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Psychometric theory has moved from models based on test scores (e.g., classi-
cal test theory models) to models based on answers to individual test items (e.g., 
item response theory models) to models based on the components of reason-
ing required to answer particular test items (e.g., diagnostic classification mod-
els). This article introduces the theory and practice of diagnostic classification 
models, from their basis in information-processing theories to their statistical 
formulation. It also presents applications of diagnostic classification models in 
mathematics education research.

This chapter introduces the theory and practice of diagnostic classification 
models (DCMs; Rupp & Templin, 2008b; Rupp, Templin, & Henson, 2010), also 
called cognitive diagnosis models. When used with appropriately designed as-
sessments, DCMs, which are a recently developed class of psychometric mod-
els, can provide information about students’ cognitive strengths and weakness-
es (Leighton & Gierl, 2007). Because DCMs measure components required for 
proficient reasoning in a given domain, they allow for the integration of local 
theories of cognition with theories of measurement. For this reason, they can re-
spond to the urgent need for assessments, including formative assessments, that 
support and measure learning in mathematics.

DCMs provide an approach to measurement that contrasts with classical test 
theory (CTT) and item response theory (IRT). CTT and IRT measurement models, 
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which are currently the most widely used frameworks, have their roots in the 
work of Galton and Pearson in the mid-1800s and the contributions of Spearman 
at the beginning of the 1900s (Gardner, Kornhaber, & Wake, 1996; Gipps, 1999). 
The purposes of tests developed with CTT and IRT center on selection and pre-
diction and focus mostly on ranking individuals on hypothesized underlying 
traits.

Although CTT and IRT models have a number of strengths (see Chapter 2, 
Bolt, Kim, Blanton, & Knuth, 2016, for a discussion of such strengths), some re-
searchers have argued that ranking individuals on a single underlying trait is 
not always sufficient for making critical decisions about student progress and in-
struction (e.g., Chudowsky & Pellegrino, 2003; Leighton & Gierl, 2007; Pellegrino, 
Chudowsky, & Glaser, 2001). Thus, many researchers have been interested in al-
ternative models, such as DCMs, that are better suited for situations in which 
simultaneous measurement of multiple components of reasoning is desirable. 
Researchers have argued that integrating theories of cognition and measurement 
is necessary to design assessments that measure as well as support student learn-
ing (Chudowsky & Pellegrino, 2003; Shepard, 2000) and that approaches to mea-
surement consistent with recent advances in cognitive theories can address the 
complexity entailed in academic learning of content domains, particularly math-
ematics (Pellegrino et al., 2001). More generally, there have been calls for psy-
chometric models that can “look at the individual as an individual, rather than 
in relation to other individuals, and to use measurement to identify strengths 
and weaknesses individuals might have so as to aid their educational progress” 
(Gipps, 1999, p. 368).

We illustrate various points in our discussion of DCMs by using a particu-
lar example of a proportional reasoning assessment intended for eighth-grade 
students that was part of the CAREER: A Cognitive Modeling Approach to 
Cognitively Diagnostic Assessment project. The development of the assessment 
involved collaboration among mathematicians, mathematics education re-
searchers, and experienced middle school teachers recognized for their accom-
plishments in teaching (Tjoe & de la Torre, 2014). In Chapters 1 and 4, Izsák and 
Templin (2016) and Tatsuoka et al. (2016) describe further applications of DCMs 
to mathematics assessments.

DIAGNOSTIC CLASSIFICATION MODELS AND 
INFORMATION-PROCESSING THEORIES

DCMs are multidimensional latent-trait models that researchers commonly use 
to understand the skills, cognitive processes, and problem-solving strategies in-
volved in an assessment. They are “developed specifically for diagnosing the pres-
ence or absence of multiple fine-grained skills or processes required for solving 
problems on a test” (de la Torre, 2009, p. 164). In the case of proportional reason-
ing, examples might include strategies that students use to solve missing-value 
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problems—problems that present a proportion with three given values and ask 
students to find the fourth missing value. For missing-value problems involving 
integer multiples, students might identify a multiplicative relationship between 
one pair of quantities and extend that relationship to the second pair, whereas for 
missing-value problems involving noninteger multiples, students might apply an 
algorithm (Tjoe & de la Torre, 2014; Tourniaire & Pulos, 1985). In principle, as-
sessments developed within the DCM framework can provide information about 
such strategies.

