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Non-archimedean uniformization and monodromy pairing

Mihran Papikian

1. Introduction

One of the most well-known facts about elliptic curves is that an elliptic curve
E over C admits an analytic uniformization
(1.1) C/Λ ∼−→ E(C),
where Λ is a lattice in C. This isomorphism is an isomorphism of analytic groups
over C, which can be explicitly described using the Weierstrass ℘-function. The
isomorphism (1.1) gives a powerful tool for the study of elliptic curves; as a simple
example, note that (1.1) implies that for any n ≥ 2 the n-torison of E is isomorphic
to (1/n)Λ/Λ ≈ (Z/nZ)×(Z/nZ), which is not so easy to prove with purely algebraic
methods.

The primary goal of these notes is to give a concise overview of the non-
Archimedean uniformization theory of abelian varieties and curves. The simplest
(and the first) example of such uniformization is the analogue of (1.1) due to Tate.
In the late 1950’s, Tate discovered that an elliptic curve with split multiplicative
reduction over a non-Archimedean field is analytically isomorphic to a quotient
of the multiplicative group of the field by a lattice. Tate’s remarkable discovery
was not only important in the theory of elliptic curves, but it also served as a
motivation for Tate’s creation of rigid-analytic spaces, which is a general theory
of p-adic manifolds, in many respects similar to the classical analytic geometry
(see Tate’s Foreword in [42]). The next important step in the non-Archimedean
uniformization theory was taken by Mumford who in two influential papers [29]
and [30] generalized Tate’s uniformization to curves with degenerate reduction and
to abelian varieties with toric reduction, respectively. Finally, in [23], Manin and
Drinfeld showed how the uniformization of the Jacobian variety of a curve with
degenerate reduction is related to the uniformization of the curve itself, in analogy
with the classical Abel-Jacobi theorem.

A secondary goal of the notes is to explicate the relation of Grothendieck’s
monodromy pairing [17] to the non-Archimedean uniformization of abelian vari-
eties. We will see that the monodromy pairing is the valuation of the analogue of
the Riemann form in the non-Archimedean setting. This pairing is a very useful
tool in some problems arising in arithmetic geometry; cf. [40].
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Now we give a more detailed account of this paper’s contents. In Section 3,
we recall the algebraic construction of the monodromy pairing. This construction
might seem somewhat complicated, especially due to the fact that one constructs
the pairing �-adically for all primes �, and then proves that there is a unique Z-
valued pairing whose extension of scalars recovers all �-adic pairings. We also recall
the functorial properties of the monodromy pairing, and give an explicit formula
for this pairing in the case of Jacobian varieties. In Section 4, we give a summary
of the theory of Tate curves. This section primarily serves as a motivation and a
concrete example for our later discussions. An elliptic curve can be thought of as (i)
an abelian variety of dimension 1; (ii) a curve of genus 1; (iii) a Jacobian variety of
dimension 1. In the next three Sections 5, 6, 7 we discuss how Tate’s uniformization
can be extended in these three different directions. (A fourth direction in which
Tate curves can be generalized, namely the uniformization of hyperelliptic curves,
is discussed in Example 6.13.) Section 5 contains the rigid-analytic realization
of the monodromy pairing, and analytic proofs of some of its properties. It is
quite remarkable how natural Grothendieck’s pairing is from the analytic viewpoint.
The last Section 8 discusses the function field analogues of Shimura curves arising
from quaternion algebras. This section can be considered both as giving explicit
examples of Mumford curves, and also as an example of the use of rigid-analytic
uniformization in number theory. Here we also explain how the monodromy pairing
appears in disguise in the theory of automorphic forms.

The paper contains essentially no proofs— we only sketch the ideas which go
into the proofs of the most fundamental theorems. For the details on the mon-
odromy pairing one should consult Grothendieck’s original Exposé in SGA 7 [17];
while writing §3, we also used Brian Conrad’s notes on the monodromy pairing
[7], which give an exposition of Grothendieck’s work with some simplifications (un-
fortunately, Conrad’s manuscript is still unpublished). For an extensive treatment
of non-Archimedean uniformization theorems, besides Mumford’s original papers,
the reader might consult the following books: [16] for the uniformization of curves
and Jacobians, and [11] for the uniformization of abelian varieties. Another nice
reference is Manin’s semi-expository paper [22]; this paper contains more detailed
proofs of the results in [23], and also gives an exposition of Mumford’s work.

This paper has several drawbacks. The most serious one is that to keep it short
we do not discuss any of the basics of non-Archimedean geometry. Neither do we
discuss Raynaud’s approach to rigid-analytic geometry based on formal schemes,
although this theory plays a crucial role in the proofs of uniformization theorems.
By now there are several books on the subject of non-Archimedean geometry, as well
as many excellent expository papers. For a relatively concise account of this theory,
including Raynaud’s approach, the reader might consult Brian Conrad’s lectures at
the Arizona Winter School 2007 [42]. Still, we believe that a reader familiar with
the Tate curve example, but not familiar with rigid-analytic spaces, should be able
to follow the ideas in Sections 5, 6, 7. Another limitation is that we assume that the
base field is local. This simplifies some of the technicalities, but is not necessary.
In fact, working within the framework of formal geometry, Mumford proves his
fundamental results [29,30] over an arbitrary complete Noetherian normal integral
domain.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

NON-ARCHIMEDEAN UNIFORMIZATION AND MONODROMY PAIRING 125

2. Notation

Given a field K we denote its algebraic closure by K, and its separable closure
by Ksep. We denote by GK = Gal(Ksep/K) the absolute Galois group of K.

From now on, K will be a field equipped with a nontrivial discrete valuation
ordK : K → Z ∪ {+∞}.

Let R = {z ∈ K | ordK(z) ≥ 0} be its ring of integers. Let m = {z ∈ K | ordK(z) >
0} be the maximal ideal of R, and k = R/m be the residue field. We fix a uniformizer
� of R, and assume that the valuation is normalized by ordK(�) = 1. Assume
further that k is a finite field of characteristic p, and define the non-Archimedean
absolute value on K by |x| = (#k)− ordK(x). Finally, assume K is complete for the
topology defined by this absolute value. Overall, our assumptions mean that K is
a local field [44]. It is known that every local field is isomorphic either to a finite
extension of Qp, or to the field of formal Laurent series k((x)). We denote by CK

the completion of K with respect to the extension of the absolute value (which is
itself algebraically closed).

3. Monodromy pairing

3.1. Néron models. Let X be a scheme over K. A model of X over R is
an R-scheme X such that XK = X. Néron proved that an abelian variety has a
model over R with a particularly nice set of properties:

Theorem 3.1. Let A be an abelian variety over K. There is a model A of
A which is smooth, separated, and of finite type over R, and which satisfies the
following universal property:

For each smooth R-scheme X and each K-morphism φK : XK → A there is a
unique R-morphism φ : X → A extending φK .

The model A in the theorem is called the Néron model of A. It is obvious
from the universal property that A is uniquely determined by A, up to unique
isomorphism. Moreover, the group scheme structure of A uniquely extends to a
commutative R-group scheme structure on A , and A(K) = A (R). It is not true
that A is necessarily proper, and A is not necessarily stable under base change.
The book [4] is a standard reference for the theory of Néron models.

Remark 3.2. If A is an elliptic curve, then the smooth locus of the minimal
proper regular model of A over R is the Néron model; cf. [4, §1.5; 46, Chapter IV].

The closed fibre Ak is usually not connected. Let A 0
k be the connected com-

ponent of the identity section. There is an exact sequence
(3.1) 0 → A 0

k → Ak → ΦA → 0,
where ΦA is a finite étale group scheme over k. The group ΦA is called the group of
connected components of A. By Chevalley’s theorem, A 0

k is uniquely an extension
of an abelian variety B by a connected affine group T ×U , where T is a torus and
U is a unipotent algebraic group (i.e., U is isomorphic to a closed subgroup of the
group of upper triangular matrices with diagonal entries 1); see [4, §9.2]. We say
that A has

(1) good reduction if U and T are trivial,
(2) semi-abelian reduction if U is trivial,
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(3) toric reduction if U and B are trivial,
(4) split toric reduction if U and B are trivial, and T ∼= Gd

m,k is a split torus.

3.2. Definition of the monodromy pairing. Let A be an abelian variety
of dimension d over K. Let A∨ be the dual abelian variety of A. Let s ≥ 2 be an
integer coprime to p. Denote by A[s] the kernel of multiplication by s on A. This
is a finite GK-module isomorphic to (Z/sZ)d. The Cartier dual of A[s]

Hom(A[s],Gm,K)
is canonically isomorphic to A∨[s] (cf. [28, p. 143]), so we get a canonical perfect
bilinear pairing of finite GK-modules
(3.2) es : A[s] ×A∨[s] → Gm,K [s] = μs

given by evaluation, where μs = {ζ ∈ K | ζs = 1}. Fix a prime � 	= p. Multi-
plication by � induces a surjective homomorphism A[�n+1] → A[�n]. The inverse
limit

T�(A) := lim←−A[�n]
with respect to these homomorphisms is the �-adic Tate module of A; this is a free
Z�-module of rank 2d equipped with a continuous action of GK . The pairing (3.2)
satisfies e�n+1(a, a′)� = e�n(�a, �a′) for all a ∈ A[�n+1] and a′ ∈ A∨[�n+1]. Hence
e�n ’s are compatible with taking the inverse limits, and in the limit we get a pairing
(3.3) (·, ·)� : T�(A) × T�(A∨) → lim←−μ�n =: Z�(1),
called the �-adic Weil pairing.

The elements of GK act as homeomorphisms on K. This implies that GK

induces an action on k̄ considered as the residue field of K, so there is a canonical
homomorphism GK → Gk. The kernel I of this homomorphism is called the inertia
subgroup of GK . There is a canonical surjective homomorphism

(3.4) ρ : I →
∏

� �=p

Z�(1)

g �→ lim←−
g(�1/n)
�1/n ,

where the inverse limit is over all n ≥ 1 coprime to p. It is clear that this homo-
morphism is independent of the choice of a uniformizer �. It is known that the
kernel of ρ is a pro-p group.

