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Abstract
We consider a mathematical model of a high contrast two phase composite

material with inclusions (fibers) close to touching in two space dimensions. The
inclusions form a periodic array and have an optimal shape which is curvilinear
square with rounded-off angles (“nearly square”) described by a flattening pa-
rameter m. We present an asymptotic formula for the effective conductivity Âδ

of the composite when the interparticle distance δ goes to zero. This formula
captures the dependence of Âδ on the parameter m. We also introduce a recur-
rence sequence of the kth order cell problems (k = 0, 1, 2, . . .) and present the
formula for a full asymptotic expansion of the solution to the problem.
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Introduction
This work is devoted to the problem of determining the effective conductiv-

ity of a two phase high contrast composite material. We consider a mathemat-
ical model of a composite of a homogeneous medium (called matrix or host)
in which a large number of small perfectly conducting, identical inclusions
(particles or fibers) are periodically distributed. We focus on the case of the
inclusions of the optimal shape, which is a curvilinear square with rounded-off
angles that we hereafter refer to as nearly square inclusions (see Fig.1). The
optimality property for inclusion shapes will be described below. Our goal is to
obtain an asymptotic formula for the effective conductivity when the concen-
tration of the inclusions in a host material is close to maximal and investigate
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an explicit dependence on the shape of inclusions in two dimensions, that is,
for a composite of unidirectional fibers in a matrix.

There are three main features of this problem: high contrast ratio of the
constituents, high volume fraction of the inclusions, and the optimal shape of
the fiber cross-section.

For circular fibers and spherical particles arranged in periodic array the for-
mal asymptotic analysis of the effective conductivity in the almost touching
regime was performed in [9]. The key observation there is that the dominant
contribution to the effective conductivity comes from thin gaps between closely
spaced inclusions, so that the electric field outside of these gaps does not con-
tribute to the leading term of asymptotics of the effective conductivity.

An analogous formula for irregular (random) arrays of infinitely conducting
circular fibers in matrix of finite conductivity was studied in [3]. Asymptotic
formulas obtained there take into account variable distances between neighbor-
ing fibers and percolation effects. Also, in [3] a variational duality approach
was developed for justification of such asymptotic formulas. In particular, this
method provides a justification of the asymptotic formula of [9] for square
periodic arrays.

Although the circular fibers are quite common in the practical design of
composite materials, such a shape is not optimal for electrical properties. From
[6] one can deduce that in two dimensions the so-called Vigdergauz microstruc-
ture (introduced and studied in [12, 13], [7]) minimizes the electric energy
among all composites made from the same components at the same volume
fractions. In [7], a shape of an optimal inclusion is given in terms of the el-
liptic integrals of the 1st kind. A simple analysis of these formulas shows that
such inclusions under certain symmetry conditions on the geometry and load
have the nearly square shape.

We observe that these nearly square inclusions have a so-called mth order
property, namely if we consider the points of the shortest distance between
two neighboring inclusions then the osculating curves at these two points are
no longer quadratic parabolas but parabolas of mth order (xm), that is, the
curvature of the boundary of the inclusion is zero at these points. Our main
objective is to study the dependence of the effective conductivity on this flat-
tening parameter m. For this study it is sufficient to model the inclusions with
simpler curves which provide the same asymptotic formulas near planar points
up to a constant multiplier.

The effective conductivity of the material of finite conductivity with ide-
ally conducting inclusions is defined by the Dirichlet integral over the entire
periodicity cell of the solution to the so-called cell problem (10)-(13). This
problem was derived in [4, 8] by compensative compactness type techniques
in the homogenization limit as the period of microstructure ε → 0. In [5] an
alternative method to derive this cell problem is given based on a two-scale ex-
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pansion in a small parameter ε suggested in [1, 2, 11, 8] for finite contrast two
phase composites. In [5] we generalize this technique for the high (infinite)
contrast case which allows us to formally derive a full asymptotic expansion in
ε of the solution to our problem (see Theorem 4).

Here we consider a rescaled periodicity cell introduced below in which we
state the cell problem. Then the effective conductivity of the material under
consideration is defined by the Dirichlet integral over this periodicity cell.