Researchers use DCMs in the context of diagnostic assessment, and the feed-
back provided to students indicates skills and processes that they have or have 
not mastered. DCMs are grounded in information-processing theories (Leighton 
& Gierl, 2007; Messick, 1989) that seek to understand and describe how people 
acquire, organize, represent, use, and retrieve knowledge and the nature of such 
knowledge (Pellegrino & Goldman, 1987; Rupp & Mislevy, 2007). Central to this 
perspective are the specific processes in which individuals engage when exposed 
to specific contexts that are consistent across groups of individuals (Greeno, 1997; 
Rupp & Mislevy, 2007). Completing a task requires applying different skills and 
subskills, and an individual has successfully acquired knowledge about a certain 
domain when he or she is able to transfer such skills and subskills across tasks 
(Greeno, 1997; VanLehn, 1989).

DCMs introduce into assessment design a rich set of different grain-sized de-
scriptors of domain-specific knowledge drawn from recent research on cognition 
and learning in specific domains (e.g., mathematics). Researchers identify and 
articulate these descriptors for the development of the Q-matrix (see a fuller de-
scription below). The Q-matrix expresses the decomposition of a task into com-
ponent processes, strategies, and knowledge that are implicated in the respon-
dents’ performance of that task or assessment item. The Q-matrix is the essential 
component in DCMs that articulates the integration of cognitive theories with 
measurement models.

Although some researchers consider the way in which the Q-matrix is devel-
oped a threat to validity because the construction process depends completely 
on human judgment (Gorin, 2009), others consider such a process a strength for 
cognitive assessment (Leighton & Gierl, 2007). Its strength relies on the work of 
identifying valid attributes that align student thinking and responses to tasks, 
supporting construct validity of tests and feedback based on individuals’ under-
standing. From a practical perspective, however, developing a valid Q-matrix 
may be a very time-consuming process that requires several iterations of refine-
ment (see Chapter 4, C. Tatsuoka et al., 2016, for an example of the development 
of a cognitive diagnostic assessment and its rigorous validation).

ATTRIBUTE IDENTIFICATION

The design of the Q-matrix requires identification of attributes, which are 
skills, problem-solving techniques, cognitive processes, and knowledge that 
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respondents can potentially use when answering an item or engaging in a partic-
ular task. The process of developing the Q-matrix is as important as the product 
and requires understanding the constructs that the developers are measuring. 
Identifying attributes in the Q-matrix involves a careful analysis of respondents’ 
cognitive work that a theoretical framework and, thus, an explicitly manifested 
theory of cognition should support.

We illustrate what attributes, Q-matrices, and different DCMs mean by using 
an assessment of students’ understanding of proportional reasoning (Tjoe & de 
la Torre, 2014). This assessment measures the following attributes: (1) prerequi-
site skills required in proportional reasoning, (2) (a) comparing fractions and 
(b) ordering (three or more) fractions, (3) (a) constructing ratios and (b) con-
structing proportions, (4) identifying a multiplicative relationship between sets 
of quantities, (5) determining whether two relationships form a proportion, and 
(6) applying algorithms to solve a proportional reasoning problem. This list rep-
resents some of the skills, subskills, and factors that students might use when ap-
proaching proportional reasoning problems (for detailed reviews of proportional 
reasoning, see Lamon, 2007; Tourniaire & Pulos, 1985).