From now on we assume that A has semi-abelian reduction. Denote by T�(A)I
the submodule of T�(A) fixed by I. There is a canonical isomorphism T�(A)I ∼=
T�(A 0

k ). This is not surprising since one can think of T�(A)I as the largest submod-
ule of T�(A) which “extends over R”. (This can be made rigorous by decomposing
each quasi-finite group scheme A [�n] into a disjoint union A [�n]f � Hn, where
A [�n]f is a finite R-group scheme and Hn has empty closed fibre; see [17, 2.2.2].
Then T�(A 0

k ) ∼= lim←−A [�n]f ∼= T�(A)I .) Denote by T the toric part of A 0
k . Let

T�(A)t be the submodule of T�(A)I mapping to T�(T ) := lim←−T [�n] under the iso-
morphism T�(A)I ∼= T�(A 0

k ). We get a filtration of Z�-modules

T�(A)t ⊂ T�(A)I ⊂ T�(A).
Since A and A∨ are isogenous, the dual abelian variety A∨ also has semi-abelian
reduction. Hence we get a similar filtration on T�(A∨). Grothendieck’s Orthogo-
nality Theorem [17, Theorem 2.4] says that T�(A)I is the orthogonal complement
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of T�(A∨)t with respect to the Weil pairing (3.3). This implies that if x ∈ T�(A)
and g ∈ I, then gx − x ∈ T�(A)t. Indeed, the Weil pairing is Galois invariant and
I acts trivially on Z�(1), so for any y ∈ T�(A∨)I we have

(gx− x, y)� = (gx, y)�
(x, y)�

= g(x, g−1y)�
(x, y)�

= g(x, y)�
(x, y)�

= (x, y)�
(x, y)�

= 1.

Now let g, h ∈ I and x ∈ T�(A). Since (h − 1)x ∈ T�(A)I , (g − 1)(h − 1)x = 0.
Therefore, (gh− 1)x = (g − 1)x + (h− 1)x. We conclude that

ϕ : I → HomZ�
(T�(A), T�(A)t)

g �→ (x �→ (g − 1)x)
is a continuous homomorphism. Since the target group is pro-�, ϕ must factor
through the maximal pro-� quotient of I, which is isomorphic to Z�(1). Note that
ϕ(g) restricted to T�(A)I ⊂ T�(A) is trivial, so we get a homomorphism
(3.5) Z�(1) → HomZ�

(T�(A)/T�(A)I , T�(A)t).
Let

M := Hom(Tk̄,Gm,k̄)
be the character group of T . The character group is a free Z-module equipped with
an action of Gk. If we denote M� = M ⊗Z Z� and M∗

� = HomZ�
(M�,Z�), then

T�(A)t ∼= T�(T ) ∼= M∗
� ⊗Z�

Z�(1).
Denote by T∨ the toric part of (A ∨)0k. Let M∨ be the character group of T∨. By
the Orthogonality Theorem

T�(A)/T�(A)I ∼= Hom
(
T�(A∨)t,Z�(1)

) ∼= Hom
(
T�(T∨),Z�(1)

) ∼= M∨
� .

Hence
HomZ�

(T�(A)/T�(A)I , T�(A)t) ∼= HomZ�

(
M∨

� ,M
∗
� ⊗Z�

Z�(1)
)

∼= HomZ�

(
Z�, (M∨

� ⊗Z�
M�)∗ ⊗Z�

Z�(1)
)

∼= (M∨
� ⊗Z�

M�)∗ ⊗Z�
Z�(1).

Now from (3.5) we get a homomorphism
Z�(1) → (M∨

� ⊗Z�
M�)∗ ⊗Z�

Z�(1),
or equivalently, a pairing
(3.6) 〈·, ·〉� : M� ⊗Z�

M∨
� → Z�.

Theorem 3.3. There exists a unique bilinear Gk-equivariant pairing
〈·, ·〉 : M ⊗Z M∨ → Z

such that for each prime number � the pairing
〈·, ·〉 ⊗Z Z� : M� ⊗Z�

M∨
� → Z�

obtained by extension of scalars is the pairing (3.6).

The pairing in Theorem 3.3 is called the Monodromy Pairing. (The name comes
from the fact that the pairing (3.6) is constructed using the action of I on T�(A),
which is a well-known arithmetic analogue of the action of the fundamental group
of a punctured complex analytic disk on the first cohomology group of a family of
abelian varieties over the disk degenerating at the origin.) The proof of Theorem 3.3
in [17] is quite involved. As a preliminary step, Grothendieck gives an alternative
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definition of a pairing 〈·, ·〉� : M� ⊗Z�
M∨

� → Z�, which works for all �, including
� = p, and proves that this is equal to (3.6) for � 	= p. This alternative definition
relies on the theory of “mixed extensions” [17, §9.3] and works over more general
base schemes. We will see later that the monodromy pairing is a very natural
pairing from the perspective of non-Archimedean uniformization (in that context
the monodromy pairing is a priori Z-valued).

Remark 3.4. The pairing (3.6) can be made more explicit as follows. Suppose
x ∈ M� and y ∈ M∨

� . By definition, these elements correspond to homomorphisms
x : T�(A)t → Z�(1) and y : T�(A∨)t → Z�(1).

The Weil pairing (3.3) induces a perfect duality between T�(A)t and
T�(A∨)/T�(A∨)I . Hence there is a uniquely determined x′ ∈ T�(A∨)/T�(A∨)I such
that x is the homomorphism z �→ (z, x′)�. Similarly, there is y′ ∈ T�(A)/T�(A)I
such that y is the homomorphism z �→ (y′, z)� For any g ∈ I, the element (g − 1)y′
is well-defined and lies in T�(A)t. Hence

(
(g − 1)y′, x′)

�
is also well-defined. Un-

winding the definition of (3.6), one checks that 〈x, y〉� ∈ Z� is the element such that
for any g ∈ I

(3.7)
(
(g − 1)y′, x′)

�
= ρ�(g)〈x,y〉� ,

where ρ� : I → Z�(1) is the homomorphism ρ in (3.4) followed by the projection on
the �th factor.

3.3. Properties of the monodromy pairing. The monodromy pairing has
nice functoriality properties. Let f : A → B be a homomorphism between abelian
varieties over K with A and B both having semi-abelian reduction. Let f∨ : B∨ →
A∨ be the dual homomorphism. By the universal property, f extends to a homo-
morphism f : : A → B of Néron models over R. This induces a homomorphism
of semi-abelian varieties f0

k : A 0
k → B0

k. Since there are no nontrivial morphisms
from a torus to an abelian variety, f0

k restricted to the toric part TA of A 0
k in-

duces a homomorphism TA → TB. Hence there results a canonical homomorphism
f : MB → MA between the character groups of TB and TA (which with abuse of
notation we again denote by f). Similarly, we get a homomorphism between the
character groups of the dual abelian varieties f∨ : M∨

A → M∨
B induced by f∨. De-

note by 〈·, ·〉A : MA ⊗M∨
A → Z the monodromy pairing for A, and similarly for B.

Let y ∈ M∨
A and x ∈ MB . Then

(3.8) 〈f(x), y〉A = 〈x, f∨(y)〉B.
This follows from an analogous formula for the Weil pairing; cf. [24, Lemma 16.2].

Theorem 3.5. Let A be an abelian variety over K with semi-abelian reduction.
Denote by M the character group of the toric part of A 0

k .
(1) If ξ : A → A∨ is a polarization, then the pairing M∨ ⊗M∨ → Z given by

the composition
M∨ ⊗M∨ ξ⊗1−−→ M ⊗M∨ 〈·,·〉−−→ Z

is symmetric and positive definite.
(2) There is a short exact sequence of Gk-modules, covariantly functorial in A,

0 → M∨ → Hom(M,Z) → ΦA → 0,
m′ �→ (m �→ 〈m,m′〉)

where ΦA is the group from (3.1).
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These are Theorems 10.4 and 11.5 in [17]. The proof of part (1) eventually
reduces to the case of Jacobians, where the statement immediately follows from
an explicit formula for the monodromy pairing (see Theorem 3.8). We will prove
Theorem 3.5 in the split toric reduction case in §5.4 using non-Archimedean uni-
formization.

Remark 3.6. An ample line bundle on A can be used to define a finite mor-
phism with special properties ξ : A → A∨, called a polarization; cf. [24, p. 126]. If
A has a polarization of degree 1, then A is said to be principally polarized. Assume
A is principally polarized, and fix such a polarization ξ : A ∼−→ A∨. Using ξ−1, we
get a symmetric positive definite pairing

〈·, ·〉ξ : M ⊗M → Z.

The polarization ξ also induces an involution α �→ α† on End(A), called the Rosati
involution. The endomorphisms of A extend uniquely to endomorphisms of A .
Hence each α ∈ End(A) canonically acts on M . We have the following formula for
x, y ∈ M

〈αx, y〉ξ = 〈x, α†y〉ξ,
which follows from a similar formula for the ξ-polarized Weil pairing on A; cf.
[24, p. 137].

Remark 3.7. The monodromy pairing can be used to define a perfect Gk-
equivariant pairing ΦA ⊗ ΦA∨ → Q/Z; see [17, §11]. In particular, ΦA

∼= ΦA∨ .

3.4. Monodromy pairing for Jacobians. Let X be a smooth, projective,
geometrically irreducible curve over K of genus d ≥ 1. A model X of X over R is
said to be semi-stable if X is flat and proper, and the closed fibre Xk is reduced
and has only ordinary double points as singularities. If X has a semi-stable model
X over R, then X can be chosen to be regular. (Every curve has a semi-stable
model after possibly passing to a finite extension of K; see [4, Theorem 9.2/7].)

