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Abstract. Kolyvagin has shown how to study the Shafarevich-Tate
group of elliptic curves over imaginary quadratic fields via Kolyvagin
classes constructed from Heegner points. One way to produce explicit
non-trivial elements of the Shafarevich-Tate group is by proving that a
locally trivial Kolyvagin class is globally non-trivial, which is difficult in
practice. We provide a method for testing whether an explicit element of
the Shafarevich-Tate group represented by a Kolyvagin class is globally
non-trivial by determining whether the Cassels pairing between the class
and another locally trivial Kolyvagin class is non-zero. Our algorithm
explicitly computes Heegner points over ring class fields to produce the
Kolyvagin classes and uses the efficiently computable cryptographic Tate
pairing.

1. Introduction
The Kolyvagin Euler system of cohomology classes constructed in [13]
(see also [10] and [17]) is one of the most powerful tools for studying the
Shafarevich-Tate group of an elliptic curve over a quadratic imaginary field
with a Heegner discriminant. Under certain assumptions, it can be used to
prove that the Shafarevich-Tate group of the elliptic curve is finite, and to
determine its exact group structure (see [10], [13] and [17]). The cohomology
classes constructed by Kolyvagin are locally trivial at all but a finite set of
places. One can write down local divisibility conditions on the corresponding
Heegner points which are equivalent to local triviality at the remaining finite
set of places. Yet, even when those conditions are satisfied, there is no
guarantee that the Kolyvagin cohomology class is a non-trivial element of
the Shafarevich-Tate group.
One strategy for proving that such an element corresponds to a non-trivial
element of the Shafarevich-Tate group is to prove that it pairs with another
element of the Shafarevich-Tate group via the Cassels pairing to a nonzero
element of Q/Z . The Cassels pairing is a skew-symmetric pairing on the
Shafarevich-Tate group X(K, E) which is non-degenerate when X(K, E)
is finite. To use this approach we need a way of explicitly computing the
Cassels pairing. Our goal in this paper is to describe a method for deciding
whether the Cassels pairing on two suitably chosen distinct locally trivial
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Kolyvagin cohomology classes is nonzero. The algorithm uses the cryptographic Tate pairing and the computation of Heegner points over ring class
fields.
Our algorithm may have interesting applications to the study of X(K, E).
For instance, Mazur and Rubin ([16]) have suggested that X(K, E) should
be generated by locally trivial Kolyvagin cohomology classes. An interesting computational question is to test this conjecture experimentally and to
observe in practice and predict bounds on the size of the Kolyvagin primes
necessary to find generators for X(K, E)[p]. Furthermore, our algorithm
may be used for producing examples related to visibility of X(K, E) at
higher level in the sense of Stein and the second author (see [12]).
In Section 2 we recall the definition of the Shafarevich-Tate group of
an elliptic curve. Section 3 provides the necessary background on Heegner
points and describes the construction of the Kolyvagin cohomology classes
out of these points. In Section 4 we explain how to decide whether a Kolyvagin cohomology class is locally trivial. The algorithm takes as input the
coordinates of the Heegner point in the corresponding ring class field.
In Section 5 we discuss the Cassels pairing in general and establish a
formula for the pairing of two locally trivial Kolyvagin classes in terms of
the Tate local pairing. In Section 6 we explain how the Tate local pairing is
related to a pairing over finite fields, known in the cryptographic literature
as the (cryptographic) Tate pairing. In Section 7 we apply the pairing for
suitably chosen Kolyvagin classes to decide whether they pair non-trivially
via the Cassels pairing. Finally, in Section 8 we explain the computation of
the coordinates of Heegner points over ring class fields and give an example.
Acknowledgments: We thank Ken Ribet and William Stein for many
helpful discussions. We thank Noam Elkies for answering several questions
regarding Heegner point computations. Finally, we thank Sebastian Pauli
for kindly providing a package for computations with non-maximal orders.

