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Summary. We introduce a discrete network approximation to the problem of the
effective conductivity of a high contrast, densely packed composite in three dimen-
sions. The inclusions are irregularly (randomly) distributed in a host medium. For
this class of arrays of inclusions we derive a discrete network approximation for ef-
fective conductivity and obtain a priori error estimates. We use a variational duality
approach to provide rigorous mathematical justification for the approximation and
its error estimate.
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1 Introduction

We study composites of highly-conducting identical spherical inclusions em-
bedded into a matrix (host medium) of finite conductivity. Our main objective
is to obtain the dependence of the effective conductivity on the irregular (non-
periodic or random) geometry of a dense spatial array of inclusions.

Periodic arrays of highly conducting inclusions were analyzed in [Kel63]
(for other references see e.g. [BK01]). For non-periodic arrays of inclusions the
geometric connectivity patterns may lead to physical effects, which are not
seen in the periodic case. For example, the percolation effects may appear.
This issue was addressed in [BK01] for an analogous two-dimensional problem,
where a discrete network approximation for the effective conductivity was de-
veloped for irregularly distributed disks (see e.g. [BK01, BN02, BP98, BBP03]
for references on other discrete network models). In subsequent work [BN02]
the error estimates of this approximation were obtained. In particular, it was
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shown there that the approximation and error estimates are valid in the ho-
mogenization limit as the radius of the disks tends to zero. The key ingredient
in the construction of the error estimates is the δ − N close packing condi-
tion, where N is the number of inclusions in the perimeter of a “hole” in the
conducting spanning cluster of inclusions [BN02]. Such “holes” correspond to
so-called void spaces in a particulate composite. Loosely speaking, this con-
dition allows for “holes” of size N in the cluster.

In the present work we further develop the discrete network approach,
introduced in [BK01, BN02] for the two dimensional problem, to study the
effective conductivity Â in three dimensions. Note that the geometry of the
three dimensional connectivity patterns is much more complex than in two
dimensions. This phenomenon manifests itself in various ways. For example,
while the uniqueness of the percolating spanning cluster in two dimensions is
immediate, the analogous uniqueness result in three dimensions was a major
advance in the early stages of developing mathematical percolation theory
[AKN87]. The close packing problem for spheres provides another example.
While the periodic array of disks with maximal packing density is unique
in two dimensions (hexagonal), there exist two periodic arrays of identical
spheres with maximal density (face-centered cubic and hexagonal) in three
dimensions [CS93, Ste99].

We develop a discrete approximation I for the effective conductivity Â
and study the approximation error

Error = |Â− I|.
This work contains two main results. The first result concerns an asymp-

totic relation between the effective conductivity Â and the discrete approx-
imation I. We show that Â and I satisfy the following asymptotic relation
(Theorem 3):

Â = I + O(1), as δ → 0, (1)

where the relative interparticle distance δ [BN02] is, roughly speaking, a di-
mensionless characteristic distance between inclusions in the conducting span-
ning cluster and I = O(| ln δ|). The second result involves the relative error
estimates of the discrete network approximation. In Theorem 4 we prove that

|Â− I|
I ≤ C(D)R

| ln δ| , (2)

for δ − D connected distributions of inclusions, where R is the radius of the
inclusion. D is, loosely speaking, the typical relative diameter of a void space
or a hole in the conducting cluster if the radius of inclusion is rescaled to be
1 (see Fig. 1). Here the standard definition of a conducting spanning cluster
from percolation theory was used with the connectivity defined as follows: two
inclusions are connected if the distance between them is less or equal than δR.
C(D) is a constant depending on D for which we obtain an upper bound as
an explicit function of D.
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Fig. 1. Holes of the diameter DR in a composite and 2D cross-section of the part
of the composite having a hole

The justification of the approximation and its error estimates is based
on the variational upper and lower bounds for the effective conductivity Â.
These bounds are obtained by an explicit construction of trial functions for
the direct and the dual variational problems. The trial functions are obtained
by decomposing the part of the domain complementary to the inclusions (oc-
cupied by the conducting matrix) into simple geometric figures: tetrahedra,
prisms and hoses. This decomposition is based on a central projection parti-
tion, introduced in Subsection 3.2.

The paper is organized as follows. In Section 2 we present a mathematical
formulation of the problem. The variational bounds for the effective conduc-
tivity Â are also given. In Section 3 we construct the three dimensional dis-
crete network. In particular, the central projection partition is introduced in
Subsection 3.2 and the δ-D connectedness property of the discrete network is
defined in Subsection 3.4. The variational error estimates for the effective con-
ductivity Â are then derived in Section 4. The trial functions for the lower and
upper variational bounds are constructed in Subsections 4.1 and 4.2, respec-
tively. The main results (1) and (2) are proved in Subsection 4.3. In Section 5
we present the results of a numerical simulation that show the dependance of
Â on the volume fraction of the void spaces in a composite. Finally, various
technical calculations are included in the Appendices.

2 Formulation of the problem

Consider a three-dimensional model of a two-phase composite that consists of
a matrix of finite conductivity in which a large number of identical, perfectly
conducting spherical inclusions are randomly distributed. The composite is
modeled by a parallelepiped Y = [−L1, L1]× [−L2, L2]× [−1, 1]. The inclu-
sions are modeled by identical non-overlapping balls Bi, i = 1, . . . N , of radius
R, where N is the number of inclusions. We are concerned with the high con-
centration regime, that is, the case when the characteristic distance between
two neighboring balls is much smaller than their radii. The perforated domain
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Q = Y \
N⋃

i=1

Bi (3)

models the matrix of the composite. Let ∂Q± =
{
x = (x, y, z) ∈ R3 : z = ±1

}
be the upper/lower boundary of the domain Q and ∂Qlat = ∂Y \(∂Q−∪∂Q+)
be the lateral boundary of Q.

Let the potential u(x) = u(x, y, z), x ∈ R3, be a function from H1(Q).
Introduce the space:

V =
{
u ∈ H1(Q) : u(x) = ti on ∂Bi, u(x) = ±1 on ∂Q±}

(4)

where ti (i = 1 . . . N) are real numbers to be determined in the course of
solving the problem, and define a functional:

I[u] =
1

2|Y |
∫

Q

|∇u|2dx =
1

16L1L2

∫

Q

|∇u|2dx, u ∈ H1(Q), (5)

where |Y | = 8L1L2 is the volume of the box Y .
Suppose the function u solves the variational minimization problem:

min
ũ∈V

I[ũ] =: I[u]. (6)

Then the potential u inside the matrix Q satisfies the Euler-Lagrange equation
of (6):

(a) 4u = 0, in Q

(b) u(x) = ti, on ∂Bi, i = 1, . . . , N

(c) u(x) = ±1, on ∂Q±

(d)
∫

∂Bi

∂u

∂n
dx = 0, i = 1, . . . , N

(e)
∂u

∂n
= 0, on ∂Qlat.

(7)

The effective conductivity â of the composite is defined as the minimum
of the functional (5), (6), over the class V given by (4), that is:

â = I[u] =
1

2|Y |
∫

Q

|∇u|2dx, (8)

(see e.g. [BP89, BLP78, JKO94, SP80]).
Applying Green’s formula to (5) and taking into account (7) we notice that

â can also be defined as the total flux per unit length through a horizontal

cross-section of the domain. Integrating
∫

Q

4u dx by parts and using (7a)

indicates that the total fluxes through the horizontal boundaries ∂Q− and
∂Q+ are equal:
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∫

∂Q+

∂u

∂n
dx = −

∫

∂Q−

∂u

∂n
dx. (9)

The integration by parts of
∫

Q

u4u dx yields

∫

∂Q+

∂u

∂n
dx =

1
2

∫

Q

|∇u|2dx.

Therefore for an equivalent definition of the effective conductivity we can
take, for example, the total flux through the boundary ∂Q+ per unit length
defined by

â =
1
|Y |

∫

∂Q+

∂u

∂n
dx =

1
|Y |

∫

∂Q+

∂u

∂z
dx. (10)

For simplicity, we use a rescaled quantity Â = â |Y | = 8L1L2â =
∫

∂Q+

∂u

∂z
dx.

Our goal is to use a variational approach to investigate Â when inclusions
are close to touching. Besides the direct variational problem (5), (6), (4) we
consider a dual variational problem in which Â is equivalently defined [ET76]
as a maximum of the functional J :

Â = max
ṽ∈W

J [ṽ] =: J [v], (11)

where
J [v] = −1

2

∫

Q

v2dx +
∫

∂Q+
v · n dx−

∫

∂Q−
v · n dx, (12)

and the class of all fluxes W is given by:

W =
{
v ∈ L2(Q) : v(x) · n = 0 on ∂Qlat,

∫

∂Bi

v · n dx = 0, div v = 0 in Q

}
.

(13)
The details of the derivation of (11), (12) and (13) can be found for example
in [ET76].

Thus, for any u ∈ V and v ∈ W we obtain the following bounds on the
effective conductivity Â:

−1
2

∫

Q

v2dx +
∫

∂Q+
v · n dx−

∫

∂Q−
v · n dx ≤ Â ≤ 1

2

∫

Q

|∇u|2dx. (14)

The equality in (14) is achieved when v = ∇u.