Assume X is a regular semi-stable model of X. Let S = {x1, . . . , xr} and
I = {X1, . . . , Xh} be the sets of singular points and irreducible components of Xk̄,
respectively. Let Gr(X ) be the dual graph of Xk̄. Recall that the vertices and
edges of Gr(X ) are the elements of I and S, respectively; each singular point lying
on Xi and Xj defines an edge joining the vertices Xi and Xj . Note that Xi = Xj

is allowed. Denote by
⊕

xi∈S Z[xi] the free Z-module with generators indexed by
the singular points, and similarly denote by

⊕
Xj∈I Z[Xj ] the free Z-module with

generators indexed by the irreducible components. The simplicial chain complex of
Gr(X ) gives the exact sequence

(3.9) 0 → H1(Gr(X ),Z) →
⊕

xi∈S
Z[xi] →

⊕

Xj∈I
Z[Xj ] → Z → 0.

The last map is the augmentation (=“sum of the coefficients”). The map in the
middle is given by [x] �→ [X]−[Y ], where X and Y is an ordered choice of irreducible
components passing trough x.

Let J = Pic0
X/K be the Jacobian variety of X. Let J be the Néron model of

J over R. Under the above assumptions on X , the identity component Pic0
X /R

of the relative Picard functor is a smooth model of J over R. Hence there is a
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canonical morphism of R-group schemes Pic0
X /R → J . By an important theorem

of Raynaud [4, Theorem 9.5/4], this morphism induces an isomorphism

(3.10) Pic0
X /R

∼−→ J 0.

This isomorphism allows to describe J 0
k in terms of Xk. Let X̃i be the normal-

ization of Xi, 1 ≤ i ≤ h. The normalization of Xk is the disjoint union �X̃i, and
the normalization map �X̃i → Xk induces a surjection

Pic0
Xk/k

→
∏

i

Pic0
X̃i/k

whose kernel is the toric toric part T of J 0
k . Moreover, T can be described as

follows (see [4, Example 9.2/8]): For 1 ≤ i ≤ r and 1 ≤ j ≤ h, define εi,j to be
0 if the singular point xi is not on Xj or if Xj is the only irreducible component
through xi. Otherwise, let εi,j be a fixed choice of ±1 subject to the restriction
εi,j + εi,j′ = 0, where Xj and Xj′ are the two branches through xi. Then there is
an exact sequence

(3.11) 0 → Gm,k →
⊕

Xj∈I
Z[Xj ] ⊗Gm,k →

⊕

xi∈S
Z[xi] ⊗Gm,k → T → 0,

[Xj ] �→
∑

xi∈S
εi,j [xi]

where the first map in the exact sequence is the diagonal embedding. We recognize
this exact sequence as the dual of (3.9), or in other terms T ∼= H1(Gr(X ),Z)⊗Gm,k.
Hence

(3.12) M ∼= H1(Gr(X ),Z).

Define a pairing 〈·, ·〉 on
⊕

xi∈S Z[xi] by

(3.13) 〈[xi], [xj ]〉 =

{
1, if i = j;
0, otherwise.

The restriction of this pairing to H1(Gr(X ),Z) induces via (3.12)) a pairing on
M , which is obviously Z-valued, symmetric and positive definite. A Jacobian va-
riety is canonically principally polarized; cf. [25, Theorem 6.6]. Hence we get a
second pairing on M by using the monodromy pairing and the canonical principal
polarization on J as in Remark 3.6.

Theorem 3.8. The above two pairings on M are one and the same.

Proof. The proof is discussed in Chapter 12 of [17] (see also [7, 19]). The
proof rests on the so-called Picard – Lefschetz formula from étale cohomology which
describes the action of the inertia group on H1

et
(
XK ,Z�(1)

)
. Consider the exact

sequence of Tate modules of tori obtained from (3.11). The canonical vanishing
cycles are the images of [xi] in T�(T ) ∼= T�(J)t, which we denote by the same
symbols. These elements clearly generate T�(J)t. Let g ∈ I and y ∈ T�(J). The
Picard – Lefschetz formula gives an explicit expression for gy − y ∈ T�(J)t in terms
of the canonical vanishing cycles

(3.14) gy − y = ρ�(g)
∑

xi∈S
(y, [xi])�,ξ · [xi],
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where ξ : J ∼−→ J∨ is the canonical principal polarization and the pairing (·, ·)�,ξ is
the composition

T�(J) ⊗ T�(J) 1⊗ξ−−→ T�(J) ⊗ T�(J∨) (·,·)�−−−→ Z�(1).
Theorem 3.8 can be deduced by plugging this expression into (3.7). �

4. Tate curves

The basic problem considered by Tate was to adapt (1.1) to elliptic curves over
K. At first this might seem futile, since K of characteristic 0 does not even have
nontrivial discrete subgroups. Tate’s great insight was that the classical formulae
giving (1.1) make sense p-adically when exponentiated. More precisely, by scaling
the lattice in eq1.1 we can assume that Λ = Z+Zτ for some τ with positive imag-
inary part. Then the map C → C×, z �→ exp(2πiz), induces a complex analytic
isomorphism E(C) ∼−→ C

×/qZ, where q := exp(2πiτ ) satisfies |q| < 1. This iso-
morphism is explicitly described by power series which depend on q. The amazing
thing is that these power series have coefficients in Z, hence can be considered over
K, and as such they are convergent everywhere if we assume that the parameter
q is a fixed element in K× satisfying |q| < 1. Note that qZ = {qn | n ∈ Z} is an
infinite cyclic discrete subgroup of K×. Thus, one might expect that the quotient
group K×/qZ is isomorphic to the group of K-rational points of an elliptic curve. In
fact, a stronger statement is true: the isomorphism in question is an isomorphism
of rigid-analytic groups.

Let Gm,K = SpecK[X,X−1] be the algebraic multiplicative group, and let
Gan

m,K be its rigid-analytification. We can identify q with the automorphism of
G

an
m,K given by z �→ zq.

Theorem 4.1. For q as above, G
an
m,K/qZ is isomorphic to the analytification

Ean
q of an elliptic curve Eq over K. Up to K-isomorphism, Eq is uniquely deter-

mined by q. The curve Eq has split toric reduction. Conversely, if E is an elliptic
curve over K with split toric reduction, then there is a unique q ∈ K× with |q| < 1
such that Eq

∼= E.

The theorem implies that, unlike the classical situation, not every elliptic curve
over K has an analytic uniformization: a necessary and sufficient condition for
the existence of such uniformization is for E to have split toric reduction (a more
common terminology for elliptic curves is split multiplicative reduction).

Proof. We only give a sketch; for a detailed proof the reader can consult
[46, Chapter V; 48]. The isomorphism Gan

m,K/qZ
∼−→ Ean

q is given by explicit
formulae similar to those describing (1.1). From this one obtains Eq as the curve
given by the Weierstrass equation

Eq : y2 + xy = x3 + a(q)x + b(q),
where a(u) and b(u) are explicit power series in uZ�u�. If q ∈ m, then the series
a(q) and b(q) converge in K and clearly belong to the maximal ideal m. Hence the
reduction of the Weierstrass equation of Eq modulo m is given by y2 + xy = x3,
which is a nodal cubic with singularity at (x, y) = (0, 0). This implies that Eq has
split toric reduction. The j-invariant of Eq is

j(q) = 1
q

+ 744 + 196884q + · · · .
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The map q �→ j(q) gives a bijection between the sets {q ∈ K× | |q| < 1} and
{z ∈ K | |z| > 1}. It is known that an elliptic curve E over K with toric reduction
has j-invariant |j(E)| > 1. Hence E is isomorphic over K to Eq, where q is such
that j(q) = j(E). Finally, one shows that if E has split toric reduction then this
isomorphism is defined over K. �

The group of connected components of the Néron model of Eq can be computed
from the analytic uniformization. It follows from the Tate Algorithm [47] that the
group of connected components of the Néron model of an elliptic curve with toric
reduction is cyclic of order − ordK

(
j(E)

)
. Hence

(4.1) ΦEq
∼= Z/ ordK(q)Z.

Another application of the non-Archimedean uniformization is the description
of isogenies between two elliptic curves with split toric reduction [48, p. 325]:

Theorem 4.2. Let n ∈ Z. The endomorphism of Gan
m,K given by z �→ zn

induces an isogeny Eq1 → Eq2 if and only if qn1 ∈ qZ2 . Conversely, every isogeny
between Tate curves arises in this manner:

HomCK
(Eq1 , Eq2) ∼= HomK(Eq1 , Eq2) = {(m,n) ∈ Z× Z | qm2 = qn1 }.

5. Uniformization of abelian varieties

5.1. Complex analytic uniformization. Let V be a vector space over C of
dimension g. A map H/colonV × V → C is a Hermitian form if it is linear in the
first variable, and H(v, w) = H(w, v). This implies that H(v, v) is a real number;
we say that H is positive-definite if H(v, v) > 0 for all v 	= 0. Let Λ be a Z-lattice
in V , i.e., a discrete subgroup of V isomorphic to Z

2g. A Riemann form on V/Λ is
a positive-definite Hermitian form H on V such that ImH is Z-valued on Λ × Λ.

Given a lattice Λ in V , the quotient V/Λ is a compact analytic manifold with
a natural group structure. It is well-known that V/Λ is the complex analytic space
associated to an abelian variety over C if and only if V/Λ possesses a Riemann form;
cf. [28, p. 35]. If g = 1, then a Riemann form always exists. Indeed, without loss of
generality we may assume that V = C, Λ = Z⊕Zτ , and Im(τ ) > 0. Then it is easy
to check that H(v, w) = vw̄/ Im(τ ) is a Riemann form. If g ≥ 2, relatively few V/Λ
have a Riemann form, hence not all such quotients are algebraic; cf [28, p. 36].