2. Notation and Background
For a field K, K denotes an algebraic closure of K. For a number field K,
MK denotes the set of places of K (both archimedean and non-archimedean).
For v ∈ MK , Kv is the completion of K at v. For a field K and a smooth
commutative K-group scheme G, Hi (K, G) denotes the Galois cohomology
group Hi (GKs /K , G(Ks )) where Ks is a fixed separable closure of K.
Let E be an elliptic curve over a number field K. The Shafarevich-Tate
group of E over K is



X(K, E) := Ker H1 (K, E) →

Y
v∈MK

H1 (Kv , E) .
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We also define the m-Selmer group Sel(m) (K, E) of the elliptic curve as


Y
Sel(m) (K, E) := Ker H1 (K, Em ) →
H1 (Kv , E)m  ,
v∈MK

where each map H1 (K, Em ) → H1 (Kv , E)m is the composition of the map
H1 (K, Em ) → H1 (Kv , Em ) and H1 (Kv , Em ) → H1 (Kv , E)m (for more details
see [22, Ch.X]).
In general, if m is a positive integer and G is an abelian group object, we
denote by either Gm or G[m] the kernel of the multiplication-by-m map on
G.
3. Heegner Points and the Kolyvagin Construction
3.1. Heegner Points over Ring Class Fields. The standard references
for this section are [10], [13]
√ and [17]. Let E be an elliptic curve over Q of
conductor N . Let K = Q( −D), where −D is a fundamental discriminant,
D 6= 3, 4, and all prime factors of N are split in K, i.e. (N ) = N N̄ for an
ideal N of the ring of integers OK of K with OK /N ' Z/N Z. We call
such a discriminant a Heegner discriminant for E/Q. By the modularity
theorem [2], there is a modular parameterization ϕ : X0 (N ) → E. We view
OK and N as Z-lattices of rank two in C and observe that C/OK → C/N −1
is a cyclic isogeny of degree N between the elliptic curves C/OK and C/N −1 .
Here N −1 denotes the fractional ideal of OK for which N N −1 = OK . This
isogeny corresponds to a complex point x1 ∈ X0 (N ). According to the
theory of complex multiplication [23, Ch.II], the point x1 is defined over the
Hilbert class field K1 of K.
More generally, let On = Z + nOK be the order of index n in OK and
let Nn = N ∩ On . Then On /Nn ' Z/N Z and the map C/On → C/Nn−1
is a cyclic isogeny of degree N and thus it defines a point xn ∈ X0 (N )(C).
Again, by the theory of complex multiplication, this point is defined over
the ring class field Kn of conductor n over K.
One can use the parameterization ϕ : X0 (N ) → E to obtain points yn =
ϕ(xn ) on E. Define yK to be the point yK = TrK1 /K (y1 ). If N 0 is another
ideal with O/N 0 ' Z/N Z, we have yK = ±yK + (torsion). We refer to yK
as the Heegner point for the discriminant D.
3.2. Surjectivity of the Galois Representation and Choice of p. Let
E and K be as above. For a rational prime p, let Q(Ep ) be the extension
generated by the p-torsion points of E in K. If the elliptic curve E does not
have complex multiplication then according to a theorem of Serre [21, Thm.
2], the extension Q(Ep )/Q has Galois group GL2 (Fp ) for all but finitely
many primes p; i.e., the associated mod p Galois representation is surjective
for all but finitely many primes p.
In practice, one tests the surjectivity of the Galois representation for a
given E and p by using the algorithm of [9, §2.1] which has been implemented
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by Stein in the computer algebra system SAGE [24]. For instance, if E is
the curve 681B1 in Cremona’s tables [4], then E is given by the Weierstrass
equation y 2 + xy = x3 + x2 − 1154x − 15345, and the algorithm implies that
the mod 3 Galois representation associated to E is surjective.
3.3. Construction of the Cohomology Classes. In [13], Kolyvagin uses
the points yn for suitably chosen indices n to define cohomology classes
dn,m ∈ H1 (K, E)pm which are locally trivial at all places coprime to n. We
give a brief account of the construction to the extent to which it will be
necessary for the rest of the paper and refer the reader to [10] and [13] for
the full details. Our notation follows the notation in [10].
Definition 1. Let E, K, p be as above, and let m be a positive integer. A
prime number ` is called a Kolyvagin prime for (E, K, p, m) if the following
three conditions are satisfied
(1) ` does not divide N · D · p.
(2) ` is inert in K.
(3) a` ≡ ` + 1 ≡ 0 mod pm .
For each such `, let λ denote the unique prime of K above ` and let
×
G` = GK` /K1 . Then G` ' (OK /`OK )× /(Z/`Z)× ' F×
λ /F` is cyclic of order
P
` + 1, so one can choose a generator σ` ∈ G` . Let Tr` = `i=0 σ`i and let
D` ∈ Z[G` ] be chosen in such a way that
(σ` − 1) · D` = 1 + ` − Tr` .
For instance, one can choose D` =