As it was mentioned above, a thin neighborhood of a segment joining two
planar points (thin gap between neighboring inclusions), which is hereafter
referred to as a neck, determines the asymptotics of the effective conductivity in
the close touching regime. In [5] we prove this assertion by variational duality
bounds. In the neck we construct a simple function referred to as the quasi-
minimizer in the neck which is not an asymptotic solution of the boundary value
problem in thin gap but provides the correct asymptotics to the leading term of
the Dirichlet integral in the neck. Theorem 2 claims that the asymptotics of the
effective conductivity of the material with perfectly conducting inclusions in
almost touching regime has the same leading term and given by formula (31),
where δ is the interparticle distance described below.

An asymptotic procedure for determining the effective conductivity consists
of two parts: (i) finding an asymptotic solution of the problem in the thin neck
between two inclusions, and (ii) evaluating of the contribution to the effective
conductivity from the remaining portion of the cell (outside the neck).

We remark here that the problem (i), that is the Dirichlet problem for the
Laplace equation in a thin gap between two smooth surfaces of mth order, was
also considered in [10]. The approach used there is different from ours. In
[10] an elegant recurrence procedure for constructing an asymptotic solution
of the PDE was suggested and justified. Then the Dirichlet integral was com-
puted by integrating this solution. Since our objective is to find the effective
conductivity we do not need to employ the sophisticated analysis of [10] to
construct the asymptotic formulas for the solution of PDE. Instead, we intro-
duce the quasi-minimizer in the neck that provides the same leading term of the
Dirichlet integral as the solution, and then we use this much simpler function
in construction of the upper and lower bounds for the effective conductivity.
This allows us to bypass the construction of the solution of PDEs.

The proof that the effective conductivity has the asymptotic representation
(31) requires the step (ii). This issue was not considered in [10] since the effec-
tive conductivity was not an objective there. Note that the step (ii) shows that
the asymptotic formulas for thin gaps also describe the effective conductivity
of the composite. The proof of Theorem 2, presented in [5], is done by con-
structing the upper and lower bounds for the effective conductivity that match
up to the leading term.
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Note that since we are concerned with the close to touching regime, the cell
problem obtained in the homogenization limit as ε → 0 still has another small
parameter δ which describes the interparticle distance in the rescaled periodic
structure of period 1 (original structure has period ε). In this paper we treat ε
and δ as two independent small parameters by considering first the asymptotic
limit ε → 0 followed by δ → 0.

Formulation of the problem
Let Q ∈ R2 be an open bounded domain with smooth boundary ∂Q. Let

Y = (0, 1)× (0, 1) be the unit cell referred to as the reference cell. Denote by
Σ an open subset of Y with smooth boundary ∂Σ, Σ is symmetric with respect
to the permutation of the axes (Fig.1).

We introduce rescaled translated sets in R2:

ε(Σ + k), k ∈ Z× Z, (1)

where ε > 0, and denote γε =
∞⋃

|k|=1

ε(Σ + k). Then γε represents a set of

"inclusions" in R2 periodically distributed with period ε ¿ 1. Now we denote
by Dε the set of the "inclusions" of the form (1) that are contained in Q:

Dε =
N(ε)⋃

|k|=1

ε(Σ + k) =
N(ε)⋃

l=1

Dl, l = |k| ∈ Z, (2)

where N(ε) is the total number of the inclusions in Q. Then Qε = Q \Dε is

Figure 1. The reference periodicity cell
Y .

Figure 2. The cross-section of the com-
posite.

a perforated domain possessing a periodic structure with the period ε (Fig.2).
For simplicity we assume that ∂Q ∩ Dε = ∅. This domain Qε models the
matrix of the composite and the sets Dl (l = 1..N(ε)) model the inclusions
periodically distributed in this material. Thus for every fixed ε, δ > 0 the
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electrical potential vδ
ε satisfies the following boundary value problem:

4vδ
ε = 0 in Qε (3)

vδ
ε = Cl on ∂Dl, l = 1..N(ε) (4)

∫

∂Dl

∂vδ
ε

∂n
dS = 0 l = 1..N(ε) (5)

vδ
ε = g on ∂Q (6)

where Cl, l = 1..N(ε), are unknown constants, g is a given L2(∂Q) function.
Recall that as ε → 0 the solution vδ