Now let A be an abelian variety over C. Let VA = H0(A,Ω1)∗ be the dual of
the C-vector space of holomorphic 1-forms on A, and ΛA = H1(A,Z). There is a
natural injective homomorphism ΛA → VA given by

γ �→
(
ω �→

∫

γ

ω

)

which identifies ΛA with a lattice in VA. The quotient VA/ΛA is isomorphic to A(C);
see [28, p. 2]. Thus, every abelian variety over C has “analytic uniformization.”
This is a generalization of (1.1).

Suppose A = V/Λ is an abelian variety and H is a Riemann form. As is
explained in [28], H corresponds to a polarization ξH : A → A∨. We can apply this
polarization to the second factor in (3.2) to obtain a pairing

em,ξH : A[m] ×A[m] → μm
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for any m ≥ 2. This pairing has an analytic description. Let x, y ∈ V be such that
mx,my ∈ Λ. Then the images x̄, ȳ of x, y in A lie in A[m], and (see [28, p. 237])

(5.1) em,ξH (x̄, ȳ) = exp
(
−2πi ·m · ImH(x, y)

)
.

For example, if E = C/(Z⊕Zτ ) and H(x, y) = xȳ/ Im(τ ), then em,ξH (1/m, τ/m) =
exp(2πi/m).

5.2. Non-Archimedean Riemann form. The discussion in §4 suggests that
as a possible generalization of the Tate curve example to higher dimensional abelian
varieties one can consider the quotients (Gan

m,K)g/Λ, where Λ is a lattice. A theory
of such quotients was developed at different levels of generality by Morikawa [27],
Gerritzen [15], Raynaud [37] and Mumford [30].

Let T = SpecK[Z1, Z
−1
1 , . . . , Zg, Z

−1
g ] be the split algebraic torus of dimension

g over K. Let T an be the rigid-analytification of T . A character of T an is a
homomorphism of rigid-analytic groups χ : T an → Gan

m,K . Denote the group of
characters of T an by X(T an). It is known that analytic characters are all algebraic,

X(T an) = X(T ) = {Zn1
1 · · ·Zng

g | (n1, . . . , ng) ∈ Z
g}.

In fact, a stronger statement is true: any holomorphic, nowhere vanishing function
on T an is a constant multiple of an algebraic character (see [11, §6.3]).

Consider the group homomorphism

trop: T an(CK) → Hom(X(T ),R) ≈ R
g

x �→ (χ �→ − log|χ(x)|).

A (split) lattice Λ in T an is a free rank-g subgroup of T an(K) such that trop : Λ →
Rg is injective and its image is a lattice in the classical sense. Such Λ is discrete
in T an, i.e., the intersection of Λ with any affinoid subset of T an is finite. Hence
we can form the quotient G := T an/Λ in the usual way by gluing the Λ-translates
of a small enough affinoid U . It is easy to see that G satisfies Kiehl’s condition of
properness, so G is a proper rigid-analytic group. The Riemann form condition in
this setting is the following:

Theorem 5.1. G is an abelian variety if and only if there is a homomorphism

H : Λ → X(T an)

such that H(λ)(μ) = H(μ)(λ) for all λ, μ ∈ Λ, and the symmetric bilinear form

ordK H : Λ × Λ → Z

λ, μ �→ ordK H(λ)(μ)

is positive definite.

Proof. The strategy of the proof is very similar to the proof of the corre-
sponding theorem over C as given in [28, Chapter 1]. The proof can be found in
[11, Chapter 6; 15]. The idea is first to describe the line bundles on G. It turns out
that every line bundle L on G is determined by a pair (H, d), where H : Λ → X(T an)
is a group homomorphism and d : Λ → K× is a map satisfying

d(λ1λ2)d(λ1)−1d(λ2)−1 = H(λ2)(λ1).

Next, the global sections of a line bundle L on G can be explicitly described using
formal theta series. It turns out that enough of these series are convergent, and
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hence L is ample, if and only if ordK H is positive definite. Finally, one uses rigid-
analytic GAGA theorems, proved by Kiehl, to conclude that G is algebraic (every
closed analytic subspace of Pn,an

K is the analytification of a unique closed subscheme
of Pn

K). �

Example 5.2. Let G = G
an
m,K/qZ with q ∈ K×, ordK(q) > 0. For fixed n ∈ Z,

let χn be the character of Gan
m,K given by z �→ zn, and define H : qZ → X(Gan

m,K)
by H(q) = χn. Then

H(qs)(qr) = χs
n(qr) = χsn(qr) = qsrn = H(qr)(qs)

and
ordK H(qs)(qr) = nsr · ordK(q).

Hence H is symmetric and ordK H is positive definite if n > 0. By Theorem 5.1,
G is an elliptic curve, which is the first part of Tate’s theorem 4.1. Note that
H(q) = χ1 gives an isomorphism between the lattice and the character group. We
will see later that this is a reflection of the fact that Eq is principally polarizable.

Example 5.3. Let T an = Gan
m,K×Gan

m,K . We represent T an(CK) as pairs (α, β),
α, β ∈ C

×
K . Each character in X(T an) corresponds to a pair (n,m) ∈ Z2, and is

defined by (α, β) �→ αnβm; we denote this character by χn,m. Fix q1, q2, τ ∈ K×

such that
ordK(q1) ≥ ordK(q2) > ordK(τ ) ≥ 0.

Let Λ be the subgroup of (K×)2 generated by e1 = (q1, τ ) and e2 = (τ, q2). It is
easy to see that Λ is a lattice. Define

H : Λ → X(T an)
by H(e1) = χ1,0 and H(e2) = χ0,1. Then H(e1)(e2) = τ = H(e2)(e1), so H is
symmetric. Next, let e = ea1e

b
2 ∈ Λ and assume e 	= 1. Then

ordK H(e)(e) = a2 · ordK(q1) + b2 · ordK(q2) + 2ab · ordK(τ ) > 0,
so ordK H is positive definite. Consequently G = T an/Λ is a (principally polariz-
able) abelian variety. Note that if τ = 1, then G ∼= Eq1 ×Eq2 . (More generally, one
can show that if τ is a root of unity, then G is isogenous to Eq1 × Eq2 .)

Now choose q, τ, θ ∈ K× such that ordK(q) > 0, ordK(θ) > 0 and an equality
qa = τ bθc with a, b, c ∈ Z holds if and only if a = b = c = 0. Let e1 = (q, 1) and
e2 = (τ, θ). The subgroup generated by these elements is a lattice, but an injective
homomorphism H cannot be symmetric, so G is not algebraizable.

5.3. Uniformizable abelian varieties. Given an abelian variety A of di-
mension g over K we say that A is uniformizable if Aan ∼= (Gan

m,K)g/Λ for some
lattice Λ. We know from the Tate curve example that not every abelian variety is
uniformizable.

Theorem 5.4. An abelian variety over K is uniformizable if and only if it has
split toric reduction.

Proof. The reader can find a complete proof of this theorem in [2,11] (see
also [30]). The key tool is Raynaud’s theory [38] relating formal schemes over R
and rigid spaces over K (see [3] for a systematic development of this theory).

In one direction, let G = T an/Λ. Fix an affinoid covering U of G. The analytic
reduction G of G with respect to such covering is easy to compute since each U ∈ U
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is isomorphic to an affinoid in T an. One can choose U so that G is a finite union
of copies of g-tuple products (P1

k) × · · · × (P1
k) glued together along coordinate

hyperplanes, and the smooth locus of G is an extension of a finite abelian group by
G

g
m,k. Since G is proper, we can use the covering U to construct a formal scheme G

over Spf(R) whose Raynaud generic fibre Grig is isomorphic to G. Now assume G is
algebraic, i.e., G ∼= Aan. Then Grothendieck’s formal GAGA implies that G is also
algebraic, i.e., there is a proper scheme G over Spec(R) whose formal completion Ĝ
along m is isomorphic to G. This scheme G is a model of A, and Gk

∼= G. Since the
identity component of the smooth locus of Gk is G

g
m,k, the abelian variety A has

split toric reduction.
In the other direction, let A be an abelian variety over K with split toric

reduction. Let A be its Néron model, and A 0 be the relative connected component
of the identity of A . By assumption A 0

k
∼= G

g
m,k. The rigidity of tori (SGA 3,

IX.3.6) implies that the formal completion of A 0 along its closed fibre is isomorphic
to the split formal torus Ĝ of dimension g over Spf(R). Passing to Raynaud’s
generic fibre, we get a canonical open immersion ι : Ĝrig ↪→ Aan. There is also a
natural open immersion of Ĝrig into T an, which realizes Ĝrig as the “unit sphere”
SpK〈Z1, Z

−1
1 , . . . , Zg, Z

−1
g 〉 in T an. Using a Néron type argument, one shows that

ι uniquely extends to a rigid-analytic group morphism T an → Aan so that the
diagram commutes

T an

���
�

�
�

Ĝrig � � ι ��
� �

����������
Aan

Choose any K-valued points λ1, . . . , λg in T an which generate a lattice of rank g
in T an. Their images in A extend to R-valued points of A . Since the group of
connected components ΦA is finite, by raising λ1, . . . , λg to a suitable power we can
assume that their images in A extend to R-valued points of A 0. Passing to the for-
mal completion, we get g points λ′

1, . . . , λ
′
g in Ĝrig(K). The points λ1/λ

′
1, . . . , λg/λ

′
g

still generate a lattice in T an of full rank and belong to the kernel of T an → Aan.
This implies that the kernel itself is a lattice Λ and Aan ∼= T an/Λ. �

Remark 5.5. Theorems 5.1 and 5.4 imply Tate’s theorem 4.1, although Tate’s
proof has the advantage of giving a very explicit description of the analytic map
G

an
m,K → Eq.

