-
el, the methodologies of these papers specialize to testing for the equality of the
treatment effects and do not cover simultaneous testing for paired comparisons
and contrasts.

Brunner and Puri (1996) deal with heteroscedasticity, making an assumption,
which, in the case of our problem, means the following:

Let X1i and X2j be the observations from the ith and jth samples. Under the null
hypothesis that the effects of the ith and jth treatments are the same, P�X1i > X2j�
� P�X2j > X1i�. While this assumption automatically holds for symmetric distribu-
tions, it may not be valid for skewed distributions, which are also considered in
our paper. Moreover, Brunner and Puri (1996) do not discuss simultaneous test-
ing for paired comparisons and contrasts. When there are logical implications
among the hypotheses and alternatives, the sequentially subjective Bonferroni
(SRB) procedure due to Holm (1979) and its modification MSRB due to Schaffer
(1986), can, in conjugation with Welch's test (1951), be used to increase the
powers of tests for three or more treatments.

Marcus, Peritz, and Gabriel (1976) have presented a method of discussing
stepwise multiple testing procedures with fixed experimentwise error rate. How-
ever, in applications, these procedures require the existence of exact level alpha
tests.
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5. An Illustration

An experiment was conducted by Robinson et al. (1993) to determine the effects
of cocaine administration to pregant female Sprague-Dawley rats. There were two
forms of cocaine administration, namely acute and chronic. In the acute adminis-
tration, cocaine (6 mg/kg) was injected on day 18 of pregnancy. In the chronic
administration, cocaine (6 mg/kg) was injected on each of days 8 through 18 of
pregnancy. In both groups of cocaine administration, cocaine levels in the blood-
stream were measured on day 18 of pregnancy at 5, 20 or 60 minutes of injection.

The X1-, X2- and X3-samples in Table 7 are taken from the data sets correspond-
ing to chronic 5, chronic 20 and acute 5 respectively.

Experience shows that such measurements are highly skewed to the right. The
mean absolute deviations for the three samples were 240.75, 111.75 and 151.88
indicating heteroscedasticity.

However, our methodology (Option I of (b) in Section 3) based on the sample
medians, was applicable. The absolute values of the studentised versions of the
differences between the three pairs of sample medians were 0.43, 0.32 and 0.016
while the bootstrap critical value was 0.94. Therefore, the difference between no
two population medians was statistically significant, thus leading to the acceptance
of the null hypothesis.

Next the data were analyzed using the Dunnett procedure. Let dij be the abso-
lute value of the studentised version of the difference between the means of the ith
and jth samples, and cij the corresponding critical value based on the studentised
range. For the given data set, d12 � 0:86, c12 � 3:96, d23 � 7:64, c23 � 3:765,
d13 � 3:79 and c13 � 3:804. Hence the second and third location effects are signifi-
cantly different, leading to the rejection of the null hypothesis.

Finally the data were analysed using the Wilcoxon procedure. Let rij denote the
absolute value of the studentised version of the Wilcoxon statistic based on the ith
and jth samples. Then r12 � 4:21, r23 � 26:95 and r13 � 17:65, while the critical
value based on the studentised range of a normal sample of size 3 was 3.3144.
Therefore, according to the Wilcoxon procedure, the difference between any two
population medians was significant once leading to the rejection of null hypoth-
esis. This is not suprising, since for skewed distributions, the Dunnett and the
Wilcoxon procedures tended to reject the null hypothesis more often (than our
procedure), as shown by the Monte Carlo studies. As a result, the conclusions
yielded by the Dunnett and Wilcoxon procedures were at variance with the conclu-
sions of our procedure.

334 G. J. Babu, A. R. Pasmanabhan, M. L. Puri: Robust ANOVA

Table 7

X1 140 180 93 32 34 629 1169 33
X2 92 66 141 35 230 163 372 463
X3 1158 1076 612 672 538 561 650 630
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Appendix on Asymptotics

As Q1; ad converges in probability to a constant, it is enough to consider the
trimmed mean and the sample median.