ε of (3)-(6) converges to vδ
0, where vδ

0

solves the following homogenized problem [4, 8]:

∑

i,j

∂

∂xi

(
Âδ

ij

∂vδ
0

∂xj

)
= 0 in Q, (7)

vδ
0 = g on ∂Q. (8)

where Âδ
ij is a constant matrix called an effective conductivity tensor. Our main

objective is to derive an asymptotic formula for the effective conductivity of the
material with nearly square inclusions so that this formula explicitly captures
the dependence of Âδ

ij on the shape.
The effective conductivity of the composite with perfectly conducting inclu-

sions is given by the following formula [4]:

Âδ
ij =

∫

Y
∇ui · ∇uj dξ, (9)

where uj (j = 1, 2) is the solution of cell problem:

4uj = 0 in Y \ Σ (10)
uj = C on ∂Σ (11)∫

∂Σ

∂uj

∂n
dS = 0 (12)

uj − ξj is Y -periodic (13)

where ξ = (ξ1, ξ2) ∈ R2 is a rescaled variable and the Y -periodicity condition
means that uj−ξj and its normal derivatives agree on the opposite faces of ∂Y .
The constant C is unknown and should be found in the course of the solving
this problem. Below we present the sequence of the kth order cell problems
and show that (10)-(13) corresponds to the case k = 1. Moreover, this allows
us to obtain the formula (9) by using a method different from the one of [4].

Due to the symmetry we have Âδ
ij = 2Âδδij , where Âδ is called an effec-

tive conductivity constant. So it is sufficient to solve only one periodicity cell
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problem. It can be shown that one can deal with the following boundary value
problem:

4uδ = 0, in Ω (14)

uδ =
1
2
, on G2 (15)

uδ = −1
2
, on G1 (16)

∂uδ

∂n
= 0, on G± (17)

where the domain Ω is shown on Fig.3. G1 and G2 are the lower and upper
boundaries of this domain respectively, G− and G+ are the lateral boundaries,
so that ∂Ω = G− ∪G+ ∪G1 ∪G2. The problem (10)-(13) is equivalent to the
problem (14)-(17) in a sense of the equality of the Dirichlet integrals of their
solutions. Hereafter we refer to (14)-(17) as the cell problem.

Thus, Âδ is defined by the Dirichlet integral:

Âδ =
1
2

∫

Ω

∣∣∣∇uδ
∣∣∣
2

dx (18)

where uδ is the solution of the problem (14)-(17). From now on we call Âδ the
effective conductivity.

There are two specific features of the cell problem (14)-(17). First, since
we are concerned with dense composites, the small parameter δ (interparticle
distance) enters this problem. Note that in the domain Ω, δ is the distance
between boundaries G1 and G2. Second, the inclusions are of the optimal
(nearly square) shape described by the flattening parameter m.

Figure 3. The domain Ω Figure 4. The distance δ between inclu-
sions and four planar points

Shape of the inclusions. As it was mentioned above the Vigdergauz mi-
crostructure minimizes the electric energy. Under square symmetry conditions
the inclusion shape in such a microstructure is given by the following proce-
dure [7]. (Due to the symmetry it is enough to have the parametrization of one
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quarter of the boundary of the inclusion). For the square periodicity cell one
can find the parameter h (0 < h < 1) depending on the given volume fraction
θ of the inclusions in the matrix as the solutions of the following equation:

θ =
(1− h)2

(1− h2)
.

Let
F (x| k) =

∫ x

0

ds√
(1− s2)(1− ks2)

, K(k) = F (1| k),

be the incomplete and complete elliptic integrals of the first kind, respectively,

and the parameter k

(
1
2

< k < 1
)

a solution of the equation h =
K(1− k)

K(k)
.