Remark 5.6. There are more general uniformization theorems for abelian va-
rieties than Theorem 5.4. In [37], Raynaud presented a program (without proofs)
handling the rigid-analytic uniformization of abelian varieties with semi-abelian
reduction. Let A be an abelian variety of dimension g over K with semi-abelian
reduction. Let d be the dimension of the toric part of A 0

k . Then there is an analytic
group variety S over K which is an extension of an abelian variety Ban of dimension
g − d and a torus T an of dimension d

0 → T an → S → Ban → 0,

such that Aan ∼= S/Λ, where Λ is a lattice in S of rank d. There is also a necessary
and sufficient condition for the algebraicity of quotients S/Λ similar to Theorem 5.1.
The proofs of these results can be found in [2].
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Now we discuss one consequence of the uniformization theorem 5.4. Consider
two quotients G1 = T an

1 /Λ1 and G2 = T an
2 /Λ2. Let Hom(T an

1 ,Λ1;T an
2 ,Λ2) denote

the group of homomorphisms ϕ : T an
1 → T an

2 of analytic tori such that ϕ(Λ1) ⊂ Λ2.
There is a natural map
(5.2) Hom(T an

1 ,Λ1;T an
2 ,Λ2) → Hom(G1, G2)

which by a result of Gerritzen [14] is a bijection (see also [17, §7]). This is a
generalization of Theorem 4.2. If G1 and G2 are algebraizable, then all analytic
homomorphisms G1 → G2 are algebraic. This leads to the following corollary.

Corollary 5.7. Let ϕ : A → B be an isogeny of abelian varieties over K with
split toric reduction. Let T an

1 /Λ1 and T an
2 /Λ2 be the uniformizations of A and B,

respectively. Let ϕT : T an
1 → T an

2 and ϕΛ : Λ1 → Λ2 be the homomorphisms induced
by (5.2). Then there is an exact sequence of group schemes

0 → ker(ϕT ) → ker(ϕ) → coker(ϕΛ) → 0.

Proof. It is easy to see that ϕT is surjective and ϕΛ is injective. The claim
then follows from the snake lemma. �

The uniformization A(K) ∼= (K×)g/Λ is compatible with the action of GK .
Hence applying Corollary 5.7 to the isogenies A → A given by multiplication by �n,
� 	= p, and taking the inverse limits we obtain an exact sequence of GK-modules
(5.3) 0 → T�(T ) → T�(A) → Λ ⊗ Z� → 0.
This shows that the action of inertia on T�(A) is unipotent of level 2, which is a
special case of a result of Grothendieck [17, Proposition 3.5].

5.4. Analytic monodromy pairing. In this subsection, to simplify the no-
tation, we denote an analytic torus by T . Let A be an abelian variety with split
multiplicative reduction, and T/Λ be its uniformization. Denote

T∨ = Hom(Λ,Gan
m,K) and Λ∨ = Hom(T,Gan

m,K).

Note that Λ∨ is the group of characters X(T ). We have a natural bilinear pairing
Λ∨×T (K) → K× given by evaluation of characters on the points of T . For a fixed
λ′ ∈ Λ∨, this pairing induces by restriction a homomorphism Λ → K×, λ �→ λ′(λ),
and hence a K-valued point in T∨. If we vary λ′ ∈ Λ∨, we obtain a canonical
homomorphism Λ∨ → T∨(K), which is easy to see is the dual of Λ → T . Hence Λ∨

is naturally a lattice in T∨, and we can form the quotient T∨/Λ∨ as a proper rigid-
analytic group. It is easy to show that the assumption that A is an abelian variety
implies that T∨/Λ∨ is also an abelian variety; see [15, Theorem 6]. In fact, as one
might expect, T∨/Λ∨ is canonically isomorphic to (A∨)an; see [2, Theorem 2.1].

It is clear from the proof of Theorem 5.4 that there are canonical isomorphisms
(5.4) Λ∨ ∼= M and Λ ∼= M∨,

where M and M∨ are the character groups of A 0
k and (A ∨

k )0, respectively. Consider
the pairing
(5.5) 〈·, ·〉 : Λ ⊗ Λ∨ → Z

λ, λ′ �→ ordK λ′(λ).

Theorem 5.8. The pairing M ⊗ M∨ → Z induced by (5.5) and (5.4) is the
monodromy pairing.
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This fact is stated in [17, (14.2.5)], although the first published proof seems to
be in [6]. In the case of Jacobians with split toric reduction this is also implicitly
contained in [23, p. 246]. The statement of Theorem 5.8 is valid for abelian va-
rieties with semi-abelian reduction, using Raynaud’s uniformization mentioned in
Remark 5.6. The proof in this more general case is essentially the same as in the
toric reduction case; see [6, Theorem 2.1]. The reader should compare Theorem 5.8
to the formula (5.1) in the complex setting.

Proof of Theorem 5.8. The idea of the proof is the following. Fix some
� 	= p. For any n ≥ 1, we have

T∨[�n] ∼= Hom(Λ/�nΛ,Gm,K).
Hence there is a pairing

T∨[�n] × Λ/�nΛ → μ�n

given by evaluation. Passing to the inverse limits, we get the “evaluation” pairing
ev� : T�(T∨) × (Λ ⊗ Z�) → Z�(1).

On the other hand, the Weil pairing T�(A∨) × T�(A) → Z�(1) induces another
pairing

(·, ·)� : T�(T∨) × (Λ ⊗ Z�) → Z�(1).
This follows from (5.3) by noting that T�(T∨) ∼= T�(A∨)I and that T�(T ) is the
orthogonal complement of T�(T∨) with respect to the Weil pairing. It is not too
hard to check that ev� = (·, ·)�. Using this observation, a calculation starting with
the formula (3.7) shows that the pairing obtained from (5.5) by extension of scalars
is 〈·, ·〉�. Theorem 5.8 then follows from the uniqueness of the monodromy pairing
in Theorem 3.3. �

Let H : Λ → Λ∨ be a Riemann form for A. Applying Hom(·,Gan
m,K) to H, we

get a surjective homomorphism HT : T → T∨. From the definitions it is easy to
see that the restriction of HT to Λ ⊂ T is H. Hence we get a homomorphism
HA : A → A∨. Since H is injective with finite cokernel, HA is an isogeny. In fact,
one can show that HA is a polarization; cf. [2, §2]. Conversely, let L be an ample
line bundle on A, and consider the polarization ϕL : A → Pic0

A/K
∼= A∨ given by

x �→ t∗xL ⊗ L−1, where tx : a �→ a + x. We know from the proof of Theorem 5.1
that L corresponds to a homomorphism H : Λ → Λ∨ satisfying the conditions of
Theorem 5.1. One checks that HA = ϕL.

Proof of Theorem 3.5. Since a polarization is given by H, part (1) is equiv-
alent to the claim that ordK H : Λ⊗Λ → Z is symmetric and positive definite. But
this is just Theorem 5.1. To prove part (2) we adapt an argument from [12]. (A
similar proof also works in the semi-abelian case; see [51, p. 211].) Let Ĝ be the
formal completion of A 0 along its closed fibre. Clearly

A 0(R) ∼= Ĝ(R) ↪→ Ĝrig(K) ↪→ T (K) ≈ (K×)g

identifies A 0(R) with (R×)g ↪→ (K×)g, so we see that
A 0(R) ∼= {z ∈ T (K) | ordK λ′(z) = 0 for all λ′ ∈ Λ∨}.

We get the commutative diagram in Figure 1, where u is induced by (5.5). An easy
diagram chase gives the short exact sequence

0 → Λ u−→ Hom(Λ∨,Z) → A(K)/A 0(R) → 0.
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Since A(K) = A (R), the last term is

A (R)/A 0(R) ∼= Ak(k)/A 0
k (k) ∼= ΦA.

(In this last isomorphism we implicitly use the assumption that A has split reduc-
tion, so ΦA is a constant group scheme.) �

Example 5.9. Consider the Tate curve example: Eq
∼= Gan

m,K/qZ. Here
Λ = qZ and Λ∨ is generated by the character χ1. Hence u is given by q �→(
χ1 �→ ordK χ1(q)

)
. This implies

ΦEq
∼= coker(u) ∼= Z/ ordK(q)Z,

and we obtain an alternative proof of (4.1).

6. Uniformization of curves

6.1. Complex analytic uniformization. Unlike the case of abelian vari-
eties, it is not immediately clear how to proceed with a generalization of Tate’s
uniformization for curves of genus ≥ 2. As a motivation, it is helpful to recall the
corresponding uniformization theorem over C.

Let H = {z ∈ C | Im(z) > 0} be the Poincaré half-plane. The group of all
complex analytic automorphisms of H is PSL2(R) = SL2(R)/{±1}, with the action
of SL2(R) given by linear fractional transformations (note that ±1 act trivially).
Any discrete subgroup Γ of SL2(R) acts discontinuously on H, i.e., for any x, y ∈ H
there exists neighborhoods U of x and V of y such that

#{γ ∈ Γ | γU ∩ V 	= ∅} < ∞.

If the quotient Γ \ H is compact, then it is a projective smooth algebraic curve
over C. Conversely, if X is a projective smooth curve over C of genus g ≥ 2, then
there is a discrete subgroup Γ ⊂ SL2(R) such that X(C) = Γ \ H. Moreover, Γ is

0

��
A 0(R)

��
0 �� Λ ��

u

��

T (K) ��

trop
��

A(K) �� 0

Hom(Λ∨,Z) Hom(Λ∨,Z)

��
0

Figure 1
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isomorphic to the fundamental group of the Riemann surface X(C), and hence is
generated by 2g elements γ1, . . . , γg, δ1, . . . , δg subject to a single relation

γ1δ1γ
−1
1 δ−1

1 · · · γgδgγ−1
g δ−1

g = 1.

6.2. Schottky groups. The uniformization of curves over C suggests that a
good place to start with the investigation of non-Archimedean uniformization is
first to examine discrete torsion-free subgroups of PGL2(K).