Each combination or attribute pattern is a separate latent class, and these class-
es can have different structures (e.g., de la Torre, Hong, & Deng, 2010). Latent 
classes are unstructured if the attributes are independent; that is, if the mastery 
of one attribute is not a prerequisite for the mastery of another attribute. When 
latent classes are unstructured, all attribute patterns or classes are permissible. 
In contrast, latent classes are structured if the attributes cannot be expressed in-
dependently of one another, conditionally or otherwise. If the attributes are such 
that the mastery of one attribute is a prerequisite for the mastery of another (i.e., 
attribute mastery is sequential), the structure of the latent classes is hierarchical. 
Finally, the latent classes have a higher order structure if an individual’s overall 
ability determines the probability that the individual has mastered each of the 
attributes. De la Torre and Douglas (2004) presented a model for such a struc-
ture. Returning to the proportional reasoning attributes introduced above, we 
note that some attributes form hierarchies, but others do not: Comparing frac-
tions (Attribute 2a) is a prerequisite for ordering fractions (Attribute 2b), and 
constructing ratios (Attribute 3a) is a prerequisite for constructing proportions 
(Attribute 3b). Furthermore, applying algorithms to solve a proportional reason-
ing problem (Attribute 6) is highly dependent on prerequisite skills required in 
proportional reasoning (Attribute 1), and so these two attributes are structured. 
In contrast, identifying multiplicative relationships between sets of quantities 
(Attribute 4) and Attribute 6 are independent of each other and therefore are 
unstructured (Tjoe & de la Torre, 2014).

The power of the Q-matrix is that it explicitly states how cognitive mod-
els integrate with measurement models, and its validity (and thus the validity 
of score interpretations) depends on the consistency of this integration. The 
Q-matrix provides transparency in the assessment process, thereby supporting 
content and inferential validity. This transparency also becomes fundamental 
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for an instrument that measures student progress and provides information that 
is relevant for instructional decisions (i.e., formative assessment purposes), item 
design (i.e., whether items elicit intended content and processes), and curriculum 
(i.e., whether the content and processes are required standards for a particular 
course or grade).

STATISTICAL FORMULATION OF DIAGNOSTIC 
CLASSIFICATION MODELS

This section briefly introduces the statistical formulation of common DCMs. At 
their core, all DCMs specify how the probability of a correct response relates to 
the attributes that an individual has mastered and the attributes that an item 
measures. Although various DCMs express this relationship in different ways, 
all these models rely on the specification of attributes and the generation of a 
Q-matrix, as described below. This section furnishes a broad orientation that can 
serve as an entry point to reading applied mathematics education research that 
uses DCMs. DiBello, Roussos, and Stout (2007), Rupp and Templin (2008b), and 
Rupp et al. (2010) provide comprehensive overviews of cognitive diagnostic mod-
eling, including a wide range of DCMs.

For each individual e, a vector αe = (αe1,αe2,…,αeK) indicates the mastery  
(αek = 1) or nonmastery (αek = 0) of each attribute k = 1,…,K. For example, if three 
attributes are under consideration, then the vector (1,0,1) denotes an individual who 
has mastery of the first and third attributes but not the second. Attributes can be 
dichotomous (having only two possible states; mastery = 1 and nonmastery = 0) 
or polytomous (having more than two possible states; for example, nonmastery = 
0, partial mastery = 1, and full mastery = 2). With K dichotomous attributes, 2K 
unique latent classes correspond to the different mastery patterns. Similar to mas-
tery vectors for individuals, for each item i, a specified vector qi = (qi1, qi2,…, qiK) 
indicates the attributes that item measures. For example, if item i measures the 
first and second attributes, then qi = (1,1,0). We can assume that for each item 
i, qik = 1 for at least one attribute k because an item that does not measure any 
attributes is not meaningful. With I items and K attributes, we can form a J × K 
matrix called the Q-matrix (K. K. Tatsuoka, 1983). The Q-matrix describes the 
components of reasoning (i.e., attributes) that each item measures, as specified by 
the underlying cognitive theory. Although the vector αe for individual e and the 
vector qi for item i are similar in many ways, a fundamental difference is that the 
mastery vectors of individuals are considered unknown and cannot be observed 
directly (latent), whereas the intended attributes required by items are consid-
ered known and can be observed (manifest). The developers specify the attribute 
profiles of the items in advance, whereas the mastery vectors for individuals are 
estimated by using item response data. The purpose of a diagnostic assessment is 
to gain knowledge about the unobserved, latent mastery vectors of the individu-
als (see Chapter 4, C. Tatsuoka et al., 2016, for a more detailed description of the 
process of attribute identification).
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The number of possible individual mastery vectors and item attribute vectors 
grows exponentially with the number of attributes. For example, with K = 3 at-
tributes, there are 23, or eight, possible mastery vectors and seven possible item 
attribute vectors (a diagnostic assessment would not use an item requiring no 
attributes, corresponding to (0,0,0)). With K attributes, 2K mastery vectors for 
individuals are possible. Although administering a test with all possible attribute 
combinations may not be feasible, this result does not preclude the possibility of 
identifying the different attribute patterns, especially if the attributes are struc-
tured, which can significantly reduce the number of possible attribute vectors for 
items and individuals.

