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Abstract
Computer model calibration involves combining information from simulations of a
complex computer model with physical observations of the process being simulated by
the model. Increasingly, computer model output is in the form of multiple spatial fields,
particularly in climate science. We study a simple and effective approach for computer
model calibration with multivariate spatial data. We demonstrate the application of
this approach to the problem of inferring parameters in a climate model. We find
that combining information from multiple spatial fields results in sharper posterior
inference than obtained from a single spatial field. In addition, we investigate the
effects of including a model discrepancy term and compare the use of a plug-in versus
a fully Bayesian approach for accounting for emulator variances. We find that usually,
although not always, inclusion of the model discrepancy term results in more accurate
and sharper inference of the calibration parameter, and estimating emulator spatial
variances in a fully Bayesian model results in wider posterior distributions.
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Introduction

Complex computer models are widely used by scientists to understand and predict the behavior of complex physical processes. Examples of applications include climate science, weather
forecasting, disease dynamics, and hydrology. Inference on these complex systems often combines information from simulations of the complex computer model with field data collected
from experiments or observations on the real physical system. The computer model simulations are frequently very computationally expensive, with each simulation taking minutes,
days or even weeks to complete, which makes Monte Carlo-based approaches to inference infeasible. Computer model emulation is a powerful approach pioneered by Sacks et al. (1989)
to approximate the expensive computer model by a Gaussian process. Emulation allows approximate output at any parameter setting to be obtained from a computationally tractable
Gaussian process fit to the output from the computer model at several parameter settings.
This approach can then be used in a larger framework that includes a model for physical observations in order to do computer model calibration. Computer model calibration finds the
value of the computer model parameters or ‘inputs’ most compatible with the observations
of the process. Here we follow the general framework described in Kennedy and O’Hagan
(2001) and further developed by many others (cf. Bayarri et al., 2007a; Sansò et al., 2008).
Increasingly, computer model output is multivariate (cf. Bayarri et al., 2007a; Higdon
et al., 2008). Of particular interest are models where the output is in the form of multivariate
spatial data. We consider as a case study the problem of inferring the value of a climate
parameter based on climate model output and physical observations that are in the form of
multivariate spatial data sets. This problem is motivated by the goal of assessing the risks
of future climate change. Specifically, we focus on the problem of learning about the climate
parameter ‘background ocean vertical diffusivity’ (Kv ), which determines the strength of the
heat and salt diffusion in the ocean component of the climate model, and is a key parameter in
climate model predictions of the Atlantic Meridional Overturning Circulation (AMOC). The
AMOC, part of the global ocean circulation system, plays an important role in global climate.
A weakening or possible collapse of the AMOC can potentially result in major temperature
and precipitation changes and a shift in terrestrial ecosystems. AMOC predictions may be
obtained from climate models, which include several parameterizations in order to mimic real
physical processes. Of the model parameters, Kv is particularly important for predictions
of AMOC. Reducing the uncertainty about the value of Kv will also reduce the uncertainty
of other key model parameters like climate sensitivity (Forest et al., 2002). While the value
of the parameter Kv may not resemble the observed ocean diffusivity, because it is intended
to represent several mechanisms that generate turbulent mixing in the ocean, ocean tracers
2

can provide information about large scale ocean patterns. Such information can be used
to infer Kv in the model, since observed tracers are strongly affected by this parameter.
For example, larger observed values of the tracer ∆14 C in the deep ocean suggest a higher
intensity of vertical mixing. These tracer data are in the form of spatial fields. Hence,
the computer model calibration problem here involves climate parameter inference based on
multivariate spatial data.
In this book chapter, we consider inference based on three oceanic tracers, all in the form
of relatively small one-dimensional spatial fields. We present a simple framework for combining information from multiple spatial fields from model simulations and physical observations
in the context of inferring the climate parameter Kv . We study the impact of including a
Gaussian process model for the discrepancy between the model and the true system. In addition, we study the impact of model assumptions by holding out model output at a particular
parameter setting and treating noisy versions of this output as ‘real data’. We consider two
statistical models, one that combines observation error and model discrepancy into a single
independent error term, the second where model discrepancy is modeled separately using a
Gaussian process. We are particularly interested in studying the impact of the discrepancy
term on climate parameter inference. We also then examine the effect of estimating emulator
spatial variance in a Bayesian framework versus using a plug-in approach.
The rest of our this book chapter is organized as follows. In Section 2, we discuss our
approach for calibration with spatial output. We build upon this framework to perform
parameter inference with multiple spatial fields in Section 3, paying special attention to model
discrepancy and emulator variances. In Section 4, we describe our case study, discussing both
the data set and modeling and implementation details. We describe the results of our study
in Section 5 and conclude with a summary and discussion in Section 6.