Then the quarter of the boundary of the Vigdergauz inclusion which can be
obtained from the formulas in [7] is given by the following parametrization:

x(t) =− (1− h)
2(1− h2)K(k)

F (
√

1− t | k), (19)

y(t) =
(1− h)

2(1− h2)K(k)
F

(√
1− M

t

∣∣∣∣∣ k

)
, (20)

where

M =
(1− k)2

k2
,

and parameter t varies from M to 1.
As it was explained in Introduction, for the purposes of this this work it is

sufficient to consider a simpler curve which describes the nearly square shape
and captures precisely (up to a constant multiplier) the asymptotic dependence
on the flattening parameter m. We choose the following curve:

xm + ym = Rm, (21)

where R is a half-width of the inclusion.
The main feature of inclusion boundaries given by all above descriptions is

that each inclusion in the square periodic array described above has 4 planar
points (points A, B, C, D on Fig. 4). These 4 points are the endpoints of the
segments of the shortest distance δ between neighboring inclusions (Fig.4). As
we will see below, the gradient of the potential vδ

ε in the small neighborhoods
("necks") of these segments determines the asymptotic behavior for the effec-
tive conductivity to the leading order as δ → 0. This qualitative statement
is given rigorous meaning in the proof of the Theorem 2 in [5]. The neck is
shown as the shadowed region on Fig.4 and Fig.6.

At these planar points the boundary of the inclusions can be approximated
by the osculated parabolas of mth order. These parabolas are given by the
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formula y = cxm +
δ

2
(Fig.5), where the positive constant c is defined below.

For simplicity we consider the even values of m and show how to find the
corresponding constant c. For odd m, the choice of c can easily be adjusted. If
the boundary of the inclusion is given by (21) then

c =
R1−m

m
. (22)

If the inclusion is given by (19) then the following procedure can be applied for
determining the constant c. One can expand both x and y in terms of powers

of t: x(t) =
∞∑

n=1

antn, y(t) =
∞∑

n=1

bntn around t = 1, corresponding to x = 0,

then the coefficient c is given by:

c =
|bm|
am

1

. (23)

Note, that in case (19), m is the power of the first nonzero term in y expansion.

Figure 5. Approximation of the inclu-
sion boundary by smooth curves

Figure 6. The neck Π

Quasi-minimizer in the neck and its Dirichlet integral
Consider the domain Ω (Fig.3). We choose the coordinate system as shown

on Fig.6. Introduce a thin neck between inclusions as a domain:

Π =
{

(x, y) ∈ R2 | x ∈ (−S, S), −cxm − δ

2
< y < cxm +

δ

2

}

where S < R, S is the the half of neck width, and parameters R, m and c were
introduced above.

Define

Γ± =
{

(x, y) ∈ R2 | x ∈ (−S, S), y = ±cxm ± δ

2

}
,
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and consider the following boundary value problem in the domain Π:

4wδ = 0, (x, y) ∈ Π (24)

wδ =
1
2
, (x, y) ∈ Γ+ (25)

wδ = −1
2
, (x, y) ∈ Γ− (26)

wδ =
y − cSm

δ
, x = ±S, −cSm − δ

2
< y < cSm +

δ

2
(27)

where the condition (27) of the problem is just a linear interpolation in y.
Define the distance between Γ− and Γ+ as H(x) = 2cxm+δ, x ∈ (−S, S).

The quasi-minimizer in Π can be obtained by applying the generalization of the
J. Keller’s observation, made for the circular fiber case (m = 2) [9], to the case
of m > 2 that the solution to the problem (24)-(27) is linear in y:

w̃δ(x, y) =
y

H(x)
. (28)

Next we evaluate the Dirichlet integral of w̃δ over the neck Π defined by
(28):

IΠ[w̃δ] =
1
2

∫

Π

∣∣∣∇w̃δ
∣∣∣
2
dx (29)

The following Lemma holds.

Lemma 1 The Dirichlet integral over the thin neck Π is given by the following
asymptotic formula:

IΠ[wδ] =
1
δ

m

√
δ

2c

π

m

1
sin π

m

+ O(1), as δ → 0. (30)

Main results
In Theorems 2, 3 below, we obtain an explicit dependence of Âδ on the

parameter m.