At present, researchers have developed several general DCMs—for instance, 
the general diagnostic model (von Davier, 2005), the log-linear cognitive diagno-
sis model (Henson, Templin, & Willse, 2009), and the generalized DINA model 
(de la Torre, 2011). In their saturated form, these models are equivalent and sub-
sume many of the specific DCMs in use today. In most models, Yei represents a 
random variable denoting the response of individual e to item i. In most educa-
tion settings, this response can be dichotomous or polytomous, and researchers 
have developed different DCMs for different response types.

This introduction to DCMs focuses on specific models that are statistically less 
complex but nevertheless offer flexibility in modeling diagnostic assessments, and 
we briefly sketch extensions to more general models. We provide a common math-
ematical formulation of a basic DCM because doing so may help the reader access 
other literature. For ease of exposition, we concentrate on dichotomous response 
models in which responses are scored correct (Yei = 1) or incorrect (Yei = 0). Let 
P(Yei = 1|αe, qi) denote the probability that individual e with mastery profile αe 
responds correctly to item i measuring attributes qi. 

In practice, individuals who have mastered all measured attributes might 
answer an item incorrectly, and, conversely, individuals without mastery of all 
measured attributes might answer an item correctly. A very commonly used, al-
though restrictive, DCM called the deterministic inputs, noisy “and-gate” (DINA) 
model (Haertel, 1989; Junker & Sijtsma, 2001) explicitly models these possibili-
ties. In particular, each item has an associated “slipping” probability (a slip pa-
rameter, si) and an associated “guessing” probability (a guessing parameter, gi). 
An individual who has mastered all attributes that an item measures will answer 
the item correctly unless he or she slips: The probability of a correct response in 
this case equals 1 − si. As previously mentioned, αek indicates whether or not in-
dividual e has mastered attribute k, qik = 1 when item i measures attribute k, and 
qik = 0, otherwise. Therefore, the expression  

α ek
qik

k=1

K

∏

equals 1 if and only if individual e has mastered all attributes measured by 
item i. It is possible to express the model assumption that individuals who have 
mastered all required attributes will answer correctly unless they slip as
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(1)
 

P Yei =1 α ek
qik

k=1

K

∏ =1
⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟
=1− si .

Conversely, individuals who have not mastered all attributes that the item 
measures will answer incorrectly unless they guess correctly. The probability of a 
correct response equals gi in this case:

(2)
 

P Yei =1 ek
qik

k=1

K

= = gi0 . 

Ideally, an individual who possesses the required skills should have a greater 
chance of answering an item correctly (even after accounting for slipping) than 
an individual who lacks the required skills (even after accounting for guessing). 
Therefore, the constraint that gi < 1 − si for every item i is sometimes imposed.

We can distinguish different DCMs from one another depending on whether 
mastery of all attributes is required to answer items correctly or if mastery of a 
single attribute suffices. The model expressed in Equations 1 and 2 is the DINA 
model (Haertel, 1989; Junker & Sijtsma, 2001). An alternative model is the de-
terministic input, noisy “or-gate” (DINO) model (Templin & Henson, 2006). The 
difference between these two models lies in whether mastery of other attributes 
can compensate for lack of mastery of one required attribute. In the DINA mod-
el, an individual needs mastery of all required attributes to answer items cor-
rectly, whereas in the DINO model, an individual needs only mastery of at least 
one required attribute. Thus, a term used to describe the former model is non- 
compensatory, and a term used to describe the latter model is compensatory. A 
mathematical formulation of the DINO model replaces the term 