`
X

i · σ`i .

i=1

Now suppose
that n is a product of Kolyvagin primes for (E, K, p, m).
Q
Let Dn = `|n D` , Gn = GKn /K and Gn = GKn /K1 . Suppose that S ⊂ Gn is
a system of coset representatives for Gn /Gn . One can show [10, Prop. 3.6]
that the image of Dn yn in E(Kn )/pm E(Kn ) is fixed by Gn . Thus, if we set
X
Pn =
σ(Dn yn ),
σ∈S

)/pm E(K

then the image of Pn in E(Kn
n ) will be fixed by Gn . To define the
classes, we consider the following commutative diagram
0


H1 (Kn /K, E)pm
0

/ E(K)/pm E(K)

0


/ (E(K )/pm E(K ))Gn δ
n
n

δ

/ H1 (K, Epm )

 Inf
/ H1 (K, E)pm

φ
/ H1 (Kn , Epm )Gn

 Res
n
/ H1 (Kn , E)Gm
p

/0
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According to [10], the restriction map φ : H1 (K, Epm ) → H1 (Kn , Epm )Gn is
an isomorphism, so we can define the cohomology class
cn,m = φ−1 (δ(Pn )) ∈ H1 (K, Epm ).
By Lemma 4.1 in [17], cn,m is represented by the cocycle
σ 7→ −

(1)

(σ − 1)Pn
Pn
Pn
+ σ m − m,
m
p
p
p

n
where (σ−1)P
is the unique pm -division point of (σ − 1)Pn in E(Kn ).
pm
Let dn,m be the image of cn,m in H1 (K, E)pm .

4. An Algorithm for Deciding Local Triviality
One of the basic properties of the class dn,m is that it is locally trivial at all
but the places lying over the prime divisors of n. The following proposition
is proved in [10, Prop. 6.2].
Proposition 1. (i) If v is a place of K such that v - n or if v = ∞ is the
archimedean place then resv (dn,m ) = 0.
(ii) If λ is a place of K above a prime divisor ` of n then resλ (dn,m ) = 0 if
and only if Pn/` ∈ pm E(Kn/`,λ0 ) for one (and hence all) places λ0 of Kn/`
dividing λ. Here, Kn/`,λ0 denotes the completion of Kn/` at λ0 .
The following standard lemma will be used to provide an algorithm for
deciding whether a point is divisible.
Lemma 2. Let F be any number field and let Fv be the completion of F
at a non-archimedean place v. Let E be an elliptic curve over Fv with good
reduction. Let m be an integer which is relatively prime to the characteristic
of the residue field kv . We have
(1) E(Fv )/mE(Fv ) ∼
= Ẽ(kv )/mẼ(kv ), and
∼
(2) Em (Fv ) = Ẽm (kv ).
In particular, a point Q ∈ E(Fv ) is m-divisible if and only if its reduction
Q̃ ∈ Ẽ(kv ) is m-divisible.
Proof. Consider the following commutative diagram

0

K1

Em (Fv )

Ẽm (kv )


/ E1 (Fv )


/ E(Fv )


/ Ẽ(k )
v



0

[m]

/ E1 (Fv )


C1



[m]

/ E(Fv )

/0

[m]



/ Ẽ(k )
v





E(Fv )/mE(Fv )

Ẽ(kv )/mẼ(kv )

/0

where K1 and C1 are the kernel and cokernel of the first map, and E1 (Fv ) is
the kernel of reduction. We use the snake lemma to get an exact sequence
C1 → E(Fv )/mE(Fv ) → Ẽ(kv )/mẼ(kv ) → 0
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Since m is prime to the characteristic of kv the multiplication-by-m map
on E1 (Fv ) is an isomorphism, i.e. K1 = C1 = 0 ([22, VII, Prop.2.2, IV,§3]).
Thus, we get isomorphisms E(Fv )/mE(Fv ) ' Ẽ(kv )/mẼ(kv ) and Em (Fv ) '
Ẽm (kv ). This proves the lemma.

