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Analogies

Let q be a fixed positive integer power of the prime number p, Fq the
finite field with q elements, and t an indeterminate over Fq.

Number fields Function fields

Z A := Fq[t]

Q F := Fq(t)

R F∞ := Fq((t−1)) w/ |t| = q

C C∞

N A+ := { monic polynomials in t } ⊂ A

Analogies: Both Z and A are Euclidean domains, hence principle ideal
domains, hence unique factorization domains. Both have finitely many
multiplicative units and finitely many residue classes modulo each ideal.
Also, both Z ⊆ R and A ⊆ F∞ discretely and co-compactly.



Set-up

P. Gräf gave a brief definition of an analytic Drinfeld modular form of
weight k and type l (mod q − 1) for Γ = GL2(A), where A = Fq[t], and
hence defined the C∞ vectorspaces Sk,l(Γ) of cupidal Drinfeld modular
forms.

It is through power series expansions at the cusp at infinity using Goss’s
parameter

u(z) :=
1

π̃

∑
a∈A

1

z − a
for z ∈ C∞ \ A

that one uncovers an F -rational structure on these analytically defined
modular forms (2), and one may show that the naturally defined Hecke
operators in this analytic setting are actually defined over F (see
Gekeler).

Sk,l(Γ) has a basis of forms with F -rational u-expansion coefficients, and
we write Sk,l(Γ,F ) ⊂ Sk,l(Γ) for the F -span of this basis and write
{Tp} p∈A+

irreducible
for the Hecke operators, which act on Sk,l(Γ,F ).

2Here π̃ is a fixed fundamental period of the Carlitz module.



Naive Maeda for Drinfeld Modular Forms

In our setting the Tp also stabilize the subspaces

Sdouble
k,l (Γ,F ) ⊂ Sk,l(Γ,F )

of cuspidal forms whose u-expansions are divisible by u2 (3).

Thus, a naive Maeda conjecture in our context would ask whether the
characteristic polynomials of the Hecke operators acting on Sdouble

k,l (Γ,F )

are irreducible over F , i.e. whether all Sdouble
k,l (Γ,F ) are irreducible as

Hecke modules.

But as P. Gräf pointed out in his talk, this was already known to fail due
to Hecke stable subspaces consisting of the images of certain
hyperderivative maps (Bosser-Pellarin) and the powers of the Frobenius
(everyone).

3These are the forms that correspond to holomorphic differentials in our setting.



Enter G. Böckle

Our recent joint work goes several steps further than this. G. Boeckle
already realized, shortly after the writing of his habilitation, that there
were Hecke stable filtrations of Sk,l(Γ,F ) arising via representation theory
through an isomorphism of Hecke modules due originally to Teitelbaum.

Following the notation of P. Gräf’s talk, we let StΓ be the
Z[GL2(F )]-module (the global Steinberg module) given by

StΓ = ker
(
degΓ : Z[P1(F )× GL2(F )/Γ]→ Z[GL2(F )/Γ]

)
.

The module StΓ is finitely generated, projective and has a natural action
of Hecke operators (via double coset operators) which we will also denote
by {Tp} p∈A+

irreducible
.

Finally, the F [GL2(F )]-modules appearing in Teitelbaum’s isomorphism
are

Vk,l := (detl−1 ⊗F Symk−2((F 2)∗))∗,

where (·)∗ denotes the F -dual HomF (·,F ) of the corresponding F -vector
space.



Teitelbaum’s Isomorphism

Theorem (Teitelbaum (originally) / Böckle (in full generality)):

There is an explicit isomorphism of C∞-vector spaces

Sk,l(Γ)→ (StΓ ⊗GL2(F ) Vk,l)⊗F C∞

that is equivariant for all Hecke operators {Tp} p∈A+

irreducible
.

Theorem (Böckle-Gräf-P.):

The functor
Repf

F (GL2(F ))→ Modf
F [{Tp}p]

V 7→ StΓ ⊗GL2(F ) V

is exact.

Note that these constructions and results hold in much greater generality
in their adelic formulation for general global fields F .



Hecke stable filtrations via Representation theory

Corollary (Böckle-Gräf-P.):

Any filtration(a) of the F [GL2(F )]-module Vk,l induces a Hecke-stable fil-
tration of Sk,l(Γ).

In particular, any composition series for Vk,l as an F [GL2(F )]-module gives
rise to a Hecke stable filtration of Sk,l(Γ).

aNotice that the analog of these modules are irreducible in the classical situation!