2

Computer model calibration with spatial output

In this section, we describe our model for inferring calibration parameters from the observations and model output of a single spatial field. We use the two-stage approach described
below for model calibration. We will also discuss the importance of various modeling assumptions.
In the first stage of our approach, we emulate the computer model by fitting a Gaussian
process to the spatial computer model output. In the second stage, we connect the calibration
parameters to the observations using the emulator, while allowing for other sources of uncertainty, such as model discrepancy and observation error. This allows us to use a Bayesian
3

approach to obtain a posterior distribution for the parameters. Our approach of splitting
inference into two stages has several advantages over fitting a single model in one inferential
step including separating the parts of the statistical model that are known to be correct
from the parts of the model that are questionable, improved diagnostics, and computational
advantages (see Bayarri et al., 2007b; Liu et al., 2009; Rougier, 2008a).
We begin with some notation. Let Z(s) be the observation of the spatial field at location
s, where s ∈ D with D ∈ Rd . For simplicity, and given the case study in Section 4, we

assume that d = 1, i.e. we have a one-dimensional spatial field. Let θ be the calibration

or model parameter of interest; our framework may easily be expanded to allow for vectors
of parameters. Y (s, θ) denotes the computer model output at the location s, and at the
calibration parameter setting θ. In general, the spatial data from the computer model grid
may or may not coincide with the locations of the observations. The objective here is to infer
a posterior distribution of θ given the observed data and computer model output.
Let Y = (Y11 , · · · , Yn1, Y12 , · · · , Yn2, · · · , Y1p , · · · , Ynp)T , obtained by stacking computer

model output at all calibration parameter settings, denote the computer model output for
a single spatial field. Yik corresponds to the model output for location si and calibration
parameter setting θk , and n is the number of model output locations and p is the number
of calibration parameter settings. Similarly, Z = (Z1 , · · · , ZN )T are the observations for the
spatial field, where N is the total number of observations.

2.1

Computer model emulation

We model the computer model output Y using a Gaussian process:
Y | β, θ, ξm ∼ N(µβ (θ), ΣM (ξm ))
where we assume a linear mean function, µβ (θ) = Xβ, with X a covariate matrix of dimension np × b, where there are (b − 1) covariates. The covariates we use are location and the

calibration parameter. ξ m is a vector of covariance parameters that specify the covariance

matrix ΣM (ξm ) and β is a vector of regression coefficients. We use a Gaussian covariance
function as described below:


ksi − si k2 |θi − θj |2
(ΣM )ij (φ, κ) = ζI(i = j) + κ exp −
−
φ2s
φ2c

(1)

where φ = (φs , φc ), κ, ζ, φs, φc > 0. The covariance function is separable over space and
calibration parameters, although a nonseparable covariance could be chosen if appropriate
(see Gneiting, 2002). Note that this function can be easily adapted to models for multiple
calibration parameters, as well as multiple spatial dimensions.
4

Let the maximum likelihood estimate of (ξ m , β) be (ξ̂ m , β̂). Let S be the set of locations
where the observations were collected. Following the standard kriging framework (Cressie,
1993; Stein, 1999), the multinormal predictive distribution for the computer model output
at a new θ at S is obtained by substituting (ξ̂ m , β̂) in place of (ξm , β) and conditioning on
Y. We denote the random variable with this predictive distribution by η(Y, θ) in the second
stage of our inference below.