Remark. Applying this to the Kolyvagin setup, by Proposition 1, the class
dn,m is locally trivial at λ if and only if Pn/` is in pm E(Kn/`,λ0 ). According
to the above lemma, this is equivalent to P̃n/` ∈ pm Ẽ(kλ ), since Kλ and
Kn/`,λ0 have the same residue field. The last condition can be tested by
computing the reduction of Pn/` modulo λ0 .
5. The Cassels Pairing on the Shafarevich-Tate Group
In this section we consider an elliptic curve E over an arbitrary number
field K. We will describe a skew-symmetric pairing on the ShafarevichTate group X(K, E), the Cassels pairing, which will be non-degenerate in
the case when X(K, E) is finite. The description follows [17, §2]. Let
d ∈ X(K, E)M and d0 ∈ X(K, E)M 0 be two elements of the Shafarevich0
Tate group. Choose a lift c0 ∈ Sel(M ) (K, E) of d0 and for each valuation
v ∈ MK choose yv ∈ E(Kv ), such that c0v = δ(yv ) (δ : E(Kv ) → H1 (Kv , EM 0 )
is the connecting homomorphism). Also, assume that there exists a class
d1 ∈ H1 (K, E)M M 0 , such that M 0 d1 = d. Since d is locally trivial, resv (d1 ) ∈
H1 (Kv , E)M 0 . We define the Cassels pairing h , iC between d and d0 as
X
hd, d0 iC :=
hyv , resv (d1 )iKv ,
v∈MK

where h , iKv : E(Kv ) × H1 (Kv , E) → Q/Z is the Tate local pairing. For
more detail on Tate local duality and the pairing see [18].
5.1. Computing the Cassels Pairing on Kolyvagin Classes. The next
proposition which is proved in [17, Prop.4.7] specializes the above formula
to locally trivial Kolyvagin cohomology classes.
Proposition 3. Let E, K, p be as in Section 3.3. Let m and m0 be positive
integers and let n and n0 be square-free products of Kolyvagin primes for
(E, K, p, m + m0 ) and (E, K, p, m0 ), respectively. Suppose that the classes
dn,m ∈ H1 (K, E)pm and dn0 ,m0 ∈ H1 (K, E)pm0 are everywhere locally trivial
(i.e. they lie in X(K, E)). Then the Cassels pairing is
X
hdn,m , dn0 ,m0 iC =
hPn0 , dn,m+m0 iKλ .
`|n,(`,n0 )=1