Notice that even with C∞-coefficients, this is already interesting, as in
positive characteristic it is not known if Sk,l(Γ) has a basis of
simultaneous eigenforms, and in this setting we lack an analog of the
Petersson inner product.



Putting it all together

Building on Bonnafé, we determine the composition factors of
detl−1 ⊗F Symk−2((F 2)∗) and their multiplicities, though we do not
know any composition series for Vk,l in general.

Further, we determine all irreducible representations of GL2(F ); they
have the shape

Lk ⊗ detm for k ,m ∈ Z, k ≥ 0

for explicitly defined subrepresentations

Lk′ ⊂ Symk′
((F 2)∗), k ′ ≥ 0

arising via the Steinberg Tensor Theorem.



Putting it all together

Thus, as a first step in formulating a Maeda conjecture for Γ = GL2(A),
one must understand the Hecke modules

StΓ ⊗GL2(F ) Lk .

1. Are they irreducible as Hecke modules?
2. What are their dimensions?

In answer to 1, as we have discovered experimentally, even in cases when
Vk,l is irreducible (and hence is the dual of a twist of Lk−2) the Hecke
action still need not be.



Putting it all together

Teitelbaum:
Sk,l(Γ) ∼= (StΓ ⊗GL2(F ) Vk,l)⊗ C∞

It is classical knowledge that for k of the form k = cpn + 1 and any l , the
module Vk,l is irreducible. Thus, for these special weights4 there is no
obstruction to the irreducibility of the Hecke modules Sk,l(Γ) coming
from representation theory, and any reducibility here will be specific to
the Hecke action itself.

One may hope that for these k and l the Hecke action on Sk,l(Γ) is
irreducible, a less naive analog of Maeda in this setting.

4Notice k − 2 = cpn − 1 (the power of Sym in Vk,l ) are what Goss called p-magic
numbers. They arise in connection with relations between char. p special ζ-values and
Γ-values, but to my knowledge there has been no connection made to representation
theory previously.



Putting it all together

But, alas! We still are not quite there. Here are some examples of
factored characteristic polynomials of the Hecke operator Tt acting on
Sk,l(Γ) ∼= (StΓ ⊗GL2(F ) Vk,l)⊗ C∞ for irreducible Vk,l when q = 3:(5)

k, l Factors of char. poly. for Tt

10, 0 (x + t4 + t2)

10, 1 x + 2t

28, 0 irred. deg. 3

28, 1 (x + 2t)

(x + 2t13 + 2t11 + t5)

(x + 2t13 + t11 + 2t5)

(x + t13 + 2t11 + 2t5)

82,0 (x + 2t40 + t38 + t32 + t14)

(x + t40 + 2t38 + t32 + t14)

(x + t40 + t38 + 2t32 + t14)

(x + t40 + t38 + t32 + 2t14)

(x + 2t40 + 2t38 + 2t32 + 2t14)

irred deg. 5

82, 1 (x + 2t)

irred. deg. 9

5Note that classically, the full behavior of all Hecke operators is expected to be
evident just from T2.



Putting it all together

So, for each weight, in one type we are seeing an irreducible factor of
large degree and in the other type several very special (and predictable)
looking linear factors. We have no explanation for the existence of these
eigenforms whatsoever at the moment6.

In weight 244, while we still see the special eigenvalues with a predictable
pattern in type l = 1, in the type l = 0 we are getting two irreducible
factors of degrees 7 and 23—i.e. further unwanted / unexplained
factorization.

Nevertheless, all irreducible factors in these weights have Galois group
over F equal to the symmetric group in the number of letters given by
their degree.

For the special weights cqn + 1 when q = 5, the pattern looks similar,
though there appear to be more special eigenvalues not coming from only
these special weights.

6Though, we make a conjecture about their shape for all weights k = qn + 1, n ≥ 1
when q = 3.



Dimensions of StΓ ⊗GL2(F ) Lk , Γ = SL2(A)

Clearly, the dimensions of the Hecke modules StΓ ⊗GL2(F ) Lk′ which show
up as factors via the composition series of Vk,l give upperbounds on the
degrees of the factors (over F ) of the characteristic polynomials of the
Hecke operators.
So, we undertook an investigation into their dimensions.

We expect

dimF (StΓ ⊗GL2(F ) Lk) ≈ gcd(2, q2 − 1)

q2 − 1
dimF Lk .

and dimF Lk may be given explicitly in terms of the base p expansion of
k .

We have computed the explicit dimension of these spaces when
q = 2, 3, 5, giving a method for general q, and a student of Böckle’s is
looking for a formula for general q.



That’s all for now!

Thanks very much!
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