3 Discrete Network

In this section we construct a discrete network (graph) approximating the
continuum problem (10). We use here Keller’s observation [Kel63] that the
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dominant contribution to the effective conductivity comes from the thin gaps
(hoses) between closely spaced neighboring inclusions, so that the flux outside
of these gaps does not change the asymptotics of Â. We define the notions
of neighboring balls and hoses connecting them, in Subsection 3.1. Next we
define an algebraic quadratic form:

I =
1
2

∑

Πij

gij(ti − tj)2, (15)

where ti is the value of the potential in the ball Bi, (i = 1, . . . , N) and the
number gij is a specific flux defined in Subsection 3.3. The sum in (15) is taken
over the hoses, defined in Subsection 3.2, connecting the neighboring inclu-
sions. Note that there are hoses connecting inclusions Bi inside the composite
with the boundaries of Q. The quadratic form (15) is our discrete network
approximation to effective conductivity (8): Â ∼ I.

In order to determine ti, i = 1, . . . , N in (15) we set up a discrete min-
imization problem supplemented with appropriate boundary conditions. The
obtained minimization problem amounts to solving a system of linear alge-
braic equations, making it numerically tractable.

Our error estimates of the discrete network rely on the variational bounds
(14). Upper and lower trial fields for (14) are constructed using our decompo-
sition of the domain Q into simple geometric regions. This decomposition is
obtained by the central projection partition which we introduce in Subsection
3.2. Finally, we give useful properties of the discrete network approximation
in Subsection 3.4.

3.1 Construction of the Network

Neighbors and necks of the discrete network can be defined using the notion
of the Voronoi diagram [AK00] of the domain Q. For the centers of the balls
Bi:

P = {x i ∈ R3, i = 1, . . . , N}, (16)

the Voronoi diagram is the partition of the domain Q into non-overlapping
Voronoi cells V (x i). Each V (x i) is the set of all points in R3 that are closer
to x i than to any other site from P .

The Voronoi diagram in R3 can also be defined as follows. Introduce the
bisector of two sites x i, x j ∈ P , which is the perpendicular plane through the
midpoint of the line segment x ix j . The region V (x i) of a site x i ∈ P is the
intersection of half-spaces bounded by bisectors, therefore it is a 3-dimensional
convex polyhedron (Fig. 2). The boundary of V (xi) consists of faces, which
are the convex polygons, edges, which are the line segments formed by inter-
sections of faces, and vertices, which are intersections of edges.

Hereafter we assume that P is in general position [AK00], that is, no
5 points lie on a common sphere and no 4 points are cocircular and on a
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Fig. 2. The Voronoi cell V (xi)

common plane. This assumption implies that each face/edge/vertex is shared
by exactly two/three/four Voronoi cells, respectively.

Neighbors are defined to be the balls centered at sites whose Voronoi cells
share a common face.

Fig. 3. Balls and hoses are identified with the graph G

For a given array of the balls Bi centered at x i, i = 1, . . . , N , the discrete
network is the (Delaunay) graph G = (X, E), with vertices X = {x i : i =
1, . . . , K, K ≥ N} and edges E = {eij : i, j = 1, . . . , K}, connecting each
pair of neighbors (see Fig. 3). In addition, if one of the Voronoi faces of some
site xk lies on the boundary of the domain Q, then we connect xk with this
boundary by the perpendicular line segment ekk′′ , obtaining a new vertex xk′′

on the boundary.
Note that K ≥ N , where N is the number of inclusions, since the graph

G contains the extra vertices xk′′ .

3.2 Central Projection Partition

The central projection partition is an elegant algorithm to decompose the
domain Q into three types of solids: hoses, prisms and tetrahedra.

Definition 1. The central projection is the collection {πi, i = 1, . . . , N} of
maps πi : ∂V (xi) → ∂Bi given by

πi(x) = R
x− xi

|x− xi| .



8 Leonid Berlyand, Yuliya Gorb, and Alexei Novikov

(a) πi(F), the projection of the (b) The bases, πi(F) (c) The hose Πij

Voronoi face F and πj(F), of the hose Πij

Fig. 4.

Every projection πi partitions the sphere ∂Bi into non-overlapping curvi-
linear polygons {πi(F)}, where F is a face of the Voronoi cell V (x i).

For each Voronoi face F there are two projections πi(F) and πj(F) (one
of them is depicted in Fig. 4(a)) onto neighboring spheres ∂Bi and ∂Bj ,
respectively. These projections πi(F) and πj(F) are the (nonflat) bases of a
hose Πij (Fig. 4(b)), a (generalized) cylinder. We remark here that with this
construction the edges of a hose are always parallel.

Similarly, the central projections of Voronoi edges and Voronoi vertices
give rise to prisms and tetrahedra, respectively.

(a) the prism (b) the tetrahedron

Fig. 5.

In fact, for every Voronoi edge E there are three projections πi(E), πj(E)
and πk(E), which are arcs on the spheres ∂Bi, ∂Bj and ∂Bk, respectively. Con-
necting the endpoints of the corresponding arcs, we obtain a figure, referred
to as a prism, shown in Fig. 5(a).

For every Voronoi vertex V there are four projections πi(V), πj(V), πk(V)
and πm(V), which are four points on spheres ∂Bi, ∂Bj , ∂Bk and ∂Bm, re-
spectively. Connecting these points yields a tetrahedron (Fig. 5(b)).

The central projection partition of Q can alternatively be constructed using
fourwise neighbors. We give this alternative construction in Appendix 6.1.

For consistency of the presentation, we introduce the notion of a quasi-
ball, when we construct the discrete network at the boundary. Suppose that
three balls Bm, Bn, Bq, centered at xm, xn and xq, respectively, lie near the
upper boundary ∂Q+ (see Fig. 6). In order to construct a hose connecting, for
example, the ball Bm with ∂Q+, we consider the reflection Bm′ , centered at
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Fig. 6. Auxiliary construction near the upper boundary of Q

xm′ , of the ball Bm along the plane z = 1 and repeat the central projection
construction for 4 neighbors Bm, Bn, Bq and Bm′ . The intersection of the
hose Πmm′ , connecting the balls Bm and Bm′ , with the upper boundary ∂Q+

is a curvilinear polygon on ∂Q+, referred to as a quasi-ball. The quasi-ball
is centered at the intersection of the line segment emm′ , connecting xm and
xm′ , with ∂Q+, and denoted by xm′′ . We assume that the quasi-ball has a
radius equal to infinity. We assign +1 as the value of the potential on this
quasi-ball, because it lies on the upper boundary of the composite Q. Prisms
Pmnm′ , Pm′mq, Pm′nq and tetrahedron ∆m′mnq intersected with ∂Q+ yield
the truncated prisms and tetrahedron (which can be obtained by an auxiliary
constriction [BN02]), that we still call the prisms and tetrahedron, respec-
tively, with the values +1 of the potential on their upper boundaries (such a
tetrahedron and one of the prisms are shown in Fig. 6). The constructions of
the quasi-balls on the other boundaries of Q are analogous.

3.3 Discrete minimization problem

Using the central projection partition of the matrix Q, it is possible to decom-
pose the value of Â (8) into the sum of the Dirichlet’s integrals over hoses,
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prisms and tetrahedra, that is

Â =
1
2


∑

Πij

∫

Πij

|∇u|2dx +
∑

Pijk

∫

Pijk

|∇u|2dx +
∑

∆ijkm

∫

∆ijkm

|∇u|2dx

 .

The asymptotic derivation of the discrete minimization problem is based
on three main observations.

First, using [BK01, BN02]:

∑

Pijk

∫

Pijk

|∇u|2dx ¿
∑

Πij

∫

Πij

|∇u|2dx,

∑

∆ijkm

∫

∆ijkm

|∇u|2dx ¿
∑

Πij

∫

Πij

|∇u|2dx,
(17)

the total Dirichlet integral is approximately the integral over the hoses:

Â ∼ 1
2

∑

Πij

∫

Πij

|∇u|2dx. (18)

Second, inside the hoses the potential u is well approximated by the linear
interpolation [Kel63, BK01, BN02] between the values of the potentials on the
neighboring balls Bi and Bj . Now we introduce the local system of coordi-

nate (x, y) with origin at
xi + xj

2
and y-axis directed along the line segment

connecting points xi and xj . Thus, in this coordinate system the local flux in
the hose Πij is approximated by

∇u ∼
(

0, 0,
ti − tj

Hij(x, y)

)
, (19)

where

Hij(x, y) =




|xi − xj | − 2

√
R2 − x2 − y2, when xi, xj are centers of balls,

|xi − xj | −
√

R2 − x2 − y2, either xi or xj is a center of a
quasi-ball,

(20)
is the distance between the inclusions and |xi − xj | is the Euclidean distance
between xi and xj . Hence,

∫

Πij

|∇u|2dx = (ti − tj)2
∫

Πij

dx

H2
ij

= gij(ti − tj)2, (21)

where the specific flux gij in the hose Πij is defined by

gij =
∫

Πij

dx

H2
ij

=
∫

πi(F)

dxdy

Hij(x, y)
, (22)
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and πi(F) is the base of the common Voronoi face of two sites xi and xj lying
on the sphere ∂Bi (shown in Fig. 4(a),(b)). If xi and xj are not neighbors
(that is, they are not connected by a common hose Πij) then gij = 0.

