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Let X1,X2, · · · , Xn be a random sample from a distribution F with
finite second moment. Denote the corresponding order statistic by
X(1), X(2), · · · , X(n). Let G(t) = inf{x:F (x) ≥ t}, 0 < t < 1, denote
the left-continuous inverse of F , and let Fn denote the empirical
distribution function based on a sample of size n from F . Consider the
following two L-statistics: Ln(ω) =

∑n
i=1 X(i)

∫ i/n

(i−1)/n ω(t) dt; Tn(ω) =
(1/n)

∑n
i=1 X(i)ω(i/n), where ω is a bounded function on (0, 1) which

is continuous throughout, except possibly at finitely many points
a1 < a2 < · · ·< ak, where it is assumed to be either left-continuous or
right-continuous. Following the standard jackknife procedure, define
Ln,−i(ω) and Tn,−i(ω) as in the above L-statistics using the n−
1 observations remaining after deleting Xi. Finally, set L

(i)
n (ω) =

nLn(ω)− (n− 1)Ln,−i(ω); T (i)
n (ω) = nTn(ω)− (n− 1)Tn,−i(ω), where

Ln,−i and Tn,−i are defined analogously to Ln and Tn from the sample
of size n− 1 obtained by deleting Xi;

Z(X,F, ω) =
∫ ∞

−∞
[F (x)− I(X ≤ x)]ω(F (x)) dx;

and L(ω) =
∫ 1

0 G(u)ω(u) du. The following asymptotic results are ob-
tained for the jackknife and the bootstrap procedures, which imply
asymptotic validity of the jackknife estimate of the standard error and
the bootstrap approximation to the actual distribution of the statis-
tics. Theorem: (i) If ω satisfies a Lipschitz condition of first order on
each of the intervals (ai−1, ai), i = 1, 2, · · · , k+ 1 (a0 = 0 and ak+1 =
1), and G is continuous at a1, a2, · · · , ak, then max1≤i≤n|L(i)

n (ω)−
L(ω)− Z(Xi, F, ω)| → 0 a.s. (ii) If ω has a bounded continuous
derivative on each of the intervals and G is continuous at each
point as defined above, then max1≤i≤n|T (i)

n (ω)−L(ω)−Z(Xi, F, ω)−
ξ(F, ω, n)| → 0 a.s., where ξ(F, ω, n) is a nonrandom quantity de-
pending only upon F, ω and n. (iii) Under the conditions of part
(i), L∗n(ω)− Ln(ω) = n−1 ∑n

i=1 Z(Yi, F, ω)− n−1 ∑n
i=1 Z(Xi, F, ω) +

o∗p(n
−1/2), where o∗p(·) refers to the probability under F . (iv) Again, un-

der the conditions of part (i), T ∗n (ω)−Tn(ω) = n−1 ∑n
i=1 Z(Yi, F, ω)−

n−1 ∑n
i=1 Z(Xi, F, ω) + o∗p(n

−1/2) a.s. (v) Assume that, for some ε >
0, on the interval [G(α− ε), G(β+ ε)], F is twice differentiable, F ′′ is
bounded and F ′ is bounded away from zero. Then supα≤t≤β |F ∗−1

n (t)−
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F−1
n (t) + ([F ∗n (G(t))]/ft)|=O∗p(n

−3/4 log n) a.s., where F ∗n denotes the
empirical distribution function based on a random sample of size n
from Fn and ft = F ′(G(t)), when it exists. As a consequence,∫ β

α

F ∗−1
n (t) dµ(t)−

∫ β

α

F−1
n (t)µ(t) =

n−1
n∑
i=1

η(Yi, F, µ)−n−1
n∑
i=1

η(Xi, F, µ) +O∗p(n
−3/4 log n) a.s.,

where η(X,F, µ) =
∫ β

α ([t− I(X ≤G(t))]/ft) dµ(t) and µ is a function
of bounded variation defined over [α, β], 0< α < β < 1.
{Reviewer’s remark: The rate of convergence as stated in part (v) is

slightly worse (at the log term) than the usual rates in the Bahadur-
Kiefer representations. Possibly the same rates can be achieved, but
these are not pursued here.} Rashid Ahmad (Glasgow)