For simplicity of notation, we write the pairing as h , iKλ rather than
introducing Kn0 ,λ0 as in Proposition 1. We use the definition of the pairing
0
given in the previous section with M = pm and M 0 = pm . It follows from
0
[17, Lemma 4.6] that pm dn,m+m0 = dn,m , so the element dn,m+m0 can be
used as d1 in the definition of the pairing given in the previous section.
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In the next section, we will explain how to reduce the Tate local pairing
h , iKλ to an efficiently computable pairing over finite fields.
6. Relating the Tate Local Pairing to a Pairing over Finite
Fields
The main reference for this section is [7]. Throughout this section, let
K be any number field, and let Kv be the completion of K at a nonarchimedean place v of K. Let kv be the residue field of Kv , and let E
be an elliptic curve over Kv with good reduction. Let m be an integer which
is prime to the characteristic of kv .
Consider the Tate local pairing
h , iKv : E(Kv )/mE(Kv ) × H1 (Kv , E)m → Q/Z
Since the Cassels pairing can be expressed as a sum of local Tate pairings
by Proposition 3, we would like to compute the Tate local pairing to determine if two Kolyvagin classes pair non-trivially under the Cassels pairing.
Unfortunately, the Tate local pairing in this form is quite hard to compute. We will now show how to relate the pairing h , iKv to a pairing over
finite fields, and we will then use this relationship to detect whether certain
Kolyvagin classes pair to a non-trivial element.
6.1. Description of H1 (Kv , E)m . We will describe the group H1 (Kv , E)m
in a way which is more convenient for computations. Fix an algebraic closure
K v of Kv . Let π be a uniformizer of Kv and let ζm be a primitive m-th root
of unity in K v . Consider the extensions Lm = Kv (ζm , π 1/m ) and Kv (ζm ) of
K, where π 1/m ∈ K v . The Galois group GKv (ζm )/Kv acts on GLm /Kv (ζm ) by
conjugation. Let Kv (Em ) be the field obtained by adjoining the coordinates
of all m-torsion points of E defined over K v . The extension Kv (Em ) is
unramified and therefore cyclic over Kv . Moreover, since the Weil pairing
is Galois equivariant, it contains Kv (ζm ). Therefore, GKv (Em )/Kv acts on
GLm /Kv (ζm ) through its quotient GKv (ζm )/Kv . The following proposition (see
also [7, Prop.3.15]) describes the group H1 (Kv , E)m as the cohomology of a
finite group acting on a finite module.
Proposition 4. We have an isomorphism
H1 (Kv , E)m ' HomGKv (Em )/Kv (GLm /Kv (ζm ) , Em ).
In particular, if µm ⊂ Kv then the isomorphism becomes
H1 (Kv , E)m ' HomGKv (Em )/Kv (GLm /Kv , Em ).
Proof. Let GKv = GK v /Kv , let IKv ⊂ GKv be the inertia group of GKv , and
let Gkv = Gkv /kv . Consider the exact sequence
0 → E1 (K v ) → E(K v ) → Ẽ(k v ) → 0,
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where E1 (K v ) is the kernel of reduction. Consider the corresponding long
exact sequence of Galois cohomology, where GKv acts on Ẽ(k v ) through its
quotient GKv /IKv ' Gkv .
H1 (Kv , E1 ) → H1 (Kv , E) → H1 (Kv , Ẽ) → H2 (Kv , E1 ) → . . . .
Since m is coprime to the characteristic of k v it follows from [22, Prop.
3.1(a)] that the group E1 (L) is m-primary for any finite extension L/Kv ,
L ⊂ K v , so E1 is m-primary. It follows from the Kummer sequence for E1
that H1 (Kv , E1 )[m] = H2 (Kv , E1 )[m] = 0. Therefore, the map
H1 (Kv , E)[m] → H1 (Kv , Ẽ)[m]
is an isomorphism.
Next, the inflation-restriction sequence for IKv ⊂ GKv gives us
0 → H1 (kv , Ẽ) → H1 (Kv , Ẽ) → H1 (IKv , Ẽ)GKv /IKv → H2 (kv , Ẽ)
By [14], H1 (kv , Ẽ) = 0, and by [20, p. 189] we also have H2 (kv , Ẽ) = 0.
Since IKv acts trivially on Ẽ, we obtain an isomorphism
H1 (Kv , Ẽ) ∼
= Hom(IK , Ẽ)GKv /IKv .
v

Finally,
Hom(IKv , Ẽ)GKv /IKv [m] ∼
=
= Hom(IKv , Ẽm )GKv /IKv ∼
HomGKv (Em )/Kv (GLm /Kv (ζm ) , Em ),
where the last isomorphism comes from the fact that a homomorphism
IKv → Em factors through the tame inertia group since m is coprime to
the residue characteristic. This finishes the proof.