Theorem 2 Given a flattening parameter m, which is an integer greater or
equal than 2. Let δ be the interparticle distance and c is defined by either (22)
or (23), depending on the inclusion description. Then the effective conductivity
Âδ is given by the following asymptotic formula:

Âδ =
1
δ

m

√
δ

2c

π

m

1
sin π

m

+ O(1), as δ → 0. (31)
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If the only information available is that the flattening parameter m varies
within known limits (the inclusion shape is given by (21)) then we are able to
obtain the following bounds on Âδ:

Theorem 3 If 2 ≤ α ≤ m ≤ β then

1
δ

α

√
δ

2c

π

α

1
sin π

α

+ O(1) ≤ Âδ ≤ 1
δ

β

√
δ

2c

π

β

1
sin π

β

+ O(1)), as δ → 0.

Note that if in (31) we pass to the limit as m → ∞ then we obtain that

Âδ ∼ 1
δ

which agrees with the direct calculation of Âδ for square perfectly
conducting inclusions in a square cell.

The Full Asymptotic Expansion
In this subsection the cell problem (14)-(17) and the full asymptotic expan-

sion of the solution vε of (3)-(6) will be described (we omit the superscript δ
since the dependence on the parameter δ is not considered here).

The standard approach in this type of problems is to introduce the "fast"
variables ξ1 =

x

ε
, ξ2 =

y

ε
, and search for a solution of the problem (3)-(6) in

the form of a two-scale asymptotic expansion:

vε(x, ξ) = v0(x) + εv1(x, ξ) + ε2v2(x, ξ) + . . . , ξ =
x
ε

(32)

where x ∈ Q and vi are Y -periodic functions in ξ ∈ R2.
Introduce the recurrence sequence of kth order cell problem stated on the

reference periodicity cell Y :

4Nj1,..,jk
= −2

∂Nj2,..,jk

∂ξj1

−Nj3,..,jk
δj1j2 , ξ ∈ Y \ Σ (33)

∂Nj1,..,jk

∂ξi
= −Nj2,..,jk

δij1 , i = 1, 2, ξ ∈ Σ (34)
∫

∂Σ

∂Nj1,..,jk

∂n
dS = −

∫

∂Σ
Nj2,..,jk

nj1dS, (35)

Nj1,..,jk
is Y -periodic function of ξ ∈ R2, (36)

where δij is the Kronecker delta, nj is the outer normal to ∂Σ, ji = 1, 2.
We define Nj = 0 when | j | < 0 and N∅ = 1. Then we have

Theorem 4 Let vε be the solution of the problem (3)-(6). Then vε can be
represented in the form of the asymptotic expansion (32), where v0 is the solu-
tion of the problem (7)-(8). The functions vk, k > 0, in this expansion have the



The Effective Conductivity of Densely Packed High Contrast Composites 11

following form

vk(x, ξ) =
∑

| j |=k

Nj(ξ)D j v0(x), x ∈ Q, ξ ∈ R2, (37)

where j = (j1, .., jk) is multi-index (ji = 1, 2), D j v0(x) =
∂| j |v0

∂xj1 . . . ∂xjk

,

and the function Nj is the solution of the kth order cell problem (33)-(36).

We remark here that the function v0 does not depend on ξ.
From Theorem 4 we obtain the first order cell problem for j = 1, 2:

4(Nj(ξ) + ξj) = 0 ξ ∈ Y \ Σ (38)
Nj(ξ) + ξj = C ξ ∈ Σ (39)∫

∂Σ

∂(Nj + ξj)
∂n

dS = 0 (40)

Nj is Y -periodic (41)

where C is unknown constant. Denote

uj(ξ) = Nj(ξ) + ξj , j = 1, 2 (42)

then uj satisfies the problem (10)-(13).
The following propositions hold.

Proposition 5 Denote

v(1)(x, ξ) = v0(x) + ε
2∑

j=1

Nj

(x
ε

) ∂v0

∂xj
(x), x ∈ Q, ξ ∈ Y.

Then

4v(1) = O(ε), in Qε,

v(1) = Cl + O(ε), on ∂Dl, l = 1..N(ε),
∫

∂Dl

∂v(1)

∂n
dS = O(ε2), l = 1..N(ε),

v(1) = g + O(ε), on ∂Q.

Proposition 6 The components of the effective conductivity tensor are

Âij =
∫

Y \Σ
∇ (Ni + ξi) · ∇ (Nj + ξj) dξ, i = 1, 2, j = 1, 2. (43)
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