Justification of the bootstrap in the case of the trimmed mean

Let n � n1 � . . .� nc,

q̂i �
���
n
p � �Xi; t ÿ mi� ; q*i �

���
n
p � �X*i; t ÿ �Xi; t� ;

~tij � �q̂i ÿ q̂j�
. �������������������

n�v̂i � v̂j�
q

; and tb
ij � �q*i ÿ q*j �

. ���������������������
n�v*i � v*j�

q
;

where v*i denotes the bootstrap version of v̂i. For k � 1; 2; 3; 4; let ~Tk and Tb
k be

obtained from Tk, by replacing tij respectively by ~tij and tb
ij. Let Hk; n and H*k; n

denote the distributions of ~Tk and Tb
k respectively. Under the null hypothesis,

~Tk � Tk and its distribution is given by Hk; n. In the case of contrasts, we consider
the case c � 3, since the proof easily extends to any c > 0.

Theorem 1: Suppose �ni=n� ! pi as n!1 and pi > 0 for i � 1; . . . ; c: Then
for almost all sample sequences and for k � 1; 2; 3; 4; we have

supx jHk; n�x� ÿ H*k; n�x�j ! 0 : �1�
If t*k;b denote a bth quantile of H*k; n; then P� ~Tk � t*k;b� ! b:

Proof: By Theorem 3 and (P9) of Babu and Singh (1984) and by Theorem 1.
A of Singh (1981), it follows that both q̂i and for almost all sample sequences q*i
have the same limiting centered normal distribution. Further nv̂i ! gi and
nv*i ! pgi for almost all sample sequences. As q̂i are based on independent sam-
ples, the common limiting distribution of the vectors �q̂1; . . . ; q̂c� and
�q*1; . . . ; q*c� is the same as that of W � � �����g1

p
N1; . . . ;

�����
gc
p

Nc�, where N1; . . . ; Nc

are independent standard normal distributions. Consequently, both Hk; n and H*k; n
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have the same limiting distribution as that of hk�W�, where

h1�x1; . . . ; xc� �
P

1� i< j� c
�jxi ÿ xjj=

�������������
gi � gj

p � ;

h2�x1; . . . ; xc� � max
1� i< j� c

�jxi ÿ xjj=
�������������
gi � gj

p � ;

h3�x1; x2; x3� � max ��2x1 ÿ x2 ÿ x3� b1; �2x2 ÿ x1 ÿ x3� b2; �2x3 ÿ x1 ÿ x2� b3� ;
h4�x1; . . . ; xc� �

P
1� i< j� c

��xi ÿ xj�=
�������������
gi � gj

p � ;

and for i � 1; 2; 3; bi � �3gi � g1 � g2 � g3�ÿ1=2:
It is easily seen that the maps hk are continuous and that the distributions of

hk�W� are continuous. This leads to (1). The limit second limit follows from Lem-
ma 2.1 of Babu and Bose (1988). This completes the proof of the theorem.

Justification of the bootstrap in the case of the sample median

Let Xr � �Xr; 1; . . . ; Xrnr� be independent samples from distributions Fr with medi-
an mr. Let Xr;med denote the sample median of Xr,

Mi � 1

ni

Pni

j�1
jXij ÿ Xi;medj and M*i � 1

ni

Pni

j�1
jXx

ij ÿ X*i;medj ;

where X*r � �X*r1; . . . ; X*rnr� is a bootstrap sample (drawn from Xr), having med-
ian Xr;med. Let ~Sk be obtained from ~Tk by replacing q̂i and v̂i respectively by���

n
p �X*i;med ÿ mi� and M2

i =ni. Let Sb
k be defined similarly by replacing q*i and v̂*i in

Tb
k , respectively by

���
n
p �X*i;med ÿ Xi;med and M*i 2=ni. Let Rk; n � R*k; n denote the

distribution of ~Sk and Sb
k . Note that under the null hypothesis, Rk; n denotes the

distribution of Sk.

Theorem 2: Suppose Fi is differentiable in a neighborhood of its median mi

and F0i�mi� > 0. If �ni=n! pi as n!1� and pi > 0 for i � 1; . . . ; c; then for
almost all sample sequences, we have supx jRk; n�x� ÿ R*k; n�x�j ! 0 and for

k � 1; 2; 3; 4. If s*
k;b denote a bth quantile of R*k; n; then P�~Sk � s*

k;b� ! b.
The proof will be given after establishing some preliminary lemmas.

Lemma 1: If fZig is a sequence of independent random variables from a com-

mon distribution, with E�jZij� <1 then nÿ2
Pn
i�1

Z2
i ! 0 a.e.