Let H := GKv (Em )/Kv . By Proposition 4, we obtain a modified pairing
h , iKv : E(Kv )/mE(Kv ) × HomH (GLm /Kv (ζm ) , Em (Kv )) → Br(Kv )[m],
∼
which is induced by the Tate pairing. Here we use the fact that Br(Kv ) =
Q/Z, and that the image of the Tate local pairing (for m) lies in the mtorsion part of Q/Z .
6.2. Reducing to the Finite Field Case. In this section we assume
that in addition µm ⊂ Kv , or equivalently that m | #kv× . We have that
Br(Kv )[m] is cyclic of order m.
In this situation, we have a description of the Tate pairing (up to sign)
that is due to Lichtenbaum (see [15], see also [8, 5.3.4]):
Theorem 5 (Lichtenbaum). Let σ be a generator of GLm /Kv and let P1 ∈
E(Kv ) and P2 ∈ Em (Kv ). Let D1 ∼ (P1 ) − (O) be such that D1 is coprime
to D2 = (P2 ) − (O). Let % : GLm /Kv → Em (Kv ) be the homomorphism
sending σ to P2 and let f2 be a function on E whose divisor is equivalent to
mD2 . Then
hP1 + mE(Kv ), %iKv = f2 (D1 ),
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where f2 (D1 ) is considered as an element of Kv× /NLm /Kv (L×
m ). We have
× /(k × )m .
∼
Kv× /NLm /Kv (L×
)
k
m = v
v
Since GLm /Kv is cyclic, an element ψ ∈ Hom(GLm /Kv , Em (Kv )) is uniquely
determined by the image of its generator ψ(σ) in Em (Kv ).
So Hom(GLm /Kv , Em (Kv )) is non-canonically (depending on the choice of π
and the generator σ) isomorphic to Em (Kv ).
Let Ẽ/kv be the reduction of E/Kv . We have Em (Kv ) ' Ẽm (kv ) by
Lemma 2. Together with the above argument this implies that
Hom(GLm /Kv , Em (Kv )) is isomorphic to Ẽm (kv ). Also, since Br(Kv )[m] is
m
cyclic of order m, it is isomorphic to kv× /(kv× ) .
By Lemma 2 we also have E(Kv )/mE(Kv ) ' Ẽ(kv )/mẼ(kv ). Thus, as a
corollary of Lichtenbaum’s theorem, we obtain the well known cryptographic
Tate pairing which can be efficiently computed.
Corollary 6. There is a non-degenerate pairing
ϕm : Ẽ(kv )/mẼ(kv ) × Ẽm (kv ) → kv× /(kv× )m ,
which is given by the following rule: Let P1 ∈ Ẽ(kv ) and P2 ∈ Ẽm (kv ) be
two points on the reduced elliptic curve. Let Di be a divisor equivalent to
(Pi ) − (O) (i = 1, 2), such that D1 and D2 are coprime. Let f2 be a function
on Ẽ with divisor mD2 . Then
ϕm (P1 + mẼ(kv ), P2 ) = f2 (D1 ),
where f2 (D1 ) is considered as an element of kv× /(kv× )m .
Remark. Let P1 ∈ E(Kv ) and P2 ∈ Em (Kv ) be as in Theorem 1, and let %
be the homomorphism sending σ to P2 . Let P˜1 , P˜2 be the reductions of P1
and P2 , respectively. By Lemma 2, E(Kv )/mE(Kv ) ∼
= Ẽ(kv )/mẼ(kv ), and
∼
˜
˜
Em (Kv ) = Ẽm (kv ). This implies that ϕm (P1 , P2 ) is nonzero if and only if
hP1 + mE(Kv ), %iKv is nonzero.
Hence we can conclude that the Tate local pairing
h , iKv : E(Kv )/mE(Kv ) × H1 (Kv , E)m → Q/Z
is nonzero if the cryptographic Tate pairing ϕm (P˜1 , P˜2 ) for the corresponding
points P˜1 , P˜2 is nonzero.
For efficient computation of the cryptographic Tate pairing, see [1] and [6].
7. Application to Kolyvagin Cohomology Classes
In this section we apply the results explained in the previous section
to certain Kolyvagin cohomology classes. Let E, K, p and m be as in
Section 3.3. Suppose that ` is a Kolyvagin prime for (E, K, p, m + 1), such
that the class d`,m is an element of the Shafarevich-Tate group X(K, E),
i.e. d`,m is locally trivial at the unique place λ | `.
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We provide a method for testing whether the class d`,m is a non-trivial
element of X(K, E) by pairing the class d`,m with another everywhere locally trivial Kolyvagin cohomology class dn0 ,1 (which we call a test class)
with ` - n0 . If hd`,m , dn0 ,1 iC 6= 0, then both the class d`,m and the test
class dn0 ,1 are nonzero elements of X(K, E). However, if hd`,m , dn0 ,1 iC = 0,
then we cannot conclude anything. So in practice, we will have to compute
hd`,m , dn0 ,1 iC for multiple test classes. Our algorithm takes as input the
data (E, K, p, m, `, n0 ) for which both d`,m and dn0 ,1 are (possibly trivial) elements of X(K, E). The output is TRUE or FALSE depending on whether
the pairing is nonzero or zero, respectively.
We test whether the Cassels pairing is non-zero via the Tate pairing over
finite fields by using Proposition 3 and the reduction in Section 6. First,
we use the methods in Section 8 to compute the coordinates of the Heegner
points y` , yn0 and their Galois conjugates. Once we do this, we can compute
the points P` and Pn0 in E(K) defined in Section 3. By Proposition 3,
hd`,m , dn0 ,1 iC = hPn0 , resλ (d`,m+1 )iKλ .
The field Kλ contains the pm+1 -th roots of unity since the Kolyvagin assumptions imply that #F×
= `2 − 1 ≡ 0 mod pm+1 . Hence we can apply
`2
Proposition 4 with the local field Kλ and pm+1 . Let M := pm+1 . We obtain
H1 (Kλ , E)M ∼
(GL /K , EM ).
= HomG
Kλ (EM )/Kλ