2.2

Computer model parameter inference

In order to infer θ based on the observations Z, we need a probability model connecting θ and
Z. The predictive distribution from Section 2.1 provides a model for computer model output
at any θ and any set of new locations. We now model the observations Z as realizations
from a stochastic process obtained by accounting for additional error to the computer model
emulator from Section 2.1. Our model for the observations Z is therefore
Z = η(Y, θ) + δ(S) + ǫ
where η(Y, θ) is as described in Section 2.1, ǫ ∼ N(0, ψI), where ǫ = (ǫ1 , · · · , ǫN )T is the
observation error with ψ > 0 as the observation error variance. The model discrepancy,
δ(S), is modeled as a zero-mean Gaussian process. Hence, δ(S) ∼ N(0, Σd (ξ d )), where ξ d

is a vector of covariance parameters that specify the covariance matrix Σd (ξ d ). We have in
essence ‘inferred a likelihood’ for use in our Bayesian framework, since for any fixed Z, we
can obtain a value of the likelihood for any value of θ. We will discuss the merits of including
a model discrepancy term in Section 3.3.
We may allow the emulator spatial variance scale parameter from the first stage, κ, to
vary, rather than plugging in the MLE κ̂. We can now perform inference on θ, ψ, κ, and
ξd by specifying a prior for these parameters. Using Markov Chain Monte Carlo (MCMC),
we can estimate a posterior distribution for θ. It should be noted that the computational
complexity of the matrix operations involved in the second stage of our approach is solely
dependent on N, the size of Z, and not M = np, where M is the size of the ensemble of
model output Y. We will discuss prior selection for θ, ψ, κ, and ξd in Section 4.2.

3

Calibration with multivariate spatial output

In this section, we discuss how our approach can be used to combine information from multiple
spatial fields. We use a separable covariance model (see for instance, Banerjee et al., 2004) to
5

model the relationship of the computer model output from the three spatial fields. The similar
shape of the empirical variograms of the model output from three spatial fields in our case
study in Section 4 justify the use of a separable covariance model. We extend our notation
to allow for multiple spatial fields. Let Y1 = (Y11 · · · Y1np )T , Y2 = (Y21 · · · Y2np )T , and Y3 =
(Y31 · · · Y3np )T . denote the computer model output for three spatial fields. Similarly, Z1 =

(Z11 · · · Z1N )T , Z2 = (Z21 · · · Y2N )T and Z3 = (Z31 · · · Y3N )T are the observations for the same
three spatial fields. For convenience, we write Y = (Y11 , Y21 , Y31 , Y12 · · · Y1np , Y2np , Y3np )T , and
Z = (Z1 Z2 Z3 ).

3.1

Stage 1: Emulation for multivariate data

The computer model output for the spatial fields are modeled using using a separable crosscovariance function as described below in equation (2):
Y | β, θ, ξm ∼ N(µβ (θ), ΣM (ξ m ))
µβ = (µβ , µβ , µβ )T
1
2
3

(2)

ΣM (ξ m ) = P (ζ) + H(φ) ⊗ T (κ, ρ)
where µβ is a function of the calibration parameters, and β 1 , β 2 , β3 are the coefficient veci
tors for Y1 , Y2 , Y3 respectively. We note that we are implicitly assuming a linear relationship
among the spatial fields. For an approach based on a flexible hierarchical model allowing
for non-linear relationships among spatial fields, see Bhat et al. (2009). A computationally inexpensive approach that avoids computer model emulation and hence utilizes several
simplifying assumptions is described in Goes et al. (2009).
We now assume µβ (θ) = Xβ i (for i=1,2) where X is the covariate matrix of dimension
i
M × b, with covariates (depth and calibration parameters) as specified in Section 2.1. ξ m is

a vector of covariance parameters that specify the cross-covariance matrix ΣM (ξ m ). H(φ)
explains spatial dependence, while T (κ, ρ) is interpreted as the cross-covariance between
spatial fields. P (ζ) is a matrix that describes microscale variance of the process. The
covariance matrices are defined as follows:


ksi − si k2 |θi − θj |2
Hij (φ) = exp −
−
φs
φc



√
√
ζ 1 IN
0
0
κ1
ρ12 κ1 κ2 ρ13 κ1 κ3
√



 √
T = ρ12 κ1 κ2
ζ 2 IN
0 
κ2
ρ23 κ2 κ3  P =  0
√
√
0
0
ζ 3 IN
ρ13 κ1 κ3 ρ23 κ2 κ3
κ3
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(3)