α ek
qik

k=1

K

∏

in Equations 1 and 2 with 

1− (1−α ek )qik

k=1

K

∏

because this term is 1 whenever individual e has mastered at least one attribute 
that item i measures. Seen from a different perspective, for any given item i, the 
DINA model separates individuals into two latent classes: those who have mas-
tered all attributes that the item measures and those who have not mastered at 
least one measured attribute. The DINO model, on the other hand, distinguish-
es between individuals who have mastered at least one measured attribute and 
those who have mastered none.
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To illustrate the DINA and DINO models, as well as possible limitations of 
these models, we discuss several proportional reasoning items. Figure 3.1a pres-
ents the first item, and Figure 3.1b presents parameter estimates of this item 
based on the responses of 807 students to 31 items. The item measures prereq-
uisite skills (Attribute 1) and ordering fractions (Attribute 2b). One prerequi-
site skill is finding the common denominator; and, as shown in Figure 3.1b, stu-
dents who have not mastered either attribute have difficulty answering this item 
correctly. Students with attribute patterns (0,0), (1,0), and (0,1) have the same 
probabilities of success on this item, which is equivalent to the probability of a 
correct response through guessing (or the guessing parameter). In contrast, stu-
dents who have mastered both attributes have a noticeably higher probability of 
answering the item correctly. Thus, the DINA model adequately fits the item. A 
possible shortcoming of the DINA (or DINO) model for a particular item is that 
the model places all individuals who fail to master (or have mastered) at least one 
attribute in the same group.

Leon works in a hardware store and is arranging the wrenches on a wall display. 
He is missing a wrench with a size between 5/8 inch and 3/4 inch. Which size 
wrench is he missing?

A. 3/4 inch              B. 7/8 inch             C. 9/16 inch             D. 11/16 inch

(a)

1

0.75

0.5

0.25

0
0,0 1,0 0,1 1,1

(b)

Figure 3.1. (a) A sample proportional reasoning item that the DINA model fits 
well. (b) Probabilities of correct response by attribute mastery pattern (labels on 

the horizontal axis indicate patterns of attribute mastery).

We use a second item from the same proportional reasoning test to illustrate 
an extension that overcomes some limitations of the DINA and DINO models. 
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To answer the item shown in Figure 3.2a correctly, students need to use subtrac-
tion, which is a prerequisite skill, to calculate the number of males (Attribute 1); 
in addition, they also need to construct ratios (Attribute 3a). Figure 3.2b gives the 
estimated probability of success of different latent groups for the same sample as 
the previous item. In contrast to the previous item, all four latent groups have 
apparently different probabilities of a correct response. Although mastering ei-
ther attribute individually increases the probability of success, students who have 
mastered only Attribute 3a are more likely to answer this item correctly than 
students who have mastered only Attribute 1.

As examining the item parameters in Figure 3.2b indicates, differentiating 
the respondents with varying mastery profiles can potentially be useful. Such 
cases require a more general DCM. One such model is the generalized DINA 
(G-DINA) model (de la Torre, 2011). Consider item i that requires K attributes. 
Whereas the DINA and DINO models collapse the 2K latent classes into just two 
groups, the G-DINA model takes into account all 2Ki groups, where Ki represents 
the number of required attributes for item i. As a consequence, distinguishing 
more than two success probabilities is possible. De la Torre (2011) provides math-
ematical details of the G-DINA model.

The volleyball team consists of 6 females, and the rest are males. The team has 
18 players in all. Which statement correctly describes the volleyball team?
A. There are 2 males for every female
B. There are 3 males for every female
C. There are 6 males for every female
D. There are 12 males for every female

(a)

1

0.75

0.5

0.25

0
0,0 1,0 0,1 1,1

(b)

Figure 3.2. (a) A proportional reasoning item that the DINA model may not fit 
well. (b) Probabilities of correct response by attribute mastery pattern (labels on 

the horizontal axis indicate patterns of attribute mastery).
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IMPLEMENTATION ISSUES

Instead of furnishing an exhaustive discussion of technical implementation issues, 
this section discusses some practical methodological considerations and imple-
mentation issues associated with using DCMs. Familiarity with such issues may 
facilitate collaborations between mathematics educators and psychometricians.