Finally, the specific fluxes gij are asymptotically large [Kel63] when inclu-
sions Bi and Bj are close to touching:

gij = πR |ln δij |+ O(1), as δij → 0, (23)

where the relative interparticle distance is a dimensionless parameter given
by

δij =





|xi − xj |
R

− 2, when both xi and xj are centers of balls,
|xi − xj |

R
− 1, one of xi, xj is a center of a quasi-ball.

(24)

Combining (17), (21), (22), (23) we have

Â ∼ 1
2

∑

Πij

gij(ti − tj)2.

This asymptotic derivation, however, does not imply

Â ∼ 1
2

min
(t̃1,...,t̃N )

∑

Πij

gij(t̃i − t̃j)2, (25)

because t̄ = (t̄1, . . . , ¯tN ), the minimizer of the quadratic form

I(t̃) =
1
2

∑

Πij

gij(t̃i − t̃j)2, (26)

with t̃ = (t̃1, ..., t̃N ) and appropriate boundary conditions (defined below),
may be different from the values t1, . . . , tN of the potentials on the balls
B1, . . . , BN , defined by (7). The value of I(t̄) (26), defined on the minimizer
t̄,

I(t̄) = min
t̃
I(t̃) (27)

is called [BK01, BN02] the energy of the discrete system.
To prescribe the boundary condition for the discrete network approxima-

tion on the horizontal boundaries we consider sets S± of the centers of the
balls that cross or touch boundaries ∂Q± and quasi-balls lying on ∂Q±. Then
we define the values of the discrete potentials t̃i on S± by

t̃i = ±1, when xi ∈ S±. (28)

Then the set I of the ”interior” sites of the discrete system is defined by
I = {xi, i = 1, . . . , K} \ {S+ ∪ S−}.
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If xi′′ /∈ I ∪ (S− ∪ S+), then it is a center of a quasi-ball that lies on
the lateral boundary ∂Qlat. The set of such vertices is denoted by Slat. For
xi′′ ∈ Slat we assign the value of the discrete potential equal to the potential
of the site xi connected with xi′′ by the edge eii′′ :

t̃i′′ = t̃i, for xi′′ ∈ Slat, xi ∈ I. (29)

We comment that the potentials ti′′ for xi′′ ∈ Slat do not participate in
(25) and can be found after solving the problem by using the equality (29).
Note that the lateral boundary condition (7e) for the discrete network can be
interpreted as follows:

∑

Πi′′j ,i′′ fixed

gi′′j(ti′′ − tj) = gi′′i(ti′′ − ti) = 0, for xi ∈ Slat. (30)

Let us define the discrete fluxes through the boundaries S+ and S− in the
following way:

P+ =
∑

Πij , xi∈S+

gij(ti − tj); P− =
∑

Πij , xi∈S−
gij(ti − tj). (31)

Then similarly to (10) we have

I(t) =
1
2

∑

Πij

gij(ti − tj)2 =
1
2

(
P+ − P−

)
. (32)

The derivation of (32) is similar to the two-dimensional case of [BN02].

3.4 Properties of the Discrete Network

Here we collect some properties of the discrete network approximation, which
we use for the variational error estimates presented in Subsection 4.3. Since
the effective conductivity Â is approximated by the fluxes in the hoses be-
tween closely spaced inclusions (18), we define a notion of a δ-subgraph that
corresponds to some collection of the densely packed balls in the composite.
Then we introduce a so-called δ-D partition {Λδ} of Q into polyhedra with
δ-short edges and triangles as faces. D can be thought of as the relative diam-
eter of “holes” in the composite. The error estimates for our discrete network
approximation are determined in terms of the characteristic parameters δ and
D.

The discrete minimization problem (27)-(29) amounts to solving a linear
algebraic system whose solutions are the discrete potentials ti at the interior
vertices as indicated in the following lemma.

Lemma 1. There is a unique solution t = {ti : xi ∈ I } to the discrete
minimization problem (27)-(29), which satisfies the discrete Euler-Lagrange
equations:



Discrete Network Approximation in Three Dimensions 13

K∑

j=1

gij(ti − tj) = 0, for fixed xi ∈ I. (33)

The proofs of Lemma 1 and the following Lemma 2 are identical to the two
dimensional case [BN02].

For any graph G and δ > 0 we obtain the δ-subgraph Gδ by discarding
edges eij if the corresponding δij > δ, that is the length of each edge of Gδ is
not greater than 2R+δR. For a given δ > 0, consider the set of small triangles
such that all of their edges belong to the δ-subgraph Gδ:

{ triangle 4xixjxk : eij , ejk, eki ∈ Gδ } . (34)

Fig. 7. The two dimensional “hole” and the corresponding polygon

Now we note that not all inclusions are closely spaced, that is, the dis-
tance between two neighbors might be of order O(R). In a real composite this
situation corresponds to a “hole” or void space (see Fig. 1). Such a “hole” cor-
responds to an interior of some solid, polyhedron, whose edges are not longer
than 2R+δR in our discrete network. To clarify this idea let us consider a two
dimensional “hole” shown in Fig. 7. The centers of disks located at distance
less than δR from each other form a polygon in the corresponding graph. The
length of each edge of the polygon is less than 2R + δR. Similarly, a three
dimensional “hole” (see Fig. 1) provides a polyhedron in the corresponding
graph whose edges are shorter than 2R + δR. Note that due to Delauney
tetraheralization each face of such a polyhedron is a triangle (Fig. 8). Below
we define the polyhedron and call it a δ-polyhedron.

We assume that for any given δ > 0 we can partition the domain Y into
polyhedra {Λδ}, called δ-polyhedra, whose edges are shorter than 2R + δR.
Thus

⋃
Λδ = Y and ∂Λδ ∈ Gδ.

Let the diameter of any Λδ be not greater thanDR, where R is the radius of
inclusion. Then D is called the relative diameter of δ-polyhedra of {Λδ}. If the
distance between two points x i and x j exceeds DR then they belong to two
different δ-polyhedra Λi

δ and Λj
δ. Thus, if we construct any path connecting

x i and x j this path will contain at least one vertex of some δ-polyhedra Λδ

and, consequently, a vertex of the δ-subgraph Gδ. This fact we accept as the
definition of a δ-D partition.
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Fig. 8. The δ-polyhedron

Definition 2. We say that the δ-subgraph Gδ induces the δ-D partition {Λδ}
of Y if for any two vertices xi, xj ∈ G, satisfying |xi − xj | > DR, any path
in G connecting them contains at least one vertex of the subgraph Gδ. The
partition {Λδ} is the set of non-overlapping δ-polyhedra Λδ which are three
dimensional solids, whose boundaries consist of small triangles (34).

Definition 3. The distribution of balls is δ-D connected if a δ-D partition
{Λδ} of Y exists.

The main use of the δ-D partition is the following maximum principle.

Lemma 2. (The Discrete Maximum Principle).
Suppose t = {t1, t2, . . . , tM} is the solution to the discrete problem (33). De-
note by

tmax = max
xi∈∂Λδ

ti, tmin = min
xi∈∂Λδ

ti (35)

the maximal and minimal values of the potential on the boundary of any δ-
polyhedron Λδ. Then the value of the potential tk at any vertex xk in the
interior of this δ-polyhedron (xk ∈ Λδ) is bounded:

tmin ≤ tk ≤ tmax.

An immediate consequence of the maximum principle is a bound on the
potential difference of the vertices inside Λδ in terms of the potentials of the
vertices on ∂Λδ.

Lemma 3. Suppose Λδ is any δ-polyhedron of the δ-D partition. The values
of the potential on any given vertices xk, xl ∈ IntΛδ are bounded as follows:

(tk − tl)2 ≤ (D + 2)3

8

∑

Πij∈∂Λδ

(ti − tj)2. (36)

Proof. The formula (36) can be proved by applying the discrete maximum
principle (35) and the triangle inequality for the values ti on xi ∈ Λδ:

(tk − tl)2 ≤ (tmax − tmin)2 ≤ n
∑

Πij∈∂Λδ

(ti − tj)2,
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where n is the number of the vertices of ∂Λδ. This number is less than the
number M of balls of radius R that can be placed inside the sphere of diameter

DR. The number M is bounded by M ≤ (D + 2)3

8
. Hence, we obtain (36). ut

The numbers of the hoses, prisms and tetrahedra inside any Λδ of the δ-D
partition of Y can be bounded in terms of the parameter D as follows.

Lemma 4. For any Λδ of the δ-D partition of Y the number of tetrahedra
#4Λδ

, the number of prisms #PΛδ
and the number of hoses #ΠΛδ

in Λδ

satisfy:

(a) #4Λδ
≤ K1D3, (37)

(b) #PΛδ
≤ K2D3, (38)

(c) #ΠΛδ
≤ K3D3. (39)

where constants Ki, i = 1, 2, 3, are universal.

The derivation of (37) and the values of the corresponding constants can
be found in Appendix 6.2.