(4)

where φ = (φs , φc ), and κi , ζi, φs , φc > 0, −1 ≤ ρij ≤ 1. We reduce parameters and ensure

that ΣY is positive definite and symmetric by letting ρii = 1 and ρij = ρji . We estimate MLEs

for the following parameters using the computer model output: Y: ζ1 , ζ2, ζ3 , κ1 , κ2 , κ3 , φs , φc .
In principle, β 1 , β 2 , β 3 and ρ may be estimated using maximum likelihood, but in the case
study in Section 4, we estimate β 1 , β 2 , β 3 using least squares regression and ρ using empirical sample correlations. As in Section 2.1, we obtain a multinormal predictive distribution
η(Y, θ) each θ at S by plugging in the MLEs and conditioning on Y. For ease of computation, we order the model output by depth and calibration parameter, and we write
Y = (Y11 , Y21 , Y31 , Y12 · · · Y1np , Y2np , Y3np )T .

3.2

Stage 2: Inference for multiple spatial fields

We write the model for the observed data as follows:
Z = η(Y, θ) + δ(S) + ǫ
where η(Y, θ) is as described earlier in Section 3.1, and ǫ = (ǫ11 , · · · , ǫN 1 , ǫ12 , · · · , ǫN 2 , ǫ13 , · · · , ǫN 3 )T
is the observation error. We assume that ǫ ∼ N(0, Σǫ ) with


ψ1 IN
0
0


Σǫ =  0
ψ2 IN
0 
0
0
ψ3 IN
where ψ1 , ψ2 , ψ3 > 0 are the observation error variances for the three spatial fields. The
model error or discrepancy δ(S) is modeled as a vector of three independent zero mean
Gaussian processes. The model for discrepancy is given in Section 3.3, and includes covariance
parameters ξ d1 , ξ d2 , and ξd3 .
Using the observations Z, we obtain the posterior distribution of θ, ψ1 , ψ2 , ψ3 , ξ d1 , ξ d2 ,
and ξ d3 using MCMC as discussed in Section 2.2. We may also allow the emulator spatial
variance parameters from the first stage, κ1 , κ2 , and κ3 to be reestimated, rather than using
plug-in MLEs. This can be done using by estimating the matrix T using an inverse Wishart
prior. More details about prior selection are discussed in Section 4.2.

3.3

Model discrepancy

An important concern in the process of calibration is whether the model is an adequate
representation of the true phenomena in the system. When this is not the case, there is a

7

need to consider ways to incorporate the difference between the computer model and reality.
The latter is usually referred to as model discrepancy.
A framework to account for model discrepancy is introduced in Kennedy and O’Hagan
(2001), and strong arguments in favor of inclusion of a model discrepancy term in any calibration approach is made in Bayarri et al. (2007b). Specifically, the argument is made that
neglecting to account for the model discrepancy results in overfitting, resulting in potentially
biased and incorrect inference of the calibration parameters. A test is introduced for whether
model discrepancy is needed in Bayarri et al. (2009), which almost always results in rejecting the hypothesis that the model represents the truth. However, O’Hagan (2009) suggests
that the inclusion of a model discrepancy does not always result in a less biased estimates
of calibration parameters, rather more biased estimates are possible. A further difficulty in
including a model discrepancy term in our statistical model is the high dependence between
the calibration parameter and model discrepancy term (Liu et al., 2009). Previous work has
shown that attempting to separate observation error and model error can impose nontrivial
computation and conceptual problems (Kennedy and O’Hagan, 2001; Sansò et al., 2008). An
approach that combines observation error and model error into a single term, rather than
estimate them separately is described in Sansò et al. (2008). Even this approach requires
substantial compromises in computing techniques in order to fit the model. In our case study,
we consider the two different approaches to incorporate the error into our statistical model
as follows:
Approach 1 : No model discrepancy term (model discrepancy and observation
error combined):
Z = η(Y, θ) + ǫ
where η(Y, θ) is the predictive distribution as described earlier in Section 3.1, and ǫ =
(ǫ11 , · · · , ǫN 1 , ǫ12 , · · · , ǫN 2 , ǫ13 , · · · , ǫN 3 )T is the observation error, and ǫ ∼ N(0, Σǫ ), with