Central to DCMs is the Q-matrix, which specifies the attributes that each item 
measures. In general, DCMs require determining the Q-matrix in advance. In 
this sense, the Q-matrix is similar to a factor-loading specification in confirmato-
ry factor analysis. Correctly specifying the Q-matrix is important not only from 
a cognitive perspective but also from a psychometric perspective. When the spec-
ification of the Q-matrix is not entirely correct (e.g., one of the items requires the 
mastery of an attribute not specified in the Q-matrix), item parameter estimates 
can be unreliable. For example, overestimating the slip parameters is possible 
when attributes are incorrectly specified (Rupp & Templin, 2008a). De la Torre 
(2008) proposed a method for empirically validating the Q-matrix specifications 
of the DINA model. De la Torre and Chiu (2015) extended this method to the 
G-DINA model. Thus, it is possible to validate Q-matrices for models subsumed 
by the G-DINA model by using an empirical (i.e., data-based) validation proce-
dure that can potentially identify misspecifications in the Q-matrix. In essence, 
these methods try to find Q-matrix specifications that result in the best fit to the 
observed data. In addition to statistical methods, content expertise and a care-
ful analysis of students’ reasoning are necessary for validating a Q-matrix (see 
Chapter 4, C. Tatsuoka et al., 2016, for a detailed example of developing and val-
idating a Q-matrix).

The DINA model uses two parameters per item, a slip parameter and a guess-
ing parameter. A sample size of 500 respondents seems sufficient to give reason-
ably accurate estimates of these parameters (de la Torre et al., 2010). For more 
complex models, such as the G-DINA model, a larger sample size is necessary. 
The actual sample size depends on the quality of the items and the maximum 
number of attributes that an item measures, among other factors. Different soft-
ware options are available to estimate the parameters of DCMs: in Ox codes, as 
de la Torre (2009, 2011) described; CDM R package (Robitzsch, Kiefer, George, & 
Uenlue, 2014), Mplus (Muthén & Muthén, 2010), as Rupp et al. (2010) described; 
and Latent Gold (Vermunt & Magidson, 2005), as DeCarlo (2011) described.

Item parameter estimates are more accurate when the items are of better 
quality—for example, when the guessing and slip parameters of the DINA 
model are lower. In fact, a high guessing or slip parameter for an item can in-
dicate item-model misfit (de la Torre & Douglas, 2004). The literature includes 
several procedures proposed to examine the fit of DCMs. A useful model check 
is to calculate the proportion of correct responses for each item for different 
mastery levels (Hartz & Roussos, 2005). The proportion should increase as the 
mastery level increases; and if the proportions do not increase, the performance 
on the item is not strongly related to the attributes. This outcome could indicate 
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a problem with the specification in the Q-matrix or the item’s lack of predictive 
validity for diagnostic purposes.

Another useful check is to examine the difference between P(0), the probabil-
ity of success when an individual has not mastered any of the required attributes, 
and P(1), the probability of success for individuals who have mastered all the 
required attributes (Henson & Douglas, 2005). Items with larger differences are 
deemed more diagnostic. Unfortunately, no consensus currently exists regarding 
the value that is sufficient to consider an item diagnostic. In addition, with more 
complex models, P(0) and P(1) only represent partial information about the item 
and may have limited value for evaluating the diagnosticity of an item.

More technical model fit procedures often examine proportion correct togeth-
er with item-pair association. For example, Chen, de la Torre, and Zhang (2013) 
and de la Torre and Douglas (2008) used the observed and expected proportion 
correct, transformed correlation, and log-odds ratio to examine absolute mod-
el-data fit and used the –2 log-likelihood, Akaike information criterion (AIC), 
and the Bayesian information criterion (BIC) to compare competing models (see 
Chapter 2, Bolt et al., 2016, for an illustration indicating how some of these sta-
tistics are used to compare different models). These procedures are applicable at 
the test level. For more specific inferences, researchers can use the Wald test to 
compare general and specific DCMs at the item level (i.e., one item at a time; see 
de la Torre & Lee, 2010).

