
Physics 525 (Methods of Theoretical Physics) Fall 2014

Final exam: December 17, 2014, 10:10am-12:00pm

Closed book/notes.

Answer the first problem (10 points) and two of the remaining problems (at
4 points each), for a maximum total of 18 points. If you answer more, I will
compute your grade from the compulsory problem and the best two of the other
problems.

1. Compulsory problem. 10 points.

(a) Define the concept of a distribution (or generalized function).

(b) Let Sij be a second rank contravariant tensor. The coordinates are transformed from
xi to x′i =

∑
j M

i
jx

j. If this is regarded as the matrix equation x′ = Mx, what is the
appropriate matrix equation for S in the new coordinate system?

(i) S ′ = MSM .

(ii) S ′ = MSM−1.

(iii) S ′ = M−1SM .

(iv) S ′ = MSMT .

(v) S ′ = MTSM .

(c) Determine whether or not the following infinite sum is convergent:

∞∑
n=1

1

n ln3(2n+ 1)
. (1)

(d) A function or functional V [f ] is to be minimized subject to constraints. State the
Lagrange multiplier method for solving this kind of problem.

(e) A function of a complex variable is defined by f(z) = (z2 + a2)1/2, where a is real and
positive. On the principal sheet, f(z) is defined to be real and positive when z is on
the positive real axis. The branch cut is defined to be on the straight line between the
points ia and −ia. What is the value of f(−1) on the principal sheet.



Work any two of the remaining problems

2. The output signal Vo(t) of a particular electrical circuit is given in terms of the input
signal Vi(t) by a convolution of the form:

Vo(t) =

∫ ∞
−∞

Vi(t− τ) g(τ) dτ , (2)

where g(τ) = 0 when τ < 0, to give causal behavior. Show that the Fourier transforms obey
a product relation

Ṽ0(ω) = Ṽi(ω)g̃(ω). (3)

(If your conventions for Fourier transforms differ from mine you may need an overall constant
factor here. However, arrange your conventions, so that an angular frequency ω corresponds
to an oscillation eiωt, to agree with the usage in electrical engineering and in this class.)

A simple low-pass filter with time constant t0 is calculated to give

g̃(ω) =
1

1 + iωt0
. (4)

Find a formula for g(τ).
Show that if the input Vi(t) is slowly varying on the time scale t0, then the output Vo(t)

is approximately equal to the input.

3. A function of a single real variable x is defined by

f(x) =

{
x if x < 1

3 + 2x if 1 < x
(5)

Find its first two derivatives, using appropriate distributions as needed.
Let φ be a test function. Find a simple form for the value of f ′′[φ].

4. Let A be an linear function from an N -dimensional complex vector space V to the complex
numbers C. Let K be the “kernel” of A, i.e., the space of vectors |v〉 in V such that A |v〉 is
zero. Show that if A is nonzero, then the dimension of K is N − 1.
[One possible approach: Pick a basis of V , and find a basis vector |e1〉 such that A |e1〉 is
nonzero. (You’ll need to justify this.) Transform the other basis vectors to be in K by
adding a suitable multiple of |e1〉. Deduce the requested result.]

5. The energy of a certain system is given by

E[f ] =

∫ a

0

[
A(f ′′(x))2 +B(f ′(x))2 + Cf(x)

]
dx (6)

where f is a real-valued function At the end x = 0, the function obeys f(0) = f ′(0) = 0.
Obtain the conditions for E[f ] to be stationary. (You should find a differential equation plus
some boundary conditions. But you are not asked to solve the equations here.)
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