
Physics 525 (Methods of Theoretical Physics) Fall 2014

Problem set 3

Due Sep. 19, 2014

1. Evaluate the following integrals by residue theorem methods.

(a)

∫ ∞
−∞

dz
e−ikz

(z + 2i)(z + 3i)

(b)

∫ ∞
−∞

dz
e+i2kz

(z + 4i)2(z2 + 3)
.

In the above, k is a real number.

2. In class, I gave a proof of the Cauchy theorem using a smooth deformation of the contour
of integration. A version of this proof can be found on the course website at http://users.
phys.psu.edu/~collins/525/Cauchy-proof2.pdf. The proof showed that if two contours
Γ0 and Γ1 have the same endpoints, and a function is analytic on and between the contours,
then the integrals along the two contours have the same value.

When using residue theorem methods, we often need to deform a large closed contour
C0 to a small closed contour C1. For this situation we could use Cauchy’s theorem in its
standard form provided we changed C1 to have a line from the starting point of C0 to the
original starting point of C1, and then a line back to the starting point of C0; the integrals
along the two extra segments cancel. The resulting theorem is

Let C0 and C1 be two closed contours in the complex plane; both have winding
number 1 and either both are counterclockwise or both are clockwise. Let f(z)
be a function that is analytic in the whole of the region between the contours,
and on the contours themselves. Then∮

C0

f(z) dz =

∮
C1

f(z) dz . (1)

Prove this theorem directly by modifying the proof in http://users.phys.psu.edu/

~collins/525/Cauchy-proof2.pdf to apply to the case that the starting point of each
contour equals the ending point. On the intermediate contour Ca (similar to Γa in the
proof), the starting and end points are equal to each other, but vary with a as a goes from
0 to 1. It will be sufficient to clearly explain what needs to be changed in previous proof.

What goes wrong with the proof if C0 and C1 have opposite directions, e.g., if C0 is
clockwise and C1 is counterclockwise?

3. Prove, by contour integration, the following result for a real integral:∫ 2π

0

dθ

(a+ b cos θ)2
=

2πa

(a2 − b2)3/2
(2)

when a and b obey a > b > 0. (Look in the textbook for ideas!)
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