ψ1 IN
0
0


Σǫ =  0
ψ2 IN
0 
0
0
ψ3 IN
where ψ1 , ψ2 , ψ3 > 0 are the observation error variances for the three spatial fields.
In the univariate case, ǫ ∼ N(0, ψI), where ǫ = (ǫ1 , · · · , ǫN )T is the observation error

with ψ > 0 as the observation error variance.

Approach 2 : Model discrepancy modeled as a zero-mean Gaussian process.
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Z = η(Y, θ) + δ(S) + ǫ
where η(Y, θ) and ǫ are the same as in Approach 1 above. The model error or discrepancy
δ(S) is modeled as a vector of three independent zero mean Gaussian processes below:

  
Σd1 (ξd1 )
0
0
0

  
δ(S) ∼ N 0 ,  0
Σd2 (ξ d2 )
0 
0
0
Σd3 (ξd3 )
0
where ξ dk =((φdk )i , κdk ) covariance matrix Σdk (ξdk ) is as follows:


ksi − sj k2
(Σdk )ij (φdk , κdk ) = κdk exp −
, κdk , (φdk ) > 0
φ2dk

(5)

In the univariate case, δ(S) ∼ N(0, ΣD (ξd )), where the covariance matrix ΣD (ξ d ) is the

same form as equation (5). While it can be argued that the model discrepancy should not
be assumed to have zero mean, in practice it may be too hard to identify a non-zero mean.
The Gaussian process is flexible enough to correct for an incorrect mean structure. Further,
additional parameters to model the mean of the model discrepancy would be confounded
with the climate calibration parameter.

3.4

Estimation of emulator spatial variance parameters

Bayarri et al. (2007b) discusses the issue of estimating emulator spatial parameters in a modularization framework; specifically the question of whether to estimate these parameters in a
full Bayesian approach as opposed to a plug-in MLE approach. Bayarri et al. (2007b) argues
that while a full Bayesian approach would be more informative because uncertainty in the
emulator parameters is taken into account, such uncertainties are often small compared to
the uncertainties due to the model discrepancy resulting in little difference in the final results.
Further, using a full Bayesian approach often leads to a significant increase in computation
time. The full Bayesian approach also results in identifiability issues. For example, attempting to estimate the microscale variation (emulator nugget) in the second stage is difficult
because it is clearly confounded with the observation error variance. We have therefore used
a plug-in approach so far.
We now study the estimation of the emulator spatial variance in a Bayesian framework in
the second stage for Model 2, where a model discrepancy term is included. For the univariate
case, this consists of estimating κ, in the multivariate case, we need to estimate the crosscovariance matrix T (κ, ρ) in the second stage.
9

4

Application to climate parameter inference

4.1

Ocean tracer data

In this study, we focus on three tracers that have previously been shown to be informative
about Kv in ocean models: ∆14 C, trichlorofluoromethane (CFC11), and ocean temperature
(T) (cf. Schmittner et al., 2009).

14

C (radiocarbon) is a radioactive isotope of carbon, which

may be produced naturally and by detonation of thermonuclear devices.