Definition 6.1. A discrete, finitely generated, torsion-free subgroup of
PGL2(K) is called a Schottky group.

We recall the definition of the Bruhat –Tits tree of PGL2(K) on which the
subgroups of PGL2(K) naturally act; one can deduce a lot of information about a
Schottky group from its action on this tree.

Let V be a two-dimensional vector space over K. A lattice in V is a free rank-2
R-submodule of V which generates the K-vector space V . If Λ is a lattice in V ,
then for any x ∈ K×, xΛ is also a lattice. We call Λ and xΛ equivalent lattices. The
equivalence class of Λ is denoted by [Λ]. Let T be the graph whose vertices are the
equivalence classes of lattices in V , with two vertices [Λ] and [Λ′] being adjacent if
we can choose representatives L ∈ [Λ] and L′ ∈ [Λ′] such that L′ ⊂ L and L/L′ ∼= k.
It is not hard to show that T is an infinite tree in which every vertex has exactly
(#k + 1) adjacent vertices; see [45, Chapter II]. This is the Bruhat –Tits tree of
PGL2(K).

We denote the set of vertices of T by Ver(T ) and its set of edges along with
a choice of orientation by Ed(T ). Since GL2(K) acts transitively on the bases of
V , it acts transitively on Ver(T ). The stabilizer of the vertex v0 = [R ⊕ R] is
Z(K) GL2(R), where Z denotes the center of GL2. Therefore, there is a bijection

(6.1) GL2(K)/Z(K) GL2(R) ∼−→ Ver(T )
γ �→ γv0.

Similarly,
GL2(K)/Z(K)I ∼−→ Ed(T )

γ �→ γe0,

where I = {
(
a b
c d

)
∈ GL2(R) | c ∈ m} is the Iwahori group and e0 is the oriented

edge starting at v0 and ending at [R ⊕m].
A path without backtracking (or path for short) in T is a possibly infinite

subgraph with set of vertices {vi}, such that vi is adjacent to vi+1 and vi−1 	= vi+1.
There is a unique path between any two vertices in T . A half-line in T is a path
infinite in one direction. An end of T is an equivalence class of half-lines, two
half-lines being equivalent if they differ in a finite graph. The distance between two
vertices v, v′ is the obvious combinatorial distance, i.e., the number of edges in the
path connecting those vertices. We denote the distance by d(v, v′).

Fix a vertex [Λ] of T . The set of vertices of T at distance n from [Λ] is
in natural bijection with P1(Λ/�nΛ). Taking the inverse limit over n, we get a
bijection

∂T := set of ends of T ∼= P
1(R) = P

1(K),
which is independent of the choice of [Λ]. The action of GL2(K) on T induced an
action of PGL2(K) on ∂T = P1(K) which agrees with the natural action of this
group as the group of K-automorphisms of P1

K .
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Let Γ be a group acting on T . Following [45], we say that Γ acts with inversion
if there is an edge e ∈ Ed(T ) and γ ∈ Γ such that γe = ē, where ē is the edge
e but with inverse orientation. We say that Γ acts freely on T if it acts without
inversion and no element γ 	= 1 of Γ leaves a vertex of T fixed. It is known that a
group which acts freely on a tree is a free group (see [45, Theorem 4, §I.3.3]).

Lemma 6.2. Suppose γ is an automorphism of T which acts freely. Put
m = min

v∈Ver(T )
d(v, γv) and A(γ) = {v ∈ Ver(T ) | d(v, γv) = m}.

Then A(γ) is the vertex set of a path infinite in two directions on which γ acts by
translation of amplitude m. We call A(γ) the axis of γ.

Proof. This is a simple combinatorial lemma whose proof can be found in
[45, p. 63]. �

Lemma 6.3. A Schottky group acts freely on T .

Proof. As follows from (6.1), the stabilizer of a vertex v ∈ Ver(T ) is compact
in PGL2(K). Since a Schottky group Γ is discrete by assumption, the stabilizer
StabΓ(v) in Γ is finite. On the other hand, Γ is torsion-free, so StabΓ(v) = 1. If
γ ∈ Γ is such γ(e) = ē for some edge e, then γ2 fixes the extremities of e, so γ2 = 1.
Hence Γ acts without inversion. �

As a consequence, a Schottky group Γ is a free group of finite rank, and every
element γ 	= 1 of Γ has a unique axis A(γ) in T on which γ induces a translation of
some amplitude m ≥ 1. It is not hard to show that m is the difference of valuations
of the eigenvalues of γ, and the ends of A(γ), considered as elements of P1(K), are
eigenvectors of γ.

Let TΓ be the minimal connected subgraph of T containing the axes of all
elements of Γ. Since for any g, h ∈ Γ we have gA(h) = A(ghg−1), the group Γ maps
TΓ into itself. Therefore, TΓ is the minimal subtree of T which is Γ-invariant. One
can show that Γ \TΓ is a finite graph and the dimension of H1(Γ \TΓ,Q) is equal
to the rank of Γ; see [22, Theorem 6.7; 45, §I.5].

6.3. Uniformizable curves. We have introduced Schottky groups as the
analogues of discrete, torsion-free subgroups of SL2(R). These latter groups act
discontinuously on the analytic space H. Now we would like to introduce the non-
Archimedean analogue of H.

The group PGL2(K) is the group of automorphisms of the projective line P1
K .

Hence any subgroup Γ of PGL2(K) naturally acts on P1(CK). A point x ∈ P1(CK)
is called a limit point of Γ if there exists y ∈ P

1(CK) and a sequence {γn ∈ Γ}n≥1
of distinct elements such that lim γn(y) = x. Let LΓ denote the set of limit points
of Γ. If Γ is not discrete, then every point in P1(CK) is a limit point. Indeed, if
{γi ∈ Γ}i≥1 is a sequence of distinct elements such that lim γi = γ ∈ PGL2(K),
then for any z ∈ P

1(CK) lim γn(γ−1z) = z. In contrast, we have the following
[22, [Theorem 6.7]:

Lemma 6.4. If Γ is a Schottky group then LΓ = ∂TΓ := the set of ends of TΓ.
In particular, LΓ ⊆ P1(K).

The proof of the lemma shows that LΓ is the closure of the set of fixed points
of elements of Γ in P1(CK); a fixed point of Γ is just an end of an axis A(γ), γ ∈ Γ.
Note that LΓ is an infinite set if rank(Γ) ≥ 2 (in fact, LΓ is uncountable).
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Example 6.5. Let Γ be a Schottky group. Assume Γ is cocompact, i.e., the
quotient Γ\PGL2(K) is compact in the non-Archimedean topology of K. (We will
see in §8 that Schottky groups arising from certain quaternion algebras have this
property.) Since by (6.1)

Ver(Γ \ T ) ∼= Γ \ PGL2(K)/PGL2(R),

and PGL2(R) is open in PGL2(K), the quotient graph Γ \T is finite. It is easy to
see that this implies TΓ = T , and so LΓ = P1(K).

The complement
ΩΓ := P

1(CK) − LΓ

is the largest subset of P1(CK) where Γ acts discontinuously. One shows that ΩΓ
is an admissible open subspace of P1,an

K , and therefore has a natural structure of
a connected smooth rigid-analytic space; cf. [1, Chapter 4; 16, p. 92]. This is the
analogue of the upper half-plane in this context. From the analogy with the complex
case, one might expect that the quotient Γ \ΩΓ is a projective algebraic curve. We
will see shortly that this is indeed the case, but at this point it is instructive to go
back to the Tate curve example:

Example 6.6. Let Γ be the cyclic subgroup of PGL2(K) generated by
(
q 0
0 1

)

with |q| < 1. In this case, LΓ = {0,∞}, so

ΩΓ = P
1,an
K − 0 −∞ ∼= G

an
m,K .

The action of γ on ΩΓ corresponds to multiplication by q on Gan
m,K . Hence Γ\ΩΓ ∼=

Eq. Next, TΓ = A(γ) and γ acts on A(γ) by translation of amplitude ordK(q), so
Γ \ TΓ is a cycle of length ordK(q). Note that this is the dual graph of the closed
fibre of the minimal regular model of Eq over R; cf. [46, Chapter IV].

Definition 6.7. Let X be a smooth projective curve over K. We say that X
has split degenerate reduction if X has a semi-stable model X over R such that
the normalizations of all irreducible components of Xk are isomorphic to P1

k, and
all double points are k-rational with two k-rational branches; cf. [29, p. 160].

Theorem 6.8. Let g = rank(Γ). The quotient Γ \ ΩΓ is the analytification of
a smooth projective curve XΓ of genus g defined over K. The curve XΓ has split
degenerate reduction. The graph Γ \ TΓ is the dual graph of the closed fibre of the
minimal regular model of XΓ over R.

Proof. This theorem is a paraphrasing of the main results in [29, §3]. The
proof essentially constructs a semi-stable regular model of XΓ starting with Γ\ΩΓ.

There always exists a finite index normal subgroup Γ′ of Γ such that for any
γ ∈ Γ (γ 	= 1) and any edge e ∈ T the two edges e and γe have no vertex in
common. If we prove the theorem for Γ′, then the result for Γ will follow by taking
the quotient of XΓ′ under the action of the finite group Γ/Γ′. Hence we assume
that Γ itself has this property.