SCORE REPORTING

Score reporting in the form of mastery profiles highlights some of the oppor-
tunities that DCMs can provide to mathematics education research. Instead of 
reporting a single norm-referenced score (or several subscores), as is common 
in CTT and IRT, DCMs can give an attribute profile for each individual, direct-
ly reporting the probability of mastery and nonmastery for each attribute that 
the assessment measures. When combined with additional information, such as 
total score, attribute profiles can furnish detailed diagnostic information. This 
information is often more useful for formative assessment than percentile rank 
or a single scaled score because it allows identification of finer grained attributes 
that have been mastered and areas that need strengthening. Figure 3.3 shows the 
estimated attribute profile of an individual who took the proportional reasoning 
test discussed above. From this graph, we can say that we are very certain that 
the individual has mastered the prerequisite skills (Attribute 1), multiplicative 
relationships (Attribute 4), and applying algorithms (Attribute 6); we are fairly 
certain that the individual has not mastered comparing fractions (Attribute 2a), 
ordering fractions (Attribute 2b), constructing ratios (Attribute 3a), and con-
structing proportions (Attribute 3b); and we are very certain that the individual 
has not mastered proportional relationships (Attribute 5). This basic attribute 
profile identifies the individual’s domain-specific strengths and weaknesses and 
can help the teacher make instructional decisions to better address the student’s 
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specific cognitive needs. Of course, more sophisticated reporting of attribute pro-
files is possible by combining narrative text, numerical information, and graph-
ical presentation. An example of operational score reporting that includes some 
diagnostic information is the Score Report Plus for the PSAT/NMSQT, which the 
College Board produces. Roberts and Gierl (2010) present guidelines for develop-
ing score reports for cognitively diagnostic assessment.

0% 20% 40% 60% 80% 100%

A
tt
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b

u
te

s

Probability

Prerequisite skills

Comparing fractions

Ordering fractions

Constructing ratios

Constructing proportions

Multiplicative relationship

Proportional relationship

Applying algorithms

Figure 3.3. Example of an individual’s attribute profile.

In addition to an attribute profile for every individual, it is also possible to 
create a summary profile for a population of individuals (e.g., class or school) by 
selecting a cut-point or cut-points to classify individual masteries across attri-
butes. For example, we could classify all individuals with a probability of attri-
bute mastery of less than 0.5 as nonmasters and the rest as masters (see Figure 
3.4). Alternatively, we could decide to use two cut-points, say, 0.3 and 0.7, to 
classify individuals as either nonmasters, unsure, or masters of an attribute (see 
Figure 3.5). We can also decide to use the same two cut-points to determine the 
proportions of nonmasters, unsure, and masters in the population. This type of 
summary can be useful for mathematics education researchers, as well as for 
mathematics classroom teachers, to determine which specific attributes require 
the most immediate attention. From Figures 3.4 and 3.5, which are based on the 
analysis of the proportional reasoning test, a sizable proportion of the 807 eighth-
grade students (i.e., more than 30%) do not have the prerequisite skills and there-
fore are not ready to learn proportional reasoning. Similarly, a sizable proportion 
(i.e., around 50%) of the students have trouble with the proportional relationship.



65de la Torre, Carmona, Kieftenbeld, Tjoe, and Lima

0%

masters nonmasters

20% 40% 60% 80% 100%

A
tt

ri
b

u
te

s

Percentage in Population

Prerequisite skills

Comparing fractions

Ordering fractions

Constructing ratios

Constructing proportions

Multiplicative relationship

Proportional relationship

Applying algorithms
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Figure 3.5. Classification of individuals based on probability of mastery using 
two cut-points.
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OPPORTUNITIES AND CHALLENGES

For assessments to provide diagnostic information, researchers must specifical-
ly design them for that purpose. A basic requirement is for these assessments 
to measure multiple attributes simultaneously. Von Davier (2009) has noted the 
lack of items that measure multiple attributes and thus the need to design such 
items. For items to be compatible with DCMs, researchers need to design the 
items purposely to elicit and document the complex attributes and cognitive pro-
cesses that they are interested in assessing. For example, it is possible to design 
multiple-choice items so that distractors reflect students’ most common diffi-
culties when they lack attributes for the items. The item in Figure 3.6 requires 
Attribute 1 and Attribute 4. Students who have mastered both attributes should 
recognize that Option D is the correct answer. Students who have mastered only 
Attribute 1 may realize that Options A and C are not viable by using their under-
standing of part-whole relationships (Izsák, 2008) to recognize that 5, not 4, is an 
appropriate denominator. Without Attribute 4, however, they may not be able 
to determine whether Option B or Option D is correct. Students who have not 
mastered either required attribute would likely view all the options as plausible 
answers. Another approach for designing diagnostically relevant items involves 
tapping into research-based approaches to authentic assessment that support 
learning and provide more detailed information about the mathematical think-
ing of students (e.g., Baker, 1997; Carmona, 2006; Carmona & Lesh, 2014; Lesh 
& Lamon, 1992).