14

C and CFC11

enter the oceans from the atmosphere by air-sea gas exchange and is transported from the
ocean by advection, diffusion, and to a lesser degree by biological processes (Key et al., 2004;
McCarthy et al., 1977).
∆14 C, CFC11, and ocean temperature (T) measurements were collected for all oceanic
basins in the 1990s, with locations denoted by a latitude, longitude, and depth. The data
have been controlled for quality and gridded by Key et al. (2004). We use the observations
from the data synthesis project by Key et al. (2004), which are then aggregated globally (i.e.
aggregated over latitude and longitudes), resulting in a data set with N = 13 depths. In
addition, model output at p = 10 different values of Kv , 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35,
0.4, 0.45, and 0.5 cm2 /s, on a grid of locations of latitude, longitude, and ocean depth were
evaluated from University of Victoria (UVic) Earth System Climate Model as described in
Schmittner et al. (2009). The model output were also aggregated globally, providing a ‘depth
profile’ representing an average between 1990-2000 (cf. Goes et al., 2009). The total number
of depths in the model output is n = 13, resulting in M=np=130 model output values per
tracer. Depths below 3000 m are excluded to minimize problems due to sparse sampling
(Key et al., 2004) and model artifacts (Schmittner et al., 2009).
To perform statistical inference on climate parameters, we need to establish a relationship
between the observations and the climate parameters. We accomplish this by using an
earth system model, which simulate the complex phenomenon of the atmosphere and the
oceans under specific input parameter settings to obtain output. The climate models are
complex computer codes representing the solution to a large set of differential equations that
approximate physical, chemical, and biological processes (Weaver et al., 2001). These climate
models often take weeks to months to execute for any given calibration parameter setting,
making it very computationally expensive to obtain output at a large number of parameter
settings. This provides a compelling argument for using emulation.
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4.2

Implementation details

In this section, we discuss some of the details of the application of our approach to the
ocean tracer data described in Section 1. We verify the emulator using a leave one out crossvalidation approach, where we leave out the model output for one calibration parameter
(Rougier, 2008b) and predict at all locations for that calibration parameter setting. Plots
for the model output and predictions using both cross-validation approaches for Kv =0.2 are
shown in Figure 4. The cross-validation appear to result in predictions for the removed
locations visually similar to the original model output (Figure 4).
In the second stage, we use MCMC to obtain the posterior distributions of θ. We use
a Lognormal (-1.55, 0.59) on θ which reflects the geoscientists’ prior uncertainty about Kv
based on previous research (Bhat et al., 2009). We use a wide inverse gamma prior for the
observation error and model discrepancy variances, specifically ψ1 ∼ IG(2, 10) and κd1 ∼

IG(2, 1000) for ∆14 C, ψ2 ∼ IG(2, 0.1) and κd2 ∼ IG(2, 0.6) for CFC11, and ψ3 ∼ IG(2, 0.1)

and κd3 ∼ IG(2, 15) for T. We use wide uniform priors for the model discrepancy range

parameter. For the emulator spatial variances, we use κ1 ∼ IG(5, 24000), κ2 ∼ IG(5, 2.4),
and κ3 ∼ IG(5, 60). When combining multiple spatial fields we can instead place an inverse

Wishart prior on the cross covariance matrix T , specifically, T ∼ IW (10, 8TM LE ). Here TM LE

is matrix for T obtained by plugging in the MLE from the first stage. The other parameters
for the Inverse Wishart were determined using formulae from Anderson (2003) to ensure that
the distribution is centered around TM LE and variances of individual matrix elements are
relatively small. Specifically, the variances of individual matrix elements decrease as the first
parameter of the Inverse Wishart distribution is increased. These priors were obtained after
an exploratory analysis of the data suggested the approximate scale of these parameters.
While we understand that one needs to be careful about using the data in any way to
determine priors, our priors are fairly wide with infinite variance (except for the emulator
spatial variance terms), and are not strongly informative.
To ensure convergence of our MCMC based estimates in the second stage, we obtained
Monte Carlo standard errors for the posterior mean estimates of θ and other parameters
computed by consistent batch means (Flegal et al., 2008; Jones et al., 2006). The posterior
mean estimates of θ had MCMC standard errors below 10−4 for both the univariate and
bivariate approaches. The MCMC standard errors for the other parameters were less than
10−3 for both the univariate and bivariate approaches.
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5

