
Math 311M Homework 2
Fall 2011

Due: Friday, September 9

1. Prove each of the following statements using induction.

(a) Bernoulli’s Inequality which states: If x ≥ −1 then (1 + x)n ≥ 1 + nx for all
natural numbers n.

(b) For all natural numbers n ≥ 1, 4n+1 + 52n−1 is divisible by 21.

2. One day, you find a shady-looking flyer in downtown that advertises an undergraduate
research position in the Ohio State Geology department. After you make your way
down to Columbus, Dr. Hoover, the professor in charge, hands you the following as-
signment to keep you busy for the first year, complaining that none of the Ohio State
undergraduates have been able to help him.

You are given a single large pile of pebbles to start with. You then repeat the following
operation: pick any pile of pebbles (with two or more pebbles in it) and split this pile
into two smaller piles any way you wish; count the number of pebbles in each of the
two new piles you just created (say, k1 and k2), and write down their product k1k2 in
your lab notebook. You keep repeating this operation until each pebble is in its own
pile. Once you are done, you add up all the numbers you wrote down and record this
final result in your book. Dr. Hoover wants you to run many such experiments, varying
your choice of which pile to split, how to split it, and also the number of pebbles in
the original pile.

Give a convincing argument for Dr. Hoover (and his funding agency) that this is
a pointless experiment, because no matter how you split the piles your answer will
always come out to be n(n − 1)/2, where n is the number of pebbles in the original
pile (which you can just count at the beginning).

3. Tower of Brahma. This game is also known as the Towers of Hanoi or the End of the
World Puzzle. It was invented by the French mathematician Edouard Lucas, in 1883.
Accompanying the puzzle is a story:

In the great temple at Benares beneath the dome which marks the center of the world,
rests a brass plate in which are fixed three diamond needles, each a cubit high and
as thick as the body of a bee. On one of these needles, at the creation, God placed
sixty-four disks of pure gold, the largest disk resting on the brass plate and the others
getting smaller and smaller up to the top one. This is the Tower of Brahma. Day and
Night unceasingly, the priests transfer the disks from one diamond needle to another
according to the fixed and immutable laws of Brahma, which require that the priest on
duty must not move more than one disk at a time and that he must place this disk on
a needle so that there is no smaller disk below it. When all the sixty-four disks shall
have been thus transferred from the needle on which at the creation God placed them



to one of the other needles, tower, temple and Brahmins alike will crumble into dust,
and with a thunderclap the world will vanish.

Prove by induction the exact number of moves required to carry out this task in
general, if there are n disks on the original needle. Assuming that the priests can move
a disk each second, roughly how many centuries does the prophecy predict before the
destruction of the World?