M

λ

By the previous section, hPn0 , resλ (d`,m+1 )iKλ is nonzero if ϕpm+1 (P̃n0 , Q) is
nonzero, where
m+1

/(F×
)p
ϕpm+1 : Ẽ(F`2 )/pm+1 Ẽ(F`2 ) × Ẽpm+1 (F`2 ) → F×
`2
`2

is the cryptographic Tate pairing, P̃n0 is the image of Pn0 in Ẽ(F`2 ), and Q
is the image of resλ (d`,m+1 ) in Ẽpm+1 (F`2 ).
Since we have an explicit description for a 1-cocycle that represents the
class c`,m+1 associated to the Heegner point y` (see Equation (1) in Section 3.3), we can compute its image in Hom(GLM /Kλ , ẼM (F`2 )) and therefore
the corresponding point on the reduction ẼM (F`2 ). Thus, we can compute
the pairing ϕM .
8. Computational Aspects
We describe computational aspects of the above algorithm and discuss
some of the implementation issues.
8.1. Choice of E, p, D, `, n0 . Choose a non-CM elliptic curve E over Q of
conductor N and analytic rank 1 from Cremona’s tables [4] with non-trivial
conjectural p-part of X(K, E) for some odd prime p such that ρE,p is surjective, and some quadratic imaginary field K with a Heegner discriminant
D coprime to p. In our case, conjectural order of X(K, E) means the order
predicted by a combination of the Birch and Swinnerton-Dyer conjecture
and the Gross-Zagier formula for E/Q and the twist E D /Q. The precise
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conjecture (as stated in [17]) says that if the Heegner point yK ∈ E(K) has
infinite order then
!
[E(K)/E(K)tors : ZyK ]
Q
#X(K, E) =
,
c · q|N cq
where cq is the Tamagawa number for E at the prime q and c is a constant
which depends on the modular parameterization (the Manin constant). The
computation of the conjectural order of X(K, E) has been implemented in
SAGE and uses the Heegner point algorithm of Watkins (see [25]). We use
the methods of Section 3.2 to test the surjectivity of the Galois representation ρE,p . For example, we check that the curve E : y 2 + y = x3√+ x2 (curve
43A1 in [4]) has non-trivial 7-torsion in X(K, E) for K = Q( −163) and
the representation ρE,7 is surjective.
Once E, p and D are chosen, pick Kolyvagin primes ` for (E, p, D, 1) and
n0 for (E, p, D, 2).
8.2. Computation of Heegner points Pn over ring class fields. To
the best of our knowledge, there is no existing package which implements
the computation of Heegner points over ring class fields. We have already
managed to do several computations and we are currently implementing
such a package in MAGMA and SAGE. This section explains some of the
difficulties encountered during the implementation.
P
We compute the Heegner point P` = σ∈S σ(D` y` ) over the ring class
field K` by computing the minimal polynomial of its x-coordinate. The last
step is achieved by running through all of the GK` /K = Pic(O` )-conjugates,
where O√
` is the order of conductor ` in K. Since ` is an inert prime in
K = Q( D), the degree of the ring class field over K is (` + 1)hK , where
hK is the class number of K. We generate ideal class representatives for
Pic(O` ) by using Sebastian Pauli’s package.
To compute P` and its GK` /K -conjugates we use the reciprocity law. If
c represents a class in Pic(O` ), then the ideal class [c] acts on the Heegner
point [C/I → C/J] by mapping it to the point [C/c−1 I → C/c−1 J]. Once we
compute τ in the upper half plane corresponding to eachX
conjugate, we need
an n
to evaluate ϕ(τ ) to sufficient accuracy, where ϕ(τ ) =
q , q = e2πiτ ,
n
n≥1