4 Variational Error Estimates

Our approach to variational error estimates is to construct trial fields for (14),
that give rise to tight upper and lower bounds (constructed in Subsections 4.1
and 4.2, respectively), when inclusions are close to touching. For both lower
and upper bounds in (14) the trial functions u ∈ V and v ∈ W are constructed
in the hoses, prisms and tetrahedra determined by the central projection par-
tition of the matrix Q. The piecewise-differentiable trial function u ∈ V is
chosen to be linear in the hose, a linear interpolation in the tetrahedron, and
a linear interpolation in every cross-section of the prism, and so that it takes
values ±1 on ∂Q±. The trial field v ∈ W is chosen so that it is equal to zero
everywhere except in the hoses. In the hoses it is equal to the local flux de-
fined by (19), where ti are determined as solutions of the discrete minimization
problem (27)-(29).

Our goal is to investigate when the discrete energy I (27) is a good ap-
proximation for Â. For this purpose in Subsection 4.3 the difference between
upper and lower bounds is estimated in terms of the parameters δ, D and I,
and the error is obtained.

4.1 Lower Bound

The construction, derivation and justification of the lower bound is identical
to that found in [BN02], where the technical details of this construction can
be found.
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Theorem 1. The lower bound on the effective conductivity Â is given by

I(t) ≤ Â (40)

where I(t) is defined by (27), t = (t1, . . . tN ) are the solutions of the min-
imization problem (27)-(29) (or equivalently (33)) and the specific fluxes gij

are defined by (22).

Proof. Consider two neighboring balls Bi and Bj centered at xi and xj , and
the values of the potentials ti and tj , respectively. The hose Πij connects
them. We choose

v = v ij =





(
0, 0,

ti − tj
Hij(x, y)

)
, in Πij , i, j = 1, . . . , K

(0, 0, 0) , otherwise
(41)

where the distance between two neighboring balls Hij(x, y) is defined by (20).
Note that this function is divergence-free since its normal components match
along the discontinuity. The potentials ti and tj on the balls Bi and Bj satisfy

the linear system (33). Then the integral condition
∫

∂Bi

v · n dx = 0, in the

definition of the class W , is satisfied, so v ∈ W .
Now we calculate J [v ] defined by (12). First, evaluate the integral

1
2

∫

Q

v2dx =
1
2

∑

Πij

gij(ti − tj)2

by the definition of the specific flux gij and by the choice of the function v .
Also we note that the fluxes through the boundaries ∂Q± are equal to the
discrete fluxes P± defined by (31). Then

J [v ] = −1
2

∫

Q

v2dx +
∫

∂Q+
v · n dx−

∫

∂Q−
v · n dx

= −1
2

∑

Πij

gij(ti − tj)2 +
(
P+ − P−

)
= I(t).

(42)

Then from (14) we obtain (40). ut

4.2 Upper Bound

The upper bound on the effective conductivity is given by the following the-
orem.

Theorem 2. For any δ-D connected distribution of balls, the upper bound on
the effective conductivity Â is

Â ≤ I(t) + ĈR
∑

Πij

(ti − tj)2, (43)
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where t = (t1, . . . , tN ) is the solution to the discrete minimization problem
(27)-(29), and the constant Ĉ depends on the relative diameter D only:

Ĉ ≤ C0D4.

The proof of this theorem relies on the following more general variational
upper bound given by Lemma 5. In finite element methods [She02] for a given
distribution of points xi and Delaunay tetrahedralization {T}, the quotient
γ =

ρ

`
, where ρ is the radius of the circumsphere (circumradius) and ` is

the length of the shortest edge of the tetrahedron T , is called a mesh quality
measure. Similarly, we use here a parameter

γ0 = max
T∈{T}

γ (44)

to measure the regularity of our (Delaunay) graph G or, equivalently, the
Delaunay tetrahedralization {T} induced by G.

Lemma 5. For any distribution of balls, the upper bound on the effective con-
ductivity Â is

Â ≤ 1
2

∑

T∈{T}


 ∑

Π′
ij
⊂T

[gij + CΠ ] (ti − tj)2

+
∑

P ′
ijk
⊂T

CP

{
(ti − tj)2 + (ti − tk)2

}

+
∑

4ijkm⊂T

C4
{
(ti − tm)2 + (tj − tm)2 + (tk − tm)2

}

 ,

(45)

where Π ′
ij is the part of the hose Πij lying inside the tetrahedron T , analo-

gously, P ′ijk is the part of the prism Pijk lying inside T ,

CΠ =





2πR ln 2γ0 + 4πR

(
1− 1

2γ0

)
, for inner hose,

πR ln 2γ0 + 2πR

(
1− 1

2γ0

)
, for boundary hose,

CP =

{
8γ0R, for inner prism,

16γ0R, for boundary prism,

C4 =





4
3
γ3
0ρ, for inner tetrahedron,

γ3
0ρ, for boundary tetrahedron,

(46)

γ0 is the the measure of regularity of G, given by (44) and ρ is the circumradius
of the tetrahedron T ∈ {T}.
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We call the hose, prism and tetrahedron the boundary hose, prism and
tetrahedron, respectively, if they belong to a tetrahedron T ∈ {T} which has
at least one vertex in a quasi-ball. Otherwise we call them inner hose, prism
and tetrahedron, respectively. Note that inside every inner tetrahedron T ,
that is, none of its vertices belongs to a quasi-ball, there are six hoses, four
prisms and one tetrahedron (in this case the last sum in (45) contains only
one term).

Proof of Lemma 5. The trial function u ∈ V is piecewise differentiable. Its
construction will be done in the hose Πij , prism Pijk and tetrahedron 4ijkm.

First, let us consider the hose Πij . We choose the local coordinate system
so the z-axis is directed along the edge connecting two neighbors, as shown
in Figure 9 (points AB and BA are the points of the intersection of the line
segment connecting the two centers xi and xj with the spheres ∂Bi and ∂Bj ,

respectively), and the origin is in
xi + xj

2
.

Fig. 9. The hose Πij

We take a trial function u in Πij to be linear in z and inversely proportional
to the distance Hij(x, y), defined by (20), so that u takes the values ti and tj
on the spheres ∂Bi and ∂Bj , respectively. Thus in the hose Πij

u(x) = u(x, y, z) =
ti − tj

Hij(x, y)
z +

ti + tj
2

, z ∈
(
−Hij(x, y)

2
,

Hij(x, y)
2

)

(47)
Then the Dirichlet integral of the function u defined by (47) over the hose

Πij is bounded (see details in Appendix 6.3, Lemma 7) as follows:
∫

Π′
ij

|∇u|2dx ≤
∫

Πij

|∇u|2dx ≤
(

gij − πR ln
(

`

2ρ

)
+ πR

(
1− `

2ρ

))
(ti−tj)2

(48)
where ρ is the circumradius and ` is the length of the shortest edge of T .

Next we construct the trial function u in the prism Pijk. Consider the
prism Pijk = A′B′C ′C∗B∗A∗ shown in Fig. 10 and the part of this prism
P ′ijk = A′B′C ′C ′′B′′A′′ lying in the tetrahedron T shown in Fig. 15(b). We
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choose the local coordinate system so that the triangle 4A′B′C ′ lies on the
xz plane and the y-axis is directed along the altitude of this prism (Fig. 10).

Fig. 10. The prism Pijk = A′B′C′C∗B∗A∗

For any cross-section, 4ÃB̃C̃, perpendicular to the y-axis, the trial
function u is a linear function taking values ti, tj , tk on the arcs A′A∗,
B′B∗, C ′C∗, respectively. Let h be the length of the altitude of the prism
A′B′C ′C∗B∗A∗: h ≤ 2R. Note that for such a choice of the coordinate system,
for some y = y0 ∈ (0, h) we have u(x1, y0, z1) = u(x2, y0, z2), ∀x1, x2, z1, z2.

The central projection partition construction provides the congruence of
the cross-section 4ÃB̃C̃ and 4A′B′C ′ to 4ABC. To see this one can take a
view from the top at prism Pijk depicted in Fig. 11. The concentric circles are
the cross-sections of the spheres Bi, Bj , and Bk centered at the points A, B,
and C respectively. Points Ã and A′ are intersections with the sphere Bi of line
segments that connect the point A with the point O, which is an intersection
of bisectors to AB, BC, and CA (see sections 3.2 and 6.1 for details). Points
B̃, B′ and C̃, C ′ are defined similarly. Obviously, both 4A′B′C ′ and 4ÃB̃C̃
is congruent to 4ABC.

Fig. 11. The prism Pijk from the top

Hence, we get the following estimate
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∫

P ′
ijk

|∇u|2dx ≤
∫

Pijk

|∇u|2dx ≤
∫ h

0

dy

∫

4ÃB̃C̃

|∇u|2 dxdz

=
∫ h

0

dy

∫

4A′B′C′
|∇u|2 dxdz ≤ 2R

∫

4A′B′C′
|∇u|2 dxdz.

(49)

The proof of equality of the integrals over 4ÃB̃C̃ and 4A′B′C ′ in (49) is
given in Appendix 6.6.

For constructing the gradient of u in the triangle 4A′B′C ′, we use the
procedure given in [BN02], which yields the following bound:

∫

Pijk

|∇u|2dx ≤ 4R

sin θ

{
(ti − tj)2 + (ti − tk)2

}
, (50)

where θ is the smallest angle in the triangle 4A′B′C ′
(
θ ≤ π

3

)
.