Proof: Note that E�jZj� <1 implies
P1
i�1

P�jZij � e� <1, for all e > 0, see

equation 21.9 on page 282 of Billingsley (1986). So by Borel-Cantelli lemma
(Billingsley, 1986, p. 53), it follows that nÿ1 max

1� i� n
jZij ! 0 a.e. Hence by the

strong law of large numbers (see Billingsley, 1986, p. 290), we have with prob-
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ability one, that

1

n2

Pn
i�1

Z2
i �

1

n

Pn
i�1
jZij 1

n
1 � j

max
< n jZjj

� �
! 0 :

Lemma 2: Let fZig be as in Lemma 1. Suppose in addition that the distribution
G of Z1 is strictly increasing and continuous in a neighbourhood of its median m.
If mn denotes the median of the sample Z1; . . . ; Zn and m* denotes the median of
a corresponding bootstrap sample Z*1; . . . ; Z*n; then

(i) mn ÿ m! 0 a.e.
(ii) m*n ÿ mn ! 0 in probability for almost all sample sequences.

(iii)
1

n

Pn
i�1
jZi ÿ mij ! E�jZ1 ÿ mj� a.e.

and

(iv)
1

n

Pn
i�1
jZ*i ÿ m*i j ÿ 1

n

Pn
i�1
jZi ÿ mnj !p 0 for almost all sample sequences.

Proof: Let Gn and G*n denote the empirical distribution functions of
fZ1; . . . ; Zng and fZ*i; . . . ; Z*ng respectively. Fix e > 0 and consider,

P�mn > m� e� � P� 1
2 � Gn�m� e�

� P� 1
2 ÿ G�m� e��>Gn�m� e� ÿ G�m� e�� :

As G is strictly increasing in the neighbourhood of m; G�m� e� ÿ 1
2 > d for

some d > 0. Since

x
sup jGn�x� ÿ G�x�j ! 0 a:e: �2�

(see Billingsley, 1986, p. 275), lim sup
n!1

mn � m� e, a.e. Similarly

lim inf
n!1 mn � mÿ e, a.e. This proves (i). Now consider

P*�m*m > mn � e� � P*�12 � G*n�mn � e��
� P*�12ÿ Gn�mn � e�>G*n�mn � e� ÿ Gn�mn � e�� :

(3)

Note that by (i) and (2), Gn�mn � e� ! G�m� e� > 1
2� d > 0 a.e. Hence it fol-

lows that the left side of (3) is

� P*�jGn�mn � e� ÿ G*n�mn � e�j > d� � dÿ2 Var* �G*n�mn � e��
� nÿ1 dÿ2 Var* �I�Z*1 � mn � e�� � nÿ1 dÿ2 ! 0 :

The result P*�m*n � mn ÿ e� ! 0, can be established similarly. This proves (ii).
To prove (iii) and (iv) note that

1

n

Pn
1
�jz*i ÿ m*nj ÿ jZ*i ÿ mj� � jm*n ÿ mj � jm*n ÿ mnj � jmn ÿ mj
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and
1

n

Pn
1
�jZi ÿ mnj ÿ jZi ÿ mj� � jmn ÿ mj. The strong law of large numbers and

(i) give us (iii). For any h > 0, we have

h2P*
Pn

1
�jZ*i ÿ mj ÿ jZi ÿ mj�

���� ���� > hn

� �
� nÿ1 Var* jZ*1 ÿ mj � nÿ2 Pn

1
�Zi ÿ m�2 ! 0 ;

for almost all samples by Lemma 1. This proves (iv).

Proof of Theorem 2: By Bahadur's representation of sample quantile (see Ghosh,
1971 for a proof), we have, for some qi, Xi;med ÿ mi � �F̂i�mi� ÿ 1

2 � qi � op�nÿ1=2�,
and for almost all samples, X*i;med ÿ Xi;med � �F*i�mi� ÿ F̂imi�� qi � op�nÿ1=2�. Here
F̂i and F*i respectively denote the empirical distribution functions of Xi and X*i. (The
error terms above can be improved to Op�nÿ3=4 log n� if Fi is twice differentiable in a
neighborhood of mi. See Theorem 5 of Babu and Singh (1984).)

As F0i�mi� > 0, E jXi1 ÿ mij > 0 and hence by lemma 2, M1=E�jXi1 ÿ m1j� ! 1
a.e. and M*i=Mi ! 1 in probability for almost all sample sequences. Note that�����

2n
p �F̂i�mi� ÿ 1

2� and for almost all sample sequences,
�����
2n
p �F*i�mi� ÿ F̂i�mi��

both converge in distribution to the standard normal distribution. The rest of the
proof follows from the proof of Theorem 1.
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