
Math 311M Fall 2011

Practice Problems for the Final Exam

Problem 1 Let G be a group and let x, y ∈ G. Show that (xy)−1 = y−1x−1.

Problem 2

1. Show that a group G can only have one identity element.

2. Show that in a group G every element has exactly one inverse.

Problem 3 How many groups are there that have 11 elements (up to isomorphism)?

Problem 4 Show that if π, σ are disjoint permutations in S(n), then the order of πσ is the
least common multiple of the order of π and the order of σ.

Problem 5 What is the highest possible order of an element in S(8)?

Problem 6 Determine the order and sign of each of the following permutations:

1. (1 2 3 4 5)(8 7 6)(10 11)

2. (1 3 5 7 9 11)(2 4 6 8 10)

Problem 7 Let H0 be the group with 8 elements H0 = {±1,±i,±j,±k} and multiplication
rules

i2 = j2 = k2 = −1, ij = k, ji = −k, jk = i, kj = −i, ki = j, ik = −j.

(You don’t have to check that these 8 elements together form a group.) (This is a subgroup
of the famous quaternions.) Does H0 have a subgroup of order 4? If so, is there a subgroup
with 4 elements that is cyclic?
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Problem 8 Solve the simultaneous congruences

3x ≡ 1 (mod 5)

2x ≡ 6 (mod 8).

Problem 9 Find all solutions (if there are any) of the congruence

64x ≡ 32 (mod 84)

Problem 10 A standard deck of 52 cards is dealt to four people, called North, South, East
and West. Of the 52! permutations of the deck, for how many will it be the case that North
has 2 Spades, East has 2 Spades, South has 4 Spades, and West has 5 Spades? (You may
use the factorial notation to express your answer.)

Problem 11 Two dice are thrown n times in succession. Determine the probability that
double 6 appears at least once.

Problem 12

1. Suppose there are n people in a room. What is the probability that no two of them
celebrate their birthday on the same day?

2. How large does n have to be so that the probability that at least two people share a
birthday is ≥ 1/2? (This part requires a calculator.)

Problem 13 In a poker game, what is the probability of being dealt two pairs?
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