The right hand side of the formula (50) can be expressed in terms of the
quotient γ =

ρ

`
as follows:

sin θ ≥ 1
2γ

, (51)

(see details in Appendix 6.4). Now from (50) and (51) we obtain the following
estimate in the prism P ′ijk:

∫

P ′
ijk

|∇u|2dx ≤ 8γR
{
(ti − tj)2 + (ti − tk)2

}
. (52)

Finally, we construct the trial function u in the tetrahedron 4ijkm =
A′B′C ′D′, see Fig. 15(a). Inside the tetrahedron the trial function u is a
linear function, taking values ti, tj , tk and tm at the points A′, B′, C ′ and D′

respectively. The Dirichlet integral of such a function over 4ijkm is bounded
as follows:
∫

4ijkm

|∇u|2dx ≤ 1
3 |A′B′C ′D′|

{
1
4

∣∣∣−−−→D′B′ ×−−−→D′C ′
∣∣∣
2

(ti − tm)2

+
1
4

∣∣∣−−−→D′C ′ ×−−−→D′A′
∣∣∣
2

(tj − tm)2 +
1
4

∣∣∣−−−→D′A′ ×−−−→D′B′
∣∣∣
2

(tk − tm)2
}

,

(for the details of the construction of u and evaluating its Dirichlet integral
see Appendix 6.5, Lemma 8).

Note that since the tetrahedron ∆ijkm is similar to the tetrahedron T =
ABCD ∈ {T} (see Fig. 15(a)) then:

ρ′

`′
=

ρ

`
= γ,

where ρ′ is the radius of the circumsphere and `′ is the length of the shortest
edge of the tetrahedron ∆ijkm.
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Recall that
1
2

∣∣∣−−−→D′B′ ×−−−→D′C ′
∣∣∣ is the area of the triangle made of the vectors

−−−→
D′B′ and

−−−→
D′C ′. The length of a side of a triangle is less than the diame-

ter of the circumcircle, and since the radius of the circumcircle of any face
is less than the radius of the circumsphere ρ ′ of the tetrahedron, we have
1
2

∣∣∣−−−→D′B′ ×−−−→D′C ′
∣∣∣ ≤ 2ρ′2 (the same is true for the other cross products). Since

|A′B′C ′D′| = det
[−−−→
D′A′,

−−−→
D′B′,

−−−→
D′C ′

]
is the volume of the parallelepiped

made of the vectors
−−−→
D′A′,

−−−→
D′B′ and

−−−→
D′C ′, we have det

[−−−→
D′A′,

−−−→
D′B′,

−−−→
D′C ′

]
≥

`′3. Hence we obtain the following bound:
∫

4ijkm

|∇u|2dx ≤ 4 ρ′4

3 `′3
{

(ti − tm)2 + (tj − tm)2 + (tk − tm)2
}

≤ 4
3

γ3ρ′
{

(ti − tm)2 + (tj − tm)2 + (tk − tm)2
}

≤ 4
3

γ3ρ
{

(ti − tm)2 + (tj − tm)2 + (tk − tm)2
}

.

(53)

(a) the boundary prism (b) the boundary tetrahedron

Fig. 12.

The construction the trial function u in hoses, prisms and tetrahedra con-
necting the balls and quasi-balls near the upper boundary of Q requires an
auxiliary construction (Fig. 6). The construction of u in the hose Πmm′ is the
same as (47), taking into account that tm′ = 1. Then similar to (48) we have

∫

Π′
mm′

|∇u|2dx ≤
∫

Πmm′
|∇u|2dx

≤
(

gmm′ + πR ln
2ρ

`
+ 2πR

(
1− `

2ρ

))
(tm − tm′)2,

(54)

where ρ is the circumradius and ` is the shortest edge of the tetrahedron
MM ′NQ (here we used the fact that Hmm′ = δmm′R +R−

√
R2 − x2 − y2).

In the boundary tetrahedron MM ′NQ (Fig. 6) there are four prisms:
Pmm′n, Pm′nq, Pmm′q and Pmnq. The construction of the trial function u in
Pmnq is the same as for the inner case; for the estimate of the Dirichlet integral
over Pmnq one can use (52).
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To construct the trial function u in the prism Pmm′n, for example, we
divide it into two parts P1 and P1 (P1 = EFC ′D′DC, P2 = EFC ′D′E′F ′

in Fig. 12(a)) so that the base of one of prism is the right triangle. Then we
construct u in each and estimate the Dirichlet integrals over them using (52).
From this we obtain
∫

P ′
mm′n

|∇u|2dx ≤
∫

Pmm′n

|∇u|2dx =
∫

P1

|∇u|2dx +
∫

P2

|∇u|2dx

≤ 4R

sin θ1

{
(tm − tm′)2 + (tm′ − tm′)2

}
+

4R

sin θ2

{
(tn − tm′)2 + (tm − tm′)2

}
,

(55)
where θ1 and θ2 are the smallest angles of the triangles4DE′D′ and4DE′E,

respectively. Then sin θ1 ≥ `/2
ρ

, similar to the case of the inner prism.

In order to estimate sin θ2 we note that if the sphere centered at the point
N (Fig. 6) intersects the boundary ∂Q+ then tn = 1 and all potentials at
the vertices of 4DE′E are equal to one. If the sphere centered at N does not

intersect ∂Q+ (tn is not necessarily 1) then in 4DE′E so we have sin θ2 ≥ `

2ρ
again analogous to the inner prism case. Then continuing (55) we get:

∫

Pmm′n

|∇u|2dx ≤ 8Rρ

`
(tm − tm′)2 +

8Rρ

`

{
(tn − tm′)2 + (tm − tm′)2

}

≤ 16Rρ

`

{
(tn − tm′)2 + (tm − tm′)2

}

≤ 16Rγ
{
(tn − tm′)2 + (tm − tm′)2

}
.

(56)
In order to construct the trial function u in the tetrahedron 4mm′nq we

decompose this truncated tetrahedron into three tetrahedra 4i, i = 1, 2, 3
(41 = CC ′G′H ′, 42 = CHH ′G′, 43 = CHGG′ in Fig. 12(b)) and choose u
to be a linear function in each. Then one can use the estimate (82) in Appendix
6.5 for each tetrahedron 4i:

∫

4mm′nq

|∇u|2dx =
∫

41

|∇u|2dx +
∫

42

|∇u|2dx +
∫

43

|∇u|2dx

≤ 3
4γ3ρ

3
{
(tm − tm′)2 + (tn − tm′)2 + (tq − tm′)2

}
,

(57)

where tm′ = 1.
Thus the estimates (48), (52), (53) together with (54), (56) and (57) yield

(45). ut
Now we prove Theorem 2 using the above lemma.
Proof of Theorem 2. The key observation here is that all constants in

(45), depending on the radius R of inclusions and the parameter γ0, can
be expressed in terms of D only. First, we note that for any tetrahedron T
the length of its shortest edge ` is greater than 2R: ` > 2R. Note that the
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circumsphere of any T does not contain vertices of other tetrahedra, and
by Definition 3, the diameter 2ρ of this circumsphere is bounded as follows:

2ρ ≤ DR, for boundary tetrahedron ρ ≤ DR. This means that γ0 <
D
4

, and

for boundary tetrahedron γ0 <
D
2

. Thus, every constant in (46) is bounded
from above by some constant depending on D which is a multiple of the radius
of the inclusion R:

CΠ := 2πR ln (2γ0) + 4πR

(
1− 1

2γ0

)
≤ C11R lnD + C12R

(
1− 2

D
)

,

CP := 16γ0R ≤ C2RD,

C4 := 4γ3
0ρ ≤ C3RD4,

where constants C11, C12, C2 and C3 are universal. Thus, all constants CΠ ,
CP , and C4 bounded from above by C0D4R, where C0 is universal (that is,
does not depend on R, γ0 or δ). Hence, we have (43). ut

4.3 Error Estimate

Here we give two theorems. Theorem 3 is about the leading term of the asymp-
totics of the effective conductivity Â as δ → 0. This leading term is defined
by the discrete energy I (27), which is of order | ln δ| for small δ. In Theorem
4 we obtain the relative error of approximation of the effective conductivity
by the discrete energy (27) provided that the discrete network approximating
the continuum problem is δ-D connected (Definition 3).

We assume that there exists at least one δ-path connecting the upper
boundary ∂Q+ with the lower boundary ∂Q−, where the δ-path is a path
such that the maximum relative interparticle distance between balls centered
at its vertices is bounded by δ. Then the following theorem holds.

Theorem 3. If there exists at least one δ-path connecting the upper and lower
boundaries of Q then the effective conductivity Â (8)

Â =
1
2

∫

Q

|∇u|2dx

satisfies the following inequality:

|Â− I(t)| < C, I(t) > K| ln δ|, as δ → 0, (58)

where t = (t1, . . . , tN ) is a solution of the discrete minimization problem (33)
and gij are defined by (22)

gij =
∫

Πij

dx

H2
ij

∼ πR| ln δij |, as δij → 0.
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The constant C in (58) depends on the measure of regularity γ0 and the
number of inclusions N , but is independent of δ. The constant K in (58)
depends on the number of inclusions N , the radius R and their locations, but
not on δ.