Results

5.1

Ocean tracer data

In this section we present the results from our analyses using the tracers ∆14 C, CFC11, and
T. While there is substantial overlap among the posterior distributions of Kv (with model
discrepancy is included) obtained by using ∆14 C, CFC11, and T separately and then jointly,
there are also clear differences (Figure 3). We calculated credible regions using the Highest
Posterior Density (HPD) method (Chen et al., 2000). The 90% credible region for Kv using
the single tracer ∆14 C is between 0.057 and 0.352 cm2 /s, the 90% credible region for Kv using
the single tracer CFC11 is between 0.170 and 0.407 cm2 /s, the 90% credible region for Kv
using the single tracer T is between 0.156 and 0.420 cm2 /s, and the 90% credible region for Kv
using the tracers jointly is between 0.164 and 0.313 cm2 /s. Combining the information from
all three tracers results in a sharper posterior distribution of Kv when model discrepancy is
included (Figure 3).
Inclusion of the model discrepancy term appears to shift the posterior probability distribution to the left when we combine the three tracers (Figure 2) and when we use the CFC
and T tracers individually (Figure 1), suggesting that an approach without taking model
discrepancy into account results in a bias. The 90% credible region for Kv using the tracers
jointly is between 0.194 and 0.390 cm2 /s when model discrepancy is not included, between
0.164 and 0.313 cm2 /s when model discrepancy is included, and between 0.130 and 0.395
cm2 /s, when emulator spatial variance is also estimated in a fully Bayesian approach. There
is little difference when the tracer ∆14 C is used, however, between the approach including
model discrepancy and the approach that does not do so. Further, it appears that estimating
emulator spatial variance in a fully Bayesian approach results in wider posterior probability
distributions, likely due to the additional uncertainty contributed by the emulator. It appears that the posterior distribution for Kv for the tracers jointly is clearly sharper than for
the tracers individually for all of the approaches (Figures 1 and 2).

5.2

Simulation study

We investigated the impact of including a model discrepancy term as described in Section
3.3. Our goal in this study is to determine whether the inclusion of model discrepancy and
estimation of emulator spatial variance actually results in better inference of the calibration
parameter under different error situations. We hold out a calibration parameter setting, say
Kv =0.35, and treat the model output (for all the tracers) for that parameter setting as the
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observations. We then apply our two stage approach as described earlier to the remainder of
the model output and the synthetic observations for all three modeling approaches; exclusion
of the model discrepancy term, inclusion of the model discrepancy term, and inclusion of the
model discrepancy term plus estimation of the emulator spatial variance. This procedure is
executed for all three scenarios below:
Scenario 1 : No error. In this scenario, we simply define the observations as the model
output at the held out calibration parameter setting. That is, Z∗k (si ) = Yk (si , θ∗ ) for i =
1, · · · , N, where θ∗ is the held out calibration parameter setting and k = 1, 2, 3 denotes the
tracer of interest.

Scenario 2 : Independent and identically distributed (i.i.d.) error. In this scenario, we
add N(0, σk2 ) to the model output at the calibration parameter setting for each location for
tracer i. Specifically, Z∗k (si ) = Yk (si , θ∗ ) + ǫ∗k , where ǫ∗ki ∼ N(0, σk2 ). Since the scale of the
three tracers are different, we must select different values for σk2 .

Scenario 3 : Model discrepancy plus i.i.d. error. In this scenario, we add a GP (µk , Σk )
to the observations in Scenario 2. Specifically, Z∗k (si ) = Yk (si , θ∗ ) + δ ∗k + ǫ∗k , where δ ∗k ∼