The analytic space ΩΓ is closely related to the tree TΓ: the tree TΓ is the
skeleton of ΩΓ considered as a Berkovich space, and there is a canonical retraction
map r : ΩΓ → TΓ compatible with the action of Γ; see [1, Chapter 4]. The inverse
image Ue := r−1(e) of an edge e ∈ TΓ is an affinoid domain of the form

{z | |�| ≤ |z| ≤ 1, |z − a| ≥ 1, |�/z − b| ≥ 1},
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for a finite collection of a’s and b’s corresponding to the edges leaving the endpoints
of e, not counting e itself. The union

⋃
e∈TΓ

Ue is an admissible covering of ΩΓ,
and Γ acts on this covering by γUe = Uγ(e). Since by the previous assumption
γUe ∩ Ue = ∅ for all γ ∈ Γ (γ 	= 1), the quotient Γ \ ΩΓ can be constructed
by re-gluing the affinoids Ue according to the action of Γ. The link between the
analytic and algebraic categories is given by a formal scheme Ω̂Γ over Spf(R) whose
Raynaud generic fibre Ω̂rig

Γ is isomorphic to ΩΓ. To each Ue there is an associated
formal affine Ue such that Urig

e = Ue. One obtains Ω̂Γ by gluing Ue’s according to
the adjacencies of the corresponding edges in TΓ. The underlying topological space
Ω̂Γ,k of Ω̂Γ is isomorphic to the analytic reduction ΩΓ with respect to the covering⋃

e∈TΓ
Ue. The canonical analytic reduction of Ue is isomorphic to a union of two

projective lines over k meeting transversally in a k-rational point, and some of their
other k-rational points deleted. This implies that Ω̂Γ,k is an infinite union of P1

k’s
intersecting transversally at some of their k-rational points and all singularities are
double points. (The dual graph of Ω̂Γ,k is TΓ.)

Consider the quotient formal scheme XΓ := Γ \ Ω̂Γ. It is proper, flat and 1-
dimensional. By Grothendieck’s algebraization theorem (EGA III (5.1.6)), XΓ is
the formal completion of a unique proper and flat curve XΓ over R along its closed
fibre. The generic fibre of this curve is the desired XΓ. The completed stalk of OΩ̂Γ

at a singular point of its closed fibre is isomorphic to R�u, v�/(uv − �). Since Γ
acts on Ω̂Γ without fixed points, this implies that XΓ is regular. Moreover, XΓ has
no exceptional components in its closed fibre, so XΓ is the minimal regular model
of XΓ.

It is easy to see from the construction that XΓ has split degenerate reduction,
and Gr(XΓ) ∼= Γ \ TΓ. The genus of XΓ is equal to the arithmetic genus of
XΓ,k. Since XΓ,k is degenerate, its arithmetic genus is equal to the dimension of
H1(Gr(XΓ),Q). Hence the genus is equal to the rank of Γ. �

Theorem 6.9. The map Γ �→ XΓ induces a bijection between the conjugacy
classes of Schottky groups in PGL2(K) and the isomorphism classes of curves over
K with split degenerate reduction.

Proof. The proof of this theorem is given in [29, §4] in the context of formal
schemes, and in [16, Chapter IV] in the context of rigid-analytic geometry. The
idea is essentially to reverse the steps in the proof of the previous theorem.

Let X be a curve with split degenerate reduction. Let X be the minimal regular
model of X. Denote by G be the dual graph of Xk. Let X be the completion of
X along its closed fibre. The fact that Xk is a split degenerate curve implies that
X has a covering

⋃
e∈G Ue by formal affines of the type that appear in the proof of

Theorem 6.8.
Let Ĝ → G denote the universal covering of G. Then Ĝ is a connected tree.

The group of automorphisms Γ of the covering ψ : Ĝ → G is isomorphic to the
fundamental group of G, so it is a free group of rank g. For an edge e of Ĝ, let
U′
e := Uψ(e). Let X̂ be the formal scheme obtained by gluing U′

e according to their
incidences in Ĝ. Denote ΩΓ := X̂rig. By construction, Γ \ ΩΓ ∼= Xan. A technical
argument shows that ΩΓ is isomorphic to an admissible open in P

1,an
K , and the action

of Γ on ΩΓ extends to automorphisms of P1,an
K . Hence Γ is isomorphic to a subgroup
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of PGL2(K). Since Γ acts discontinuously on ΩΓ, it is discrete in PGL2(K), thus
Γ is a Schottky group. �

Remark 6.10. Theorem 6.9 says that a curve with split degenerate reduction is
uniformizable by a Schottky group Γ. Unfortunately, it gives no information on how
one might find, given a curve X, the corresponding Schottky group Γ as an explicit
subsgroup of PGL2(K). For example, consider the modular curve X0(p) over the
unramified quadratic extension of Qp. From the work of Deligne and Rapoport it
is known that X0(p) has split degenerate reduction, but it is not known whether
the Schottky group appearing in its p-adic uniformization is arithmetic.

Definition 6.11. A curve X over K is a Mumford curve if X ∼= XΓ for some
Schottky group Γ ⊂ PGL2(K). By Theorem 6.9, Mumford curves are exactly the
curves having split degenerate reduction.

Remark 6.12. There is a generalization of Theorem 6.8 to higher dimensions.
Let

Ωn := P
n(CK) −

⋃
Hα,

where
⋃
Hα is the union of all K-rational hyperplanes in the n-dimensional pro-

jective space P
n
K . Drinfeld showed in [9] that Ωn has a natural structure of a

rigid-analytic space. Note that Ω1 = P1(CK) − P1(K) is the space appearing in
Example 6.5. Let Γ ⊂ PGLn+1(K) be a discrete, torsion-free, cocompact subgroup.
Then Γ acts discontinuously on Ωn. Mustafin [32] proved that the quotient Γ \Ωn

is the analytification of a smooth projective variety XΓ over K. This variety has
a model over R whose closed fibre consists of finitely many projective planes Pn

k

intersecting each other transversally. The fact that when n = 1 the rank of Γ
is equal to the genus of XΓ generalizes to the following equality (see [43]). Let
μ(Γ) := dimQ Hn(Γ,Q) and d(XΓ) := dimQ�

Hn
et(XΓ ⊗K,Q�). Then

d(XΓ) =

{
(n + 1)μ(Γ) if n is odd;
(n + 1)μ(Γ) + 1 if n is even.

Example 6.13. So far we have seen only one explicit example of a Schottky
group. We will see more such examples in Section 8. Here, thinking of a Tate curve
as a hyperelliptic curve of genus 1, we generalize Example 6.6 as follows. Given
a, b, c, d ∈ K such that a 	= d and b 	= c, let

[a, b; c, d] := (a− c)(b− d)
(a− d)(b− c)

.

Assume the characteristic of K is not 2 and g ≥ 2. Choose αi, βi ∈ K× (i = 1, . . . , g)
such that αi 	= ±αj (i 	= j) and

|βs| < min{|[αs,−αs;±αi,±αj ]| | i, j 	= s}, s = 1, . . . , g.
Define

γs =
(
αs −αs

1 1

)(
1 0
0 β2

s

)(
αs −αs

1 1

)−1

mod K×.

Then the γs ∈ PGL2(K) (s = 1, . . . , g) generate a Schottky group Γ of rank g, and
XΓ is a hyperelliptic curve; see [18, Theorem 1]. Moreover, if we denote

θ(z) = z2
∏

γ∈Γ−{1}

(
z − γ(0)
z − γ(∞)

)2



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

144 MIHRAN PAPIKIAN

and
λs = αs

1 − βs

1 + βs
, μs = αs

1 + βs

1 − βs
,

then an affine equation of XΓ is given by

y2 = x

g∏

s=1

(
x− θ(λs)

)(
x− θ(μs)

)
.

Note that if g = 1 and we take β2
1 = q−1, then XΓ ∼= Eq.

A discussion about the rigid-analytic uniformization of hyperelliptic curves can
be found in [16, pp. 163 – 169 and 278 – 286].

7. Uniformization of Jacobian varieties

7.1. Complex analytic uniformization. Let X be a smooth projective
curve over C with Jacobian J . The uniformization of J(C) described in §5.1 can
be rephrased in terms of the cohomology groups of X:

(7.1) J(C) ∼= H0(X(C),Ω1)∗/H1(X(C),Z).

Moreover, the intersection pairing on cycles

H1(X(C),Z)⊗H1(X(C),Z) → Z

gives the Riemann form on J corresponding to the canonical principal polarization
of J . If Γ ⊂ PSL2(R) is the discrete subgroup such that Γ \ H ∼= X(C), then its
abelianization Γ := Γ/[Γ,Γ] is isomorphic to H1(X(C),Z). After fixing a point
P ∈ H, this isomorphism is given by sending γ to the image in Γ\H of the geodesic
in H connecting P and γP . Hence the Riemann form on J is given by a natural
pairing on Γ.

7.2. Theta functions. Now let X ∼= XΓ be a Mumford curve with a cor-
responding Schottky group Γ. Let J be the Jacobian variety of X. Raynaud’s
isomorphism (3.10) implies that J has split toric reduction. Thus, both X and J
are uniformizable. From §7.1 one might expect that the rigid-analytic Riemann
form on J can be described in terms of a pairing on Γ. In [23], Manin and Drinfeld
produce this pairing using explicit theta functions.

Let D be a divisor of degree 0 on P1
CK

with support in ΩΓ. There is a rational
function WD on P1

CK
with divisor D. Fix a point z0 ∈ ΩΓ which is not in the

support of γ(D) for any γ ∈ Γ. Define

ΘD,z0(z) :=
∏

γ∈Γ

WD(γz)WD(γz0)−1.

This product converges locally uniformly on ΩΓ; that is, there exists an admissible
covering {Un} of ΩΓ such that, given Un and ε > 0, almost all factors satisfy

|WD(γz)WD(γz0)−1 − 1| < ε,

uniformly for z ∈ Un; see [22, §2]. (That this is sufficient for the convergence of
ΘD,z0(z) follows from the non-Archimedean nature of the absolute value.)

For any δ ∈ Γ, we can write

ΘD,z0(δz) = ϑD(δ) · ΘD,z0(z),
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where the “automorphy factor” ϑD(δ) is

ϑD(δ) =
∏

γ∈Γ

WD(γz0)WD(γδ−1z0)−1.