Proof. By Theorem 2 we find that

|Â− I(t)| ≤
∑

Πij

ĈR(ti − tj)2, (59)

where the constant Ĉ depends on the measure of the regularity of the ball
distribution γ0. By the maximum principle we have |ti − tj | ≤ 2, for any i, j.
Then from (59) we have

|Â− I(t)| ≤ 4NRĈ(γ0), (60)

which yields the first inequality in (58).
In order to prove the second inequality (58) we assume that there is a

δ-path connecting the upper and lower boundaries of length k (the number of
vertices in the path) and consider

I(t) ≥ π
∑

short Πij

R |ln δij | (ti − tj)2 ≥ πR| ln δ|
∑

short Πij

(ti − tj)2

≥ πR| ln δ|
∑

δ−path

(ti − tj)2 ≥ πR| ln δ|min
t̃

∑

δ−path

(t̃i − t̃j)2

≥ πR| ln δ|1
k

> K| ln δ|,

where “short Πij” means the hose Πij corresponding relative interparticle
distance δij of which is less or equal than δ.

This gives (58). ut
The next issue we would like to address here is how large is the constant

C in (58). In the following Theorem 4 we obtain an upper bound on this
constant C in terms of the relative D defined in section 3.4 and the radius of
inclusion R, provided the discrete network G of (7) is δ-D connected.

Theorem 4. If the discrete network G for the continuum problem (7) is δ-D
connected, the relative error for the effective conductivity Â is

∣∣∣Â− I(t)
∣∣∣

I(t)
≤ CRD10

| ln δ| , (61)

where I(t) is the discrete energy defined by (27), and the constant C does not
depend on δ.
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Proof. The idea of the proof is to “absorb” all the O(1) terms in (43) as
“smaller order corrections” into the O(| ln δ|) terms and derive the estimate

I(t) ≤ Â ≤ I(t)
(

1 +
CRD10

| ln δ|
)

. (62)

Then (61) immediately follows from (62).
If the distributions of balls is δ-D connected, then from Theorems 1 and

2 we obtain the following bounds on the effective conductivity:

I(t) ≤ Â ≤ 1
2


∑

Πij

(gij + C1)(ti − tj)2 +
∑

Pijk

C2[(ti − tk)2 + (tj − tk)2]

+
∑

4ijkm

C3[(ti − tm)2 + (tj − tm)2 + (tk − tm)2]


 .

where the constants C1, C2, C3 depend on R, γ0 but do not depend on δ and
can be bounded from above by C0D4R (see the proof of Theorem 2). Applying
this bound we have:

I(t) ≤ Â ≤ 1
2


 ∑

Πij /∈∂Λδ

gij(ti − tj)2 +
∑

Πij∈∂Λδ

gij(ti − tj)2

+C0D4R





∑

Πij

(ti − tj)2 +
∑

Pijk

[(ti − tk)2 + (tj − tk)2]

+
∑

4ijkm

[(ti − tm)2 + (tj − tm)2 + (tk − tm)2]






 ,

(63)

where Πij ∈ ∂Λδ means that we consider only the hoses along the edges
of some δ-polyhedra Λδ of the δ-D partition of Y . Now we use (36) to get
estimates in Πij ∈ ∂Λδ only and Lemma 4 for the upper bounds on numbers
of vertices, edges and faces of δ-polyhedron. Thus, continuing (63) we obtain

I(t) ≤ Â ≤ 1
2


 ∑

Πij /∈∂Λδ

gij(ti − tj)2 +
∑

Πij∈∂Λδ

gij(ti − tj)2

+C0D4R
(D + 2)3

8
[#ΠΛδ

+ 2#PΛδ
+ 3#4Λδ

]
∑

Πij∈∂Λδ

(ti − tj)2




≤ 1
2


 ∑

Πij /∈∂Λδ

gij(ti − tj)2 +
∑

Πij∈∂Λδ

gij(ti − tj)2

+C1D7R [K1 + 2K2 + 3K3]D3
∑

Πij∈∂Λδ

(ti − tj)2
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≤ 1
2


 ∑

Πij /∈∂Λδ

gij(ti − tj)2 +
∑

Πij∈∂Λδ

(gij + CD10R)(ti − tj)2




≤ 1
2

[
1 +

CRD10

| ln δ|
]∑

Πij

gij(ti − tj)2 =
[
1 +

CRD10

| ln δ|
]
I(t).

Hence, combining all the bounds we obtain (62):

I(t) ≤ Â ≤
[
1 +

CRD10

| ln δ|
]
I(t). ut

Note that the difference between last two theorems is in the following. The
hypothesis of Theorem 4 (that is, the δ-D connectedness of the graph G) is
much stronger than one of Theorem 3 therewith it provides stronger results
which are as follows. The existence of the δ-D partition {Λδ} of Y implies
an existence of the spanning cluster. While Theorem 3 gives only an order
of magnitude of an error of the discrete network approximation (which is of
order | ln δ|), Theorem 4 provides an explicit error estimate. It states that the
leading term of the asymptotics of Â is equal to the discrete energy I for any
number of inclusions N in the composite. Furthermore, this theorem provides
a finite error in the limiting case as N → ∞, while in Theorem 3 the error
grows together with N .

5 Numerical Illustration

We now apply the discrete network approximation (27)-(29) to show numer-
ically that for a fixed volume fraction the sparsity (presence of void spaces)
increases the effective conductivity in the densely packed composites. We com-
pare the effective conductivities of two types of composites with same volume
fraction of inclusions. The first type corresponds to the periodic arrays of in-
clusions. The second type corresponds to irregular (non-periodic) arrays with
void spaces (holes).

Our numerical experiment is designed for the face centered cubic packing
(FCC -packing) of spheres (see Fig. 13), which is known to have the densest
possible packing of identical spheres in 3D [CS93]. First we describe such a
periodic array.

Consider a cube and let its vertices and the centers of its faces be centers
of 14 spheres, packed as shown in Fig. 13 where the periodicity cell for such a
construction is presented. This cubic cell contains eight 1/8-spheres, centered
at each cube vertex, and six hemispheres, centered at each center of the cube
face. In such an arrangement of spheres the third layer repeats the first layer
in the following sense. Consider two plane lattices formed by the centers of
the spheres in the first and third layers, respectively. Then the perpendicular
projections of these lattices on a horizontal plane are the same.
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Fig. 13. Periodicity cell for the face-centered cubic array of spheres

The FCC -packing is a solution to a close packing problem of finding the
densest packing of spheres in three dimensions. The packing density of this
type is f =

π

3
√

2
≈ 0.7405 [Ste99], that is, the volume fraction of inclusions

when they are touching.
We choose the minimal relative interparticle distance for this case to be

δ = 5 · 10−8 and the radius of the spheres to be R = 0.2 (the corresponding
minimal distance between two neighboring spheres in the FCC -packing is
d = 10−8). Note that the minimal interparticle distance for the FCC -packing
is attained between diagonally placed inclusions. For example, neighboring
inclusions 1 and 2 are diagonally placed and distance between them is d,
whereas neighboring inclusions 2 and 3 in Fig. 13 are not diagonally placed
and distance between them is larger than d. Furthermore, d and f are related
as follows:

d = 2R

(
3

√
π

3
√

2f
− 1

)
. (64)

Now we are going to describe a model example which illustrates our main
point that for highly packed composites, sparsity leads to a very significant
increase in the effective conductivity.

We run two sets of experiments.
E1. For the periodic FCC -packing of spheres of R = 0.2 in the box

Y = [−2, 2] × [−2, 2] × [−1, 1] with volume fraction f varying from 0.46 to
0.74 with step 0.02, we compute the effective conductivity using the discrete
approximation:

Â ' I(t),

where t is the solution of the discrete minimization problem (27)-(29). For
this experiment the effective conductivity is denoted by A1 and depicted as
Plot 1 in Fig. 14.

E2. (a) For the given relative interparticle distance δ =
d

R
= 5 · 10−8,

we compute the volume fraction f0 of the periodic FCC -packing of inclusions
from (64).

(b) Here we want to remove inclusions from the periodic FCC -packing of
step E2(a), randomly choosing inclusions to remove. We start from the volume
fraction f0 ≥ f and remove at random inclusions so that the total volume
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fraction of removed inclusions is fr. We choose fr so that the total volume
fraction of the remaining inclusions f = f0− fr is the same as in the previous
experiment (E1). Thus we obtain irregular (non-periodic, with holes) array
of inclusions with the same volume fraction as the periodic array. Then we
can estimate the effective conductivity due to sparcity (non-periodicity). For

Fig. 14. Comparison of the effective conductivity A1 for FCC, uniform, packing of
inclusions, with the effective conductivity A2 of composites with void spaces (non-
uniform array of inclusions.)

the random removal of inclusions we use the Matlab r© function randperm(N)
(“random permutation”) that changes randomly the number of an inclusion
in a sequence of numbers of inclusions, where N is the number of inclusions
in this experiment. Then we remove inclusions of the volume fraction fr.
Our objective is to compare the effective conductivity A1 for the periodic
FCC -array of inclusions at volume fraction f = 0.46 . . . 0.74 with the effective
conductivity for the non-periodic array, denoted by A2, when f varies in the
same interval.

