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1 Introduction

Lemma 4 in our paper Bierens and Wang (2012) claims that, with Z(3) a
zero mean complex-valued continuous Gaussian process on a compact subset
B of a Euclidean space and p a probability measure on B, [ |Z(8)|*u(dB) =

> Ame€l,em, where the \,;,’s are the eigenvalues of the covariance function

E [Z (61)Z (ﬁg):| and the e,,’s are independently N[0, I5] distributed. How-
ever, it follows from Mercer’s theorem that E [ ['|Z(6)[*u(dB)] = > ve_1 Am,

m=1
whereas Lemma 4 would imply that E [ [ |Z(8)]*u(dB)] = 2> _; M. Apart
from this obvious and embarrassing error, the flaw in the proof of Lemma 4

that has lead us to this erroneous result is the incorrect equation (A.6).

2 Lemma 4 revised

The following corrected version of Lemma 4 is closely related to Theorem 3
in Bierens and Ploberger (1997).

LEMMA 4 (Revised). Let Z(3) be a zero-mean complez-valued continu-
ous Gaussian process on a compact subset B of a Fuclidean space, and let
be a probability measure on B. There exists a non-negative sequence wy, sat-
isfying > o wm < 00 such that [|Z(B)Pu(dB) = >  wme?,, where the
em’s are independent standard normally distributed random variables. How-
ever, the w,,’s are in general not equal to the eigenvalues \,, of the covariance
function of Z(f3), but are related only by the equality > - Wm =D oo Am.



Proof. Let {\,,}>°_; be the sequence of eigenvalues of the covariance kernel

[(f1,02) = F [Z(BI)Z(EQ)] with corresponding sequence {¢,(3)}5°_; of or-

thonormal eigenfunctions (relative to p). By the completeness of {1,,,(5) }>_,

we can write Z(8) = Y 0| gmthm(3) a.s. . where g,, = [ Z(8)0m(8)1(dB).
Consequently

/ ZB)Puds) = 3 lgml® (1)

Since Z(3) is zero-mean Gaussian, the g,,’s are jointly zero-mean complex-
valued normally distributed. Moreover, by Mercer’s theorem,

Bl = [ [ w6 [ZE2(6)] Baludsouds)
= [ [ B s Entdsutdse)
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- Zm(k =j).1(m = j)

= (k= m), (2)

where 1(.) is the indicator function. As is well-known, due to joint normality
(2) implies that the sequence {g,,}2°_; is independent, and so is the sequence
Gm = (Relgm], Im[g,,])".

Each G,, is bivariate zero mean normally distributed, i.e., G,, ~ N[0, X,,].
Using the well-known decomposition 3, = Q2 @), where Q,,, = diag(wy m,
wa,m) is the diagonal matrix of eigenvalues of ¥, and @, is the orthogonal
matrix of the two corresponding eigenvectors, we can write

leGm — \/wl,mel.m ,
v W2m€am

where the sequence (€., €2.,)" is 1.i.d. N[0, I5]. Now

|gm|2 = gmg_m - G;nGm = G;anQ;nGm = wl,meim + w2,meg_m

e, n({B€B:Z(B) =32, gnbm(B)}) = 1.
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where wy , + w2, = Ay, and by Mercer’s theorem,

Zwlvm + Zwlm = ZE[gmg_m] = Z)\m < 00.
m=1 m=1 m=1 m—1

Thus, (1) now reads

/ ZB)Pu(dB) =3 wrméi o+ waméd
m=1 m=1

Finally, denoting for m € N, wop_1 = wWim, Wom = Wom, €2m—1 =
€1.m, E2m = €a.m, for example, the result of the revised Lemma 4 follows.
|

Note that the erroneous Lemma 4 was actually a side issue and has no
consequences for the other results in the paper, except that the proof of the
local power in section 2.6 needs to be adjusted.

However, the question remains whether more can be said about the vari-
ance matrices ,,. In particular, the question is whether the 3,,’s have a
particular case-independent structure, apart from being variance matrices
and satisfying Y .- trace[X;] < oco. The following example shows that the
answer is No! In other words, the revised Lemma 4 is complete.

3 An example

For 5 € [0,1], let

Z(p) = (Ui +1.Uzm)

ngk

X

(cos(2mmB) + i.sin(2mmn3))

[
NE

(Ur,m cos(2mm3) — Uz sin(2mm3))

m=1
+i. Z (U msin(2mnB) + Us,y, cos(2mmf3))
m=1

where the sequence (U ,,, Ua.)' is independently No(0, 3,,) distributed, with

A, = trace[Xg] > 0, Z Am < 0.

m=1



The latter condition implies that fol |Z(8)]2dS < oo a.s.