GP (µk , Σk ). Again since the scale of the three tracers are different, so are the parameters of
the Gaussian processes.
The results of this experiment suggest that adding a model discrepancy term results in
more accurate inference and less overfitting for all three scenarios (Figure 5(a)-(c)). Estimation of the emulator spatial variance term results in much wider posterior probability
distributions for all three scenarios (Figure 5(a)-(c)). In Scenario 1, both approaches of excluding and including the model discrepancy term result in having a posterior distribution
centered near the held out parameter Kv =0.35. However the posterior distribution is sharper
and slightly more accurate when the model parameter is included (Figure 5(a)). Estimation
of the emulator spatial variance term results in a wider posterior probability distribution,
but correctly centered around the held out parameter Kv =0.35 (Figure 5(a)). In Scenario 2,
excluding the model discrepancy term results in a bias to the left (smaller values of Kv ), while
including the model discrepancy results in more accurate inference and a sharper posterior for
the calibration parameter (Figure 5(b)). Estimating the emulator spatial variance results in
a slightly biased and wider posterior for the calibration parameter (Figure 5(b)). In Scenario
3, excluding the model discrepancy term results in a clearly biased distribution that has a
wide bimodal posterior, while including the model discrepancy term results in a posterior
distribution that has much less bias, is unimodal, and is sharper (Figure 5(c)). Estimating
the emulator spatial variance results in a wider posterior distribution that is biased slightly
to the left (Figure 5(c)). It is important to stress that obtaining such results required much
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experimentation in determining instructive parameters for σk and Σk . Simulating observations with too much noise would clearly result in the signal being too weak, and thus the
inability to obtain reasonable inference about the calibration parameter, while adding too
little error would result in virtually the same inference as in the case with no added error.
Inspired by the suggestion from O’Hagan (2009) that the inclusion of a model discrepancy
term may actually result in more biased estimates of the calibration parameter, we attempted
to find a situation where the inclusion of the model discrepancy term ‘makes the situation
worse’. To do so we added a function proportional to 1/depth or 1/depth2 as ‘error’ to
the model output at Kv =0.35, and we obtained a situation where the inference was more
biased and less accurate by including model discrepancy than without model discrepancy
(see Figure 5(d)). Hence, in some situations, adding model discrepancy may make inference
about calibration parameters worse.

6

Summary

We develop and apply an approach for inferring calibration parameters by combining information from observations and climate model output for multiple tracers while taking into
account multiple sources of uncertainty. We find that, as one would expect, combining information from multiple spatial fields results in tighter posterior distributions for the climate
model parameter. We studied the impact of modeling the model discrepancy and observation
error. Based on our study, we find that it is important to include a model discrepancy term,
and modeling the discrepancy via a zero mean Gaussian process seems to be the safest approach to guard against bias and overfitting. These results corroborate, in the spatial output
setting, the conclusions of Bayarri et al. (2007b). We note, however, that when the computer
model is a poor representation of reality, the resulting inference may be more biased when
model discrepancy is included. Our study suggests that estimating the emulator spatial variance in a fully Bayesian framework appears to simply reflect the uncertainty from the prior
distribution of the emulator spatial variance to the posterior distribution of the calibration
parameter. Hence, we recommend using a plug-in estimate of the emulator spatial variance
unless there is clear prior information for these parameters.
A possible issue with calibration in general is the known confounding between the calibration parameters and the model discrepancy parameters. We also note that the climate
parameter inference obtained here is based on heavily aggregated data, which neglects local
spatial effects and small-scale behavior across the ocean, and uses a simple covariance function. Hence, computationally tractable approaches, for large datasets, such as those explored
14

in Bhat et al. (2009), may provide more scientifically rigorous conclusions than those reported
here.
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Figure 1: Posterior for Kv for the three tracers: (i) excluding model error (dotted black
line), (ii) including model error (solid black line), (iii) including model error and estimation
of emulator spatial variances (dotted-dashed black line). Top left: ∆14 C, Top right: CFC11,
Bottom left: T.
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Figure 2: Posterior probability distribution for vertical diffusivity (Kv ) for all three tracers
jointly: (i) excluding model error (dotted black line), (ii) including model error (solid black
line), (iii) including model error and estimation of emulator spatial variances in second stage
(dotted-dashed black line).
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Figure 3: Log Normal Prior (dotted black line) and posterior probability distributions of
vertical diffusivity (Kv ) with model discrepancy term included using (i) CFC11 tracer (dotted
black line), (ii) ∆14 C tracer (dotted-dashed black line), (iii) T tracer (dotted-dashed black
line), (iv) all three tracers jointly (solid black line).
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Figure 4: Cross-validation plots of predictions at Kv =0.2 and 0.4 with model output at Kv
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Figure 5: Posterior probability distribution for vertical diffusivity (Kv ) for the three tracers
jointly: (i) excluding model error (dotted black line), (ii) including model error (solid black
line), (iii) including model error and estimation of emulator spatial variances in second stage
(dotted-dashed black line) for simulation experiments. Top left: ‘Observations’ as model
output at Kv =0.35 with no error, Top right: simulated iid error added, Bottom left: simulated
model discrepancy. Bottom right: error function proportional to 1/depth2 added. True
parameter value of Kv =0.35 denoted by thick black line.
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