For each fixed fr we make at least 40 “removal” experiments to collect
statistics. For each of 40 configurations we compute the effective conductivity.
The average of these values is the effective conductivity A2 of a non-uniform
composite. A2 is given by Plot 2 in Fig. 14. Notice that the range of the volume
fraction f from 0.46 to 0.74 is exactly the same as in the set of experiments
E1. In the set of experiments E2 the relative interparticle distance δ between
neighbors is either very small or greater than 1, whereas in the experiment
E1 the distance between the inclusions is always the same (less than 1) for
every fixed volume fraction f . Also note that that the configurations obtained
in the “removal” experiments are non-uniform in the sense that they contain
holes, described in Introduction (see Fig. 1).
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Even though the total volume fraction in periodic and non-uniform config-
urations are the same the effective conductivity A2 is approximately 3 times
larger than A1. We also estimate the error (2) of our approximation (27)-(29)
by using the upper and lower bounds for both A1 and A2. Our preliminary
results show that the error for A2 of the sparse (non-periodic) configuration is
larger than for A1. At the same time the errors for both A1 and A2 are signifi-
cantly smaller than the corresponding error in the analogous two-dimensional
problem of randomly distributed disks, estimated in [BN02]. We are currently
working on understanding this observation.

6 Appendices

6.1 Appendix A

Here we present an alternative construction of the hoses, prisms and tetrahe-
dra using four pairwise neighbors x i, x j , xk and xm, depicted in Fig. 15, 16.
The vertices x i = A, x j = B, xk = C and xm = D being connected form a
tetrahedron T = ABCD. The point O is an intersection of the bisector planes
to the edges of the tetrahedron. This point O is the Voronoi vertex V. The
projections of O on four corresponding spheres are: πi(V) = A′, πj(V) = B′,
πk(V) = C ′, πm(V) = D′. They form a tetrahedron A′B′C ′D′ which is one of
the tetrahedra in the central projection partition of the domain Q, denoted
by ∆ijkm.

(a) the tetrahedron A′B′C′D′ (b) the prism A′B′C′C′′B′′A′′

Fig. 15. The tetrahedron ∆ijkm and the part of a prism P ′ijk

Each prism contains two parts. To obtain one of them, for instance, the
prism P ′ijk between three neighbors centered at x i, x j , xk (A, B, C), lying
inside T and shown in Fig. 15(b), we consider the Voronoi edge E that inter-
sects 4ABC at the point O1. The line segment OO1 is the part of E lying
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inside T . The point O1 is the intersection of the bisectors to the edges of the
triangle 4ABC. The arcs A′A′′, B′B′′, and C ′C ′′ are the projections of OO1

on the corresponding spheres ∂Bi, ∂Bj and ∂Bk. The figure A′B′C ′C ′′B′′A′′

obtained is the part of the prism Pijk that lies inside of T .

Fig. 16. The part of the hose Π ′
ij = A′A′′ABA′′′B′′′BAB′′B′

Finally, we construct as an example, the hose Πij , connecting two neigh-
bors centered at x i and x j (A and B in Fig. 16). The points AB and BA are
the intersections of the line segment connecting A and B with corresponding
spheres ∂Bi and ∂Bj . Similar to the point O1, the point O2 is the intersection
of the bisectors to the edges of the triangle 4ABD, and the points A′′′ and
B′′′ (Fig. 16) are the intersections of O2A and O2B with the corresponding
spheres ∂Bi, ∂Bj . The obtained figure A′A′′ABA′′′B′′′BAB′′B′ is then the
part of the hose Π ′

ij that lies inside of T .

6.2 Appendix B

Here we estimate the number of the tetrahedra, prisms, and hoses in Λδ in
terms of the parameter D.

Lemma 6. For any δ-polyhedron Λδ of the δ-D partition of Y of the δ-
subgraph Gδ, the number of tetrahedra #4Λδ

, the number of prisms #PΛδ
,

the number of hoses #ΠΛδ
in IntΛδ satisfy:

(a) #4Λδ
≤ 3

2
D3,

(b) #PΛδ
≤ 3D3,

(c) #ΠΛδ
≤ 3

2
D3.

(65)



Discrete Network Approximation in Three Dimensions 31

Proof. By the 3D Euler formula:

#xΛδ
−#ΠΛδ

+ #PΛδ
−#4Λδ

= 1, (66)

where #xΛδ
is the number of vertices xi in Λδ. Since each tetrahedron has 4

faces and each face belongs to at most two tetrahedra we have the following
bound:

#PΛδ
≥ 2#4Λδ

.

Since each edge has 2 vertices and each vertex can belong to not more than
12 edges (due to the ”kissing” number in 3D [CS93]) we obtain:

#xΛδ
≥ #ΠΛδ

6
.

From (66) we have

#xΛδ
+ #PΛδ

= #4Λδ
+ #ΠΛδ

+ 1 ≤ #PΛδ

2
+ 6#xΛδ

+ 1,

which implies
#PΛδ

2
≥ 5#xΛδ

+ 1 < 6#xΛδ
.

Thus, we obtain

#ΠΛδ
≤ 6#xΛδ

, #PΛδ
≤ 12#xΛδ

, and #4Λδ
≤ 6#xΛδ

.

The volume of Λδ is bounded from above by the volume of the ball of
diameter DR. Let M be the number of balls of radius R that can be placed

into this ball. Then
4
3
MπR3 ≤ π

3
D3R3, from which we find #xΛδ

≤ M ≤ D3

4
.

Then from the above bounds on the number of tetrahedra, prisms and hoses
we obtain (65). ut

6.3 Appendix C

Here we give the estimates on the Dirichlet integral of the function u defined
by (47).

Lemma 7. Let the function u be given by (47). Then the Dirichlet integral of
this function over the hose Πij is bounded by

∫

Πij

|∇u|2dx ≤
(

gij − 2πR ln
(

`

2ρ

)
+ 4πR

(
1− `

2ρ

))
(ti − tj)2. (67)

Proof. If u is given by (47) then its gradient is

∇u(x) =
(

∂u

∂x
,

∂u

∂y
,

∂u

∂z

)
= (ti − tj)

(
−z(Hij)x

H2
ij

, −z(Hij)y

H2
ij

,
1

Hij

)
. (68)
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We need to estimate the Dirichlet integral of u over the hose Πij . Let πj(F)
be the lower base of the hose Πij (see Fig. 9). Recall that the base of the hose
is a convex curvilinear polygon (the projection of the convex polygon on the
sphere). Let S be the projection on the xy-plane of the longest line segment
connecting the point BA with all the vertices of this curvilinear polygon,
referred to as the half-width of the hose (in Fig. 9 the longest line segment
connecting BA with other vertices of πj(F) is BABO, and its projection on
xy-plane is equal to S). Then we obtain the following estimate:

(ti − tj)2
∫

Πij

(
∂u

∂z

)2

dx = (ti − tj)2
∫

Πij

1
(Hij)2

dx

= (ti − tj)2
∫

πj(F)

dx dy

Hij
= gij(ti − tj)2,

(69)

using the formula (22).
Next consider

(ti − tj)2
∫

Πij

[(
∂u

∂x

)2

+
(

∂u

∂y

)2
]

dx

= (ti − tj)2
(∫

Πij

z2(Hij)2x
(Hij)4

dx +
∫

Πij

z2(Hij)2y
(Hij)4

dx

)

≤ (ti − tj)2

4

(∫

πj(F)

[
(Hij)2x
Hij

+
(Hij)2y
Hij

]
dx dy

)
.

(70)

Here we used the fact that z2 ≤ H2
ij

4
since z ∈

(
−Hij

2
,

Hij

2

)
.

Also,

(Hij)2x =
16 x2

R2 − x2 − y2
,

so

(Hij)2x
Hij

=
16x2

R2 − x2 − y2

1

δijR + 2R− 2
√

R2 − x2 − y2

≤ 8x2

R2 − x2 − y2

1

R−
√

R2 − x2 − y2
=

8x2

R2 − x2 − y2

R +
√

R2 − x2 − y2

x2 + y2
.

The estimate for
(Hij)2y
Hij

can be obtained Similarly. Continuing (70), we get
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(ti − tj)2
∫

Πij

[(
∂u

∂x

)2

+
(

∂u

∂y

)2
]

dx

≤ (ti − tj)2

4

∫

πj(F)

8x2 + 8y2

R2 − x2 − y2

R +
√

R2 − x2 − y2

x2 + y2
dx dy

= 2(ti − tj)2
∫

πj(F)

R +
√

R2 − x2 − y2

R2 − x2 − y2
dx dy

≤ 2(ti − tj)2
∫

Cj

R +
√

R2 − x2 − y2

R2 − x2 − y2
dx dy,

where Cj is a spherical cap of the sphere ∂Bj centered at BA, the radius of
which equals the half-width S of the hose Πij . Then

(ti − tj)2
∫

Πij

[(
∂u

∂x

)2

+
(

∂u

∂y

)2
]

dx

≤ 4π(ti − tj)2
∫ S

0

R +
√

R2 − r2

R2 − r2
r dr

=

[
−2πR ln

(
1− S2

R2

)
+ 4πR

(
1−

√
1− S2

R2

)]
(ti − tj)2.