Clearly, Z(f3) is a zero-mean complex valued Gaussian process on [0, 1],
and after some tedious but elementary complex calculations (see the Appen-
dix) it can be shown that its covariance function takes the form

I'(B1, B2)

E [Z (61)m]
— i A cos(2mm3y) cos(2mm3)

m=1

+ Z Am sin(2mma 1) sin(2mm 3z)

m=1

+i. Z Am SIn(2mm 1) cos(2mm3;)

m=1

—1i. i Am cos(2mm3y) sin(2mm ) (3)

m=1

The functions /2 cos(2mn ), v/2sin(2kn3), m, k € N, together with the
constant function 1, are known as the Fourier series on [0, 1], which form a
complete orthonormal sequence in the real Hilbert space L?(0,1). Therefore
the complex functions

U(B) = cos(2kmf) +i.sin(2kn3), k € N, (4)

together with ¢o(3) = 1, form an orthonormal sequence in the Hilbert space
L2(0,1) of square integrable complex valued functions on (0, 1).

Moreover, it is easy to verify? that for & > 1 the v¢(3)’s are the eigen-
functions of I'((y, #2) with corresponding eigenvalues Ay, whereas 1y(f3) is
the eigenfunction corresponding to the (single) zero eigenvalue. Hence, by
Mercer’s theorem, the sequence {9 ()}, is complete in LZ(0,1).

Recall that in this case Z(08) = > °_, gm¥m(0) a.s. with respect to the
uniform probability measure on (0, 1), where now

1
G — / 2(B)Bn(B)dB = Uy + .U,
0

2See the Appendix below.



hence, F [|gm|*] = trace[3,,] = A, and

_( Relgn] \ _ [ Uim
Gm - ( Im[gm] - UQ,m N2(0a Zm)y
as in the revised Lemma 4 above.
Since in this example the only conditions on the ¥,,,’s are that they are

variance matrices and satisfy Y - trace[¥;] < oo, the revised Lemma 4
above is indeed complete.
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Appendix
Proof of (3)
Without loss of generality we may focus on a single m, as follows.

[(Uy,m cos(2mmBy) — Uz sin(2mmfy))
+i. (U sin(2mm 1) + Us,, cos(2mm3y)) ]
X [(Uy n cos(2mm Ba) — Us  sin(2mn32))
—i. (Uy m sin(2mn fa) + Uy, cos(2mm/32))]
= (Uym cos(2mmBy) — Uz sin(2mnfy))
X (Uy,m cos(2mmBs) — Uz m sin(2mm3z))
+ (Urm sin(2mn By) + Us,y, cos(2mm3y))
X (Uym sin(2mmBs) + Us , cos(2mm32))
+ 1. [(Uym sin(2mnBy) + Us , cos(2mm3y))
X (Uym cos(2mm(B2) — U m sin(2mm/32))
— (Uym cos(2mmBy) — Us  sin(2mm3y))
X (Up,m sin(2mnfa) + Us cos(2m7rﬂ2))}
= U, cos(2mm3y) cos(2mm ) + U3, sin(2mmfy) sin(2ma3)
+ U3, sin(2mmfy) sin(2ma o) + U3, cos(2mBy) cos(2mm3s)
+i. [UF,, sin(2mmBy) cos(2mm B3) — U3, cos(2ma31) sin(2m3)
— Ut cos(2mm fy) sin(2mm Ba) + U3, sin(2mm31) cos(2mm Bs)]
= (U}, + U3,,) (cos(2mm3y) cos(2mm Ba) + sin(2ma By ) sin(2mm32) )
+i. (U7, + U ,,) (sin(2mmBy) cos(2mmB;) — cos(2mmBy) sin(2mmf3s))

where in the last two equalities we have used the fact that the terms involv-
ing the product Uj ,,,Us ., cancel out. Taking expectations and applying the
summation Y °_, the result (3) follows.

Eigenvalues and eigenfunctions of (3)
As to the eigenfunctions of I'( 3y, B2), observe from (3) and the orthonormality
of the Fourier series that

1

1
/ L(B1, B2)vo(B2)d s :/ (81, B2)dBs =0
0 0



and for k € N,

1

JRACHATACSEE

- i Am cos(2mm ) /1 cos(2mm3y) (cos(2kmfFe) + i.sin(2kmBs)) dfs
o 0
00 ' 1

+ Z Am sin(2mm ;) / sin(2mm3y) (cos(2kmfB2) + i. sin(2kmBs)) dfs
m=1 0

H. i Moy sin(2ma ) / " cos(2mmny) (cos(2knfy) + 1. sin(2k ) dbs
0

m=1

—i. i Am cos(2mm ) /01 sin(2mm3y) (cos(2kmfBs) + 1. sin(2kmfs)) dfs
m=1

— A cos(2EmBy) + 1\ sin (267 By) = Aetbn(Br).



