
Physics 525 (Methods of Theoretical Physics) Fall 2014

Problem set 11

Ungraded

1. Let f(x) be a real function on the real line for which∫ ∞
−∞

f(x) dx = A, (1)

with this integral being absolutely convergent. Define

ga(x) = af(ax), (2)

for any real a > 0.
Show that

lim
a→∞

∫ ∞
−∞

ga(x)φ(x) dx = Aφ(0) (3)

for any test function, and so that as a distribution

lim
a→∞

ga(x) = Aδ(x). (4)

2. Let g̃(k) be the Fourier transform of a function g(x). Find the function whose Fourier
transform is dg̃(k)/dk.

Using this result, or otherwise, find the Fourier transform of the function f(x) = x,
defined on the whole real line.

3. (This problem is to show by using functional methods that the shortest line between two
points is a straight line.) A line (not necessarily a straight line) in the xy-plane goes between
two fixed end points a and b. Parameterize the path by the x coordinate, so that a function
f gives the y coordinate of a point on the line with given x: y = f(x).

(a) Find a formula for the length of the line, L[f ]. Then use it to find the function f
that makes the functional L[f ] stationary given the endpoints of the line.

(b) Show that the solution is an actual minimum. Perhaps the simplest method is to
expand L[f + δf ] to second order in δf and work from there.

Comment: This formulation of the problem is somewhat inelegant in that it picks out the
x coordinate as a special coordinate. See Stone & Goldbart, problem 1.1 for a formulation
that is symmetric between the coordinates. (But I am not asking you to solve that problem
here.)
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Figure 1: Cantilever

4. The elastic energy per unit length of a bent steel rod is given by 1
2
Y I/R2. Here R is

the radius of curvature due to the bending, Y is the Young’s modulus of the steel, and
I =

∫∫
y2 dx dy is the moment of inertia of the rod’s cross-section about a axis through its

centroid and perpendicular to the plane in which the rod is bent. If the rod is only slightly
bent into the yz-plane and lies close to the z-axis, show that this elastic energy can be
approximated as

U [y] =

∫ L

0

1

2
Y I(y′′)2 dz, (5)

where the prime denote differentiation with respect to z, and L is the length of the rod.
The light cantilever : Here we take the z-axis as horizontal, and the y-axis as vertical (Fig.

1). The rod is used as a beam or cantilever, and is fixed into a wall so that y(0) = 0 = y′(0).
A weight Mg is hung from the end z = L and the beam sags in the −y-direction. We wish
to find y(z) for 0 < z < L. We will ignore the weight of the beam itself.

• Write down the complete expression for the energy, including the gravitational potential
energy of the weight.

• Find the differential equation and boundary conditions at z = 0, L that arise from
minimizing the total energy. In doing this, take care not to throw away any term
arising from the integration by parts. You may find the following identity to be of use:

d

dz
(f ′g′′ − fg′′′) = f ′′g′′ − fg′′′′. (6)

• Solve the equation. You should find that the displacement of the end of the beam is
y(L) = −1

3
MGL3/(Y I).

Warning: The formula for the energy involves second derivatives of the function y(z),
unlike the cases we handled in class. So you’ll need to generalize the derivation of the
functional derivative. It will probably be a good idea to manipulate the result so that it is
expressed in terms of δy′(z), where δy(z) is the change of y(z), and the ′ denotes a derivative
with respect to z.
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