In a student council election, for every 4 people who voted for Pat Jones, 1 
person voted for Sam Smith. Which fraction of the votes did Pat Jones receive?

A. 1/4              B. 1/5             C. 3/4             D. 4/5

Figure 3.6. A sample proportional reasoning item with distractors designed to 
reflect difficulties of students who lack some required attributes.

When using DCMs, one needs to be aware that these models have their own 
limitations, some of which we have identified. For example, assessments based on 
the DCM framework are time-consuming to develop and place a heavy burden 
on test developers to research and articulate the constructs to measure (Leighton 
& Gierl, 2007; Chapter 4, C. Tatsuoka et al., 2016). On top of the time-consum-
ing test-development process, additional checks need to ensure that items de-
veloped under a cognitive diagnosis framework can lead to valid inferences. As 
mentioned previously, one such check is evaluating the appropriateness of the 
model fitted to the data. In the proportional reasoning example above, the re-
searchers dropped two of the original items analyzed because they could not be 
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fit adequately by a DCM based on the criteria that Chen, de la Torre, and Zhang 
(2013) discuss.

There is also a tension between depth and breadth (Chudowsky & Pellegrino, 
2003; Gierl & Leighton, 2007; Chapter 4, C. Tatsuoka et al., 2016) and thus what 
educators can reasonably accomplish within practical testing situations. One 
also needs to be aware that because theories are grounded in particular learn-
ing trajectories, their generalization to other contexts (e.g., different curriculum, 
culture) needs validation. For example, in addition to considering theories of 
cognition (students’ skills and processes), educators also need to take curricular 
standards into account in designing the assessment. Leighton and Gierl (2007) 
point out the challenge of integrating other cognitive theories with measurement 
models. For example, a great need exists to address educational measurement 
from a sociocultural (interpretive) perspective (Gipps, 1999). There are still lim-
itations in being able to find appropriate metrics to capture social and cultural 
aspects of learning mathematics (Lima & Carmona, 2013), and additional work 
should address these issues. Finally, a greater understanding of how to address 
equity issues (e.g., consequential validity; Messick, 1994) in the context of diag-
nostic assessment is necessary.

CONCLUSIONS

DCMs are measurement models designed to address many concerns that math-
ematics educators and other researchers and practitioners raise over the lack of 
alignment between fundamental assumptions about theories of knowing and 
learning and the way that a measurement perspective represents these assump-
tions. Most concerns have centered on the degree to which assessments measure 
the intended cognitive constructs, which can compromise construct and inferen-
tial validity in the interpretation of scores. In contrast to traditional psychomet-
ric models, like CTT and unidimensional IRT, DCMs provide ways to measure 
multidimensional constructs within practical testing constraints and thus can 
support finer grained assessments of mathematical knowledge.

If researchers design DCMs to address some of the limitations of the use of 
CTT and IRT from a psychometric perspective, then the advantages introduced 
by these models from a cognitive perspective and their value for assessment in 
mathematics education will increase. Of course, researchers must still resolve 
important issues in assessment design to find a consistent merger between cog-
nitive psychology and educational measurement that reflects current knowledge 
about students’ understanding in mathematics. Challenges that DCMs pose to 
the field include the time required to develop assessments and, as with CTT and 
IRT, the need to incorporate socially and culturally relevant constructs, as well 
as to integrate other theories of learning in addition to information-processing 
theories.

Integrating DCMs and cognitive theories allows for powerful assessment de-
sign for formative assessment purposes. Because of their purpose for diagnosis 
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within a framework for formative assessment, DCMs provide greater transpar-
ency of the cognitive theories guiding design, curriculum, and instruction. Over 
time, assessment has driven curriculum and pedagogy (Gipps, 1999). DCMs have 
the potential to introduce an integrated perspective of assessment, curriculum, 
and pedagogy that information-processing theories support. Researchers need 
to reinforce the validity of this integrated design by incorporating studies that 
meaningfully address equity issues of fairness, bias, and inclusion of minority 
group cultural knowledge (Gipps, 1999).
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