(71)

Now our goal is to express the right hand side of the formula (71) in terms

Fig. 17. The construction in the triangle 4BB′B̃

of the quotient
ρ

`
. Recall that the z-axis is directed along AB. Then the

projection B′B̃ (Fig. 17) of the line segment B′BA on the xy-plane is less or
equal to S. We consider a hose in which the length of B′B̃ is exactly S. In
the triangle 4BB′B̃ the circumradius ρ of the tetrahedron ABCD can be

written as ρ = |BO| =
|BM |

cos 6 OBM
, where M is the midpoint of AB. From

4BB′B̃ we have:
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|BB′| = R, |B′B̃| = S; and
S

R
= sin 6 OBM,

so √
1− S2

R2
= cos 6 OBM =

|BM |
ρ

.

Since |BM | ≥ `

2
, where ` is the smallest edge of the tetrahedron ABCD, we

obtain from (71)

−2πR ln
(

1− S2

R2

)
+4πR

(
1−

√
1− S2

R2

)
≤ −2πR ln

(
`2

4ρ2

)
+4πR

(
1− `

2ρ

)
.

Hence
∫

Πij

|∇u|2dx ≤
(

gij + 2πR ln
(

2ρ

`

)
+ 4πR

(
1− `

2ρ

))
(ti − tj)2. (72)

ut

6.4 Appendix D

Here we prove the bound (51).

Proof. Denote by θ the smallest angle in the triangle A′B′C ′. Note that the
triangle A′B′C ′ is similar to the triangle ABC, which is one of the faces of
the tetrahedron T ∈ {T} (see Fig. 15). So we find the estimate for sin θ from
the triangle ABC. Thus θ is the smallest angle of 4ABC (6 CAB = θ in Fig.
18). Let θ = θ1+θ2 = 6 CAO1+ 6 BAO1. Recall that the point O1 is the point
of the intersection of the bisectors of 4ABC. Denote 6 CBO1 by θ3, and we
see that θ1 + θ2 + θ3 =

π

2
.

Fig. 18. The triangle ABC

From 4CBO1:

cos θ3 = sin(θ1 + θ2) = sin θ =
|BC|

2|BO1| .
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Note that |BO1| ≤ ρ then sin θ ≥ |BC|
2ρ

. Since |BC| ≥ `, we get sin θ ≥ 1
2γ

,

where γ =
ρ

`
. Hence, the formula (51) is proved. ut

6.5 Appendix E

Lemma 8. Let four different points Ai, i = 1, . . . , 4 form a tetrahedron T ′.
Let u be a linear function, taking values ti at Ai, respectively, i = 1, . . . , 4.
Then its Dirichlet integral over T ′ is bounded as follows:

∫

T ′
|∇u|2dx ≤ 1

12 |T ′|
{
|A2 ×A3|2 (t1 − t4)2 + |A3 ×A1|2 (t2 − t4)2

+ |A1 ×A2|2 (t3 − t4)2
}

,
(73)

where |T ′| is the volume of the tetrahedron T ′.

Proof. Consider the tetrahedron T ′ = A1A2A3A4 (see Fig. 19) with values
of the potentials ti at the points Ai (i = 1, . . . , 4). We choose a coordinate
system so that the point A4 is the origin.

Fig. 19. The tetrahedron T ′

Inside the tetrahedron T ′ the trial function u(x, y, z) is linear, that is,
u(x, y, z) = ax + by + cz + d, where the constants a, b, c and d are to be
determined. If we denote K = (a, b, c) and X = (x, y, z) then the function
u = K ·X + d. Since u(0, 0, 0) = t4 then d = t4 and

K ·Ai + t4 = ti, where Ai = (xi, yi, zi), i = 1, 2, 3.

If we denote

τi = ti − t4 (i = 1, 2, 3), τ4 = 0 then K ·Ai = τi, i = 1, 2, 3. (74)

From what we find

K · (τ2A1 − τ1A2) = 0 and K · (τ3A2 − τ2A3) = 0. (75)
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The formula (75) implies that K‖ (τ2A1 − τ1A2)× (τ3A2 − τ2A3) or

(τ2A1 − τ1A2)× (τ3A2 − τ2A3) = αK , (76)

where α is some constant to be determined. From equation (76) we have

K =
τ2τ3A1 ×A2 + τ2

2A3 ×A1 + τ1τ2A2 ×A3

α
. (77)

Now substitute (77) into, for example, K ·A1 = τ1 we get

τ2τ3A1 ×A2 + τ2
2A3 ×A1 + τ1τ2A2 ×A3

α
·A1 = τ1. (78)

We make the definition detA := det [A1 A2 A3], then simplifying (78) we
find that

α = τ2 A1 ·A2 ×A3 = τ2 detA.

Hence

K =
τ3A1 ×A2 + τ1A2 ×A3 + τ2A3 ×A1

detA = (a, b, c). (79)

Recall that our goal here is to calculate the Dirichlet integral of the func-
tion u = K · X + t4 over the tetrahedron T ′. Then we need to consider
|∇u|2 = |K |2:

|K |2 =
|τ3A1 ×A2 + τ1A2 ×A3 + τ2A3 ×A1|2

|detA|2 . (80)

For any real x, y, z, the following inequality holds: (x+ y + z)2 ≤ 3x2 +3y2 +
3z2. Continue formula (80) with this inequality gives

|K |2 ≤ 3
|detA|2

(
τ2
3 |A1 ×A2|2 + τ2

1 |A2 ×A3|2 + τ2
2 |A3 ×A1|2

)
.

Now we obtain the estimate for the Dirichlet integral of the trial function
u in the tetrahedron T ′:
∫

T ′
|∇u|2dx ≤ 3

|detA|2 |T
′|

(
τ2
3 |A1 ×A2|2 + τ2

1 |A2 ×A3|2 + τ2
2 |A3 ×A1|2

)
.

(81)

Note that the volume of the tetrahedron is |T ′| = 1
6

detA, which yields (81):

∫

T ′
|∇u|2dx ≤ 1

2 |detA|
(
τ2
3 |A1 ×A2|2 + τ2

1 |A2 ×A3|2 + τ2
2 |A3 ×A1|2

)
,

(82)
and using (82) and the definition of τi (74), formula (73) follows. ut
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6.6 Appendix F

Here we prove that two integrals over 4A′B′C ′ and over 4ÃB̃C̃ in (49) are
equal. Since the potential function is linear in x and z in every cross-section
we will construct it in both 4ÃB̃C̃ and 4A′B′C ′ and compare the Dirichlet
integrals of it over these triangles. Let u = αx + βz + γ in 4ÃB̃C̃ and
u′ = ax′ + bz′ + c in 4A′B′C ′.

The function u takes values ti, tj , tk at points Ã = (xi, yi, zi), B̃ =
(xj , yj , zj), C̃ = (xk, yk, zk), respectively, that is,

ti = αxi + βzi + γ, tj = αxj + βzj + γ, tk = αxk + βzk + γ.

Analogously, u′ takes values ti, tj , tk at points A′ = (x′i, y
′
i, z

′
i), B′ =

(x′j , y
′
j , z

′
j), C ′ = (x′k, y′k, z′k), respectively, that is,

ti = ax′i + bz′i + c, tj = ax′j + bz′j + c, tk = ax′k + bz′k + c.

Then one can find the coefficients α, β, a and b :

α =
ti(zj − zk) + tj(zk − zi) + tk(zi − zj)
xi(zj − zk) + xj(zk − zi) + xk(zi − zj)

,

β =
ti(xj − xk) + tj(xk − xi) + tk(xi − xj)
xi(zj − zk) + xj(zk − zi) + xk(zi − zj)

,

γ =
ti(zkxj − xkzj) + tj(zixk − xizk) + tk(xizj − xjzi)

xi(zj − zk) + xj(zk − zi) + xk(zi − zj)
,

and

a =
ti(z′j − z′k) + tj(z′k − z′i) + tk(z′i − z′j)
x′i(z

′
j − z′k) + x′j(z

′
k − z′i) + x′k(z′i − z′j)

,

b =
ti(x′j − x′k) + tj(x′k − x′i) + tk(x′i − x′j)
x′i(z

′
j − z′k) + x′j(z

′
k − z′i) + x′k(z′i − z′j)

,

c =
ti(z′kx′j − x′kz′j) + tj(z′ix

′
k − x′iz

′
k) + tk(x′iz

′
j − x′jz

′
i)

x′i(z
′
j − z′k) + x′j(z

′
k − z′i) + x′k(z′i − z′j)

.

Therefore, when x =
x′

k
and z =

z′

k
we get α = ak and β = bk. Thus,

u = akx′+bkz′+c and ∇u = k∇u′. Since4A′B′C ′ and4ÃB̃C̃ are congruent

then |ÃB̃| = |A′B′|
k

, |B̃C̃| = |B′C ′|
k

, and, |4ÃB̃C̃| = |4A′B′C ′|
k2

.
Hence we obtain
∫

Pijk

|∇u|2dx =
∫ h

0

dy

∫

4ÃB̃C̃

|∇u|2dxdz

=
∫ h

0

dy

∫

4A′B′C′
|∇u′|2k2 dx′

k

dz′

k
=

∫ h

0

dy

∫

4A′B′C′
|∇u′|2dx′dz′. ut
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