and an is the n-th Fourier coefficient of the modular form corresponding to
the elliptic curve E.
Evaluating ϕ to sufficient accuracy turns out to be computationally expensive. First of all, the number of digits of accuracy required is significant
and can be estimated as in [3] and [5] in terms of the height of the Heegner
point. Cohen and Elkies address the computation of Heegner points with
coefficients in Q, and use three tools which hold over Q: (1) known bounds
on the difference between the naı̈ve and canonical heights of the Heegner
point [3, Thm.8.1.18], (2) the Gross-Zagier formula for the canonical height
of the Heegner point in terms of the derivative of the L-series [11], and (3)
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the conjectural BSD formula relating the derivative of the L-series to the
order of X and the regulator (see [3, Alg.8.6.11, Step 1]). In our setting,
the Heegner points are defined over the ring class field and we make rough
estimates of the accuracy required using a conjectural generalization of the
Gross-Zagier formula [19, Statement 2.6].
Secondly, the computation of the Heegner points requires not only large
amounts of precision to evaluate and recognize, but also many terms from
the Fourier expansion of the modular form. Cohen gives an estimate for
the number of terms needed for computing Heegner points over Q in [3,
Alg.8.6.11, Step 4] in terms of the binary quadratic forms representing the
ideal classes. Even using the estimate from Cohen, for an example of conductor 681 with D = −8 and ` = 23 we need 5, 000 digits of precision for
each of the 24 conjugates to be computed, each using more than 20, 000
terms from the Fourier expansion.
Finally, τ can be very close to the real axis. This means that the computation of ϕ(τ ) would require a huge number of Fourier coefficients, thus
making the computation impractical. One way to move τ away from the real
axis is by replacing it with another complex number in the Γ0 (N )-orbit. But
in practice we only changed the imaginary part of τ from ∼ 10−60 to 10−50
in one example unless we searched extensively for a good transformation. If
a Heegner point is very close to a cusp point c for X0 (N ), then it cannot be
moved away from the real axis by an element of Γ0 (N ). To fix this problem,
one could use a suitable element of the Atkin-Lehner group to move c to the
cusp i∞ and notice that the Heegner point would change by multiplication
by the Atkin-Lehner sign modulo a rational torsion point on E. This trick
was suggested to us by Elkies (see also [5]), but has not been implemented
yet in our context.
The last few steps of the algorithm involve applying the Weierstrass ℘function to the point ϕ(τ ) on the complex uniformization C/Λ of E to obtain
the x-coordinate of the Heegner point, forming the minimal polynomial of
the x-coordinate over the field K, and using the continued fraction algorithm
to recognize the coefficients of this polynomial.
8.3. Example: D = −43, p = 3, ` = 5, N = 53. Let E be the elliptic curve
53A1 from Cremona’s tables [4] with Weierstrass equation E : y 2 + xy + y =
x3 − x2 . We check that D = −43 is a Heegner discriminant for this elliptic
curve and that the Galois representation
√ ρE,3 is surjective. Conjecturally,
X(K, E)[3] ∼
= Z/3 × Z/3 for K = Q( −43).
By computing the coefficients of the Fourier expansion, we determine that
` = 5 is a Kolyvagin prime for (E, −43, 3, 1) and n0 = 197 is a Kolyvagin
prime for (E, −43, 3, 2).
Using 1,000 digits of accuracy and 20,000 Fourier coefficients, we computed the minimal polynomial of the x-coordinate of the point P5 :
P (z) = z 6 + (2045961550028398354019846082890058600722646552453685517386
186036755735230958926121110126092640028956981669925703589697749286
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08738346535454009723963033441227573945250812526592z 5 + 637250300427671178
987565631065752908232209584718768008874938108967644435098895822373188280
455257756477006657245743456233002280431824710711974127071333631952526146
313519104000z 4 + 20805445655501504134965503471885638588692358697391036334
236847175429322507684324106952347077585191315771228380486804107612598244
16103307192905579123549605819702441407985745920z 3 + 124073523427109142970
312108380982141933169536914576066849292115924516546138843491411048070957
630529315484744758338692295906383543346561490265706999166923974684725030
4861143040z 2 + 4069335983471139531839149956315196723470523652356313323648
647696999401366480437397572970157622963181937809213358376800309388688055
079413945675614547224379522637007436370378752z + 352052518985471196547507
949621478260967102834817063129620210890897203126421518069415333850092439
0888737973299912191137099 7215661595736917668021484084120881537856744623
69910784)/224 ∗ 6014 ∗ 19298994 ∗ 186585153383212509322642647997094 .

Unfortunately, P197 and its conjugates have not been computed yet and
will require further implementation tricks as discussed above to finish the
computation.
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