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Let {fn} be a sequence of random elements in a metric space (M,d),
and let r > 0. For brevity we say here that {fn} is r-quickly relatively
compact with limit set U ⊂M if, for each ε > 0, E(sup{n ≥ 1: fn 6∈
Uε})r <∞, where Uε is the ε-neighbourhood of U , and E(sup{n ≥
1: d(x, fn) ≤ ε})r =∞ for every x ∈ U . This notion has been intro-
duced by V. Strassen [Proceedings of the Fifth Berkeley Symposium on
Mathematical Statistics and Probability (Berkeley, Calif., 1965/66),
Vol. II, 315–343, Univ. California Press, Berkeley, Calif., 1967; MR
35#4969] as a stronger version of his functional log-log law. T. L.
Lai [Ann. Probab. 4 (1976), 612–627; MR 55#4327] has determined
the r-quick limit set of the usual partial-sum process of i.i.d. random
variables {Xn} and a necessary and sufficient moment condition.

The present paper, which is of high technical quality, after giving
useful preliminaries of independent interest including an r-quick ver-
sion of the Cramer-Wold device, first develops sufficient conditions for
ϕ-mixing and strongly mixing strictly stationary sequences {Xn} un-
der which Lai’s result continues to hold. The method is different from
that of Lai. Then, for similar sequences {Xn} whose members are now
assumed to be uniformly distributed on (0, 1), the authors determine
the r-quick limit set of the uniform empirical process. This result, to-
gether with the following results, is new even in the i.i.d. case. It is in
the same relation to Lai’s and the authors’ results for the partial sum
process as Finkelstein’s functional log-log law is to Strassen’s origi-
nal law. Next, they establish r-quick versions of the Bahadur-Kiefer
representation for sample quantiles. This and the results for the em-
pirical process enable the authors to characterise the r-quick limit set
of general weighted quantile processes. These results are then applied
to the asymptotic distribution and moments of first exit times of lin-
ear functions of order statistics. The paper ends with some results
on r-quick convergence of certain Gaussian processes, including the
Wiener and Kiefer processes. Sandor Csorgo (La Jolla, Calif.)