It is not hard to show that ϑD(δ) ∈ C
×
K depends multiplicatively on D and δ, but

is independent of z0; see [22, Proposition 2.5].
Now fix z1 ∈ ΩΓ, and for γ, δ ∈ Γ define

(7.2) [γ, δ] := ϑγz1−z1(δ).
The value of [γ, δ] does not depend on the choice of z1, is bimultiplicative in γ and
δ, and satisfies [γ, δ] = [δ, γ]. This follows from a direct and not very complicated
calculation; see [22, Theorem 2.6]. The fact that [γ, δ] is independent of z0 and
z1 implies that [γ, δ] ∈ K×. Next, the bimultiplicativity of [γ, δ] obviously implies
that [γ, δ] depends only on the classes of γ and δ in the abelianization Γ of Γ. Thus,
we get a symmetric bilinear pairing

Γ × Γ → K×

γ, δ �→ [γ, δ].

Remark 7.1. In [16], the theta functions for Γ are defined somewhat differ-
ently:

ΘD(z) :=
∏

γ∈D

WγD(z).

Considering the automorphy factors of ΘD(z) leads to the same results as in [23],
although one must assume ∞ 	∈ LΓ to ensure the convergence of ΘD. This is an
annoying assumption, but it is not restrictive since one can always achieve this by
passing to a finite extension of K and taking a conjugate of Γ.

7.3. Analytic monodromy pairing for Jacobians. Let π : TΓ → Γ \ TΓ
be the projection. Fix a vertex v0 ∈ TΓ. For any γ ∈ Γ, there is a unique path in
TΓ joining the vertices v0 and γv0. We denote this path by (v0, γv0) and consider
it as having orientation from v0 to γv0. The image cγ := π(v0, γv0) is an oriented
cycle in Γ \ TΓ whose homology class does not depend on the choice of v0. The
map

Γ → H1(Γ \ TΓ,Z)
γ �→ cγ

is a homomorphism which factors through Γ and induces an isomorphism
(7.3) Γ ∼= H1(Γ \ TΓ,Z).

Let C1(Γ\TΓ) be the group of Z-valued 1-chains of Γ\TΓ. There is an obvious
Z-valued pairing on this group given by

(7.4) 〈e, f〉 =

⎧
⎪⎨

⎪⎩

1 if f = e

−1 if f = ē

0 otherwise

where e, f ∈ Ed(Γ \ T ) and ē denotes the edge e with opposite orientation. This
pairing induces a Z-valued pairing on H1(Γ \TΓ,Z) as a submodule of C1(Γ \TΓ).
(This is nothing else than the intersection pairing on cycles, i.e., the pairing defined
by the Poincaré duality.) By Theorem 6.8, Γ \TΓ is the dual graph of the minimal



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

146 MIHRAN PAPIKIAN

regular model of XΓ over R. It is easy to see that the pairing (7.4) on H1(Γ\TΓ,Z)
is the pairing (3.13) on H1(G(XΓ),Z). Thus, the pairing

(7.5) Γ × Γ → Z

γ, δ �→ 〈cγ , cδ〉

induces the canonically polarized monodromy pairing on the character group of J 0
k

via the isomorphisms (3.12) and (7.3).

Theorem 7.2. For any γ, δ ∈ Γ, we have

ordK [γ, δ] = 〈cγ , cδ〉.

This is Theorem 5 in [23]. It is the non-Archimedean analogue of the fact that
the intersection pairing on the first homology group of a Riemann surface induces
the Riemann form on the Jacobian. Note also that one obtains an analytic proof
of the Picard – Lefshetz formula for curves with degenerate reduction by combining
this theorem with Theorems 5.8, 7.3 and the proof of Theorem 3.8 (see [6] for
a rigid-analytic proof of the Picard – Lefshetz formula in the general semi-stable
reduction case).

Proof of Theorem 7.2. The proof is divided into several steps. First, the
formula (7.2) defining the pairing [γ, δ] involves the points z0, z1, although the result
does not depend on them. This is not very convenient to work with. In [23], it is
shown that [γ, δ] can be rewritten as an infinite product whose terms depend only
on γ and δ. More precisely, for α ∈ Γ (α 	= 1) and any ω ∈ ΩΓ let

z+
α = lim

n→+∞
αnω, z−α = lim

n→−∞
αnω.

These are the attractive and repulsive fixed points of α respectively, i.e., the ends of
A(α). We orient the axis A(α) from z+

α to z−α . Let (α) denote the cyclic subgroup
of Γ generated by α. Now

(7.6) [γ, δ] =
∏

h∈(δ)\Γ/(γ)

Wz+
δ
−z−

δ
(hz+

γ ) ·Wz+
δ
−z−

δ
(hz−γ )−1.

The next step is the observation that

(7.7) ordK

(
Wz+

δ
−z−

δ
(hz+

γ ) ·Wz+
δ
−z−

δ
(hz−γ )−1)

is equal to the number of edges which the paths A(δ) and hA(γ) have in common
(with the sign “minus” if the orientations are opposite).

The final step is to take ordK of equation (7.6), and use the previous step to
rewrite the equation as a multiple sum counting “intersections” of axes of different
elements. An appropriate manipulation of these sums shows that ordK [γ, δ] is equal
to 〈cγ , cδ〉. �

7.4. Uniformization of Jacobians. Let JΓ be the Jacobian of XΓ. Consider
the analytic torus TΓ := Hom(Γ,Gan

m,K). Theorems 7.2 and 5.1 imply that the map

θ : Γ → TΓ,

γ �→ (δ �→ [γ, δ]),

realizes Γ as a lattice in TΓ(K) and the quotient TΓ/θ(Γ) is the analytification of
an abelian variety AΓ over K.
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Theorem 7.3. The abelian variety AΓ is isomorphic to the Jacobian JΓ over
K.

Proof. The proof of this theorem is sketched in [22, 23]. A more detailed
proof is given in [16, Chapter VI]. Here we follow [13, (7.4.1)], which gives a concise
and very readable proof of the corresponding theorem in the context of Drinfeld
modular curves.

Fix a point z0 ∈ ΩΓ and let
ψ : ΩΓ → TΓ → Aan

Γ

be the map that assigns to z1 ∈ ΩΓ the homomorphism ϑz1−z0 ∈ TΓ followed by
the projection into AΓ. Note that for any γ ∈ Γ the images of z1 and γz1 under ψ
are the same, since ϑγz1−z0/ϑz1−z0 = ϑγz1−z1 ∈ θ(Γ). Therefore, ψ factors through
the projection πΓ : ΩΓ → Γ \ΩΓ = Xan

Γ , and we get a morphism ψΓ : Xan
Γ → Aan

Γ of
analytic varieties over CK . By the GAGA theorems, ψΓ is a morphism of algebraic
varieties defined over CK .

Let P0 = πΓ(z0) and ρ : XΓ(CK) → JΓ(CK) be the morphism that associates
to each P ∈ XΓ(CK) the divisor class of P − P0. The universal property of the
Jacobian as the Albanese variety yields a unique morphism φΓ : JΓ → AΓ defined
over CK such that ψΓ = φΓ ◦ ρ; see [25, Proposition 6.1]. We claim that φΓ is an
isomorphism. It is clear that dim(JΓ) = dim(AΓ). Thus, we need to show that φΓ
is injective and separable. We will only prove the injectivity of φΓ. The proof of the
separability involves an argument with Γ-invariant holomorphic differentials on ΩΓ,
which also can be described analytically (see [23]); for this part of the argument
we refer to [13] instead. (If K has characteristic 0, then injectivity is sufficient.)

Let z1, . . . , zn ∈ ΩΓ and Pi := πΓ(zi) (1 ≤ i ≤ n). Denote by [D] the class of
the divisor D = P1 + · · ·+Pn − nP0. Suppose φΓ([D]) = 0. This means that there
exists γ ∈ Γ such that

ϑγz0−z0 =
n∏

i=1
ϑzi−z0 .

The function Θ−1
γz0−z0,ω(z)

∏n
i=1 Θzi−z0,ω(z) is Γ-invariant, hence defines a rational

function on XΓ (here ω is chosen not to lie in the Γ-orbits of z0, . . . , zn). One checks
that the divisor of this function is D. Therefore, [D] = 0 and φΓ is injective.

It is not hard to see that if we choose z0 algebraic over K, then φΓ will be an
isomorphism of abelian varieties defined over K(z0). Since AΓ and JΓ are defined
over K and z0 is arbitrary, AΓ must be isomorphic to JΓ over K. �

Remark 7.4. The previous proof contains an analytic description of the Abel –
Jacobi map j : XΓ → JΓ. After fixing a point z0 ∈ ΩΓ, this map is defined as

j(Γz1) = ϑz1−z0 mod θ(Γ).
If LΓ 	= P1(K), then j can be defined over K by choosing z0 ∈ ΩΓ(K). Otherwise,
it can be defined over an arbitrary nontrivial extension L of K, since ΩΓ(L) 	= ∅.

Remark 7.5. The statement of Theorem 7.3 can be generalized to curves
with semi-stable reduction. Assume X has a semi-stable model X over R. Let
X1, . . . , Xh be the geometrically irreducible components of Xk. Let Γ be the fun-
damental group of the dual graph Gr(X ). Denote J = Pic0

X/K .
There is an abelian variety B over K whose reduction over k is isomorphic to∏h

i=1 Pic0
Xi/k

, and an extension G of B by a torus T of dimension rank(Γ) having
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the following property. There is a natural surjective homomorphism Gan → Jan

whose kernel is isomorphic to Γ; see [10, Theorem 1.5.5].

Example 7.6. Let q ∈ K× be such that |q| < 1. Let Γ be the cyclic group
generated by γ =

(
q 0
0 1

)
. Then LΓ = {0,∞}. Fix two elements x, y ∈ C

×
K such that

y 	= qnx for any n. By definition,

[γ, γ] = ϑγx−x(γ) =
∏

h∈Γ

Wγx−x(hy)Wγx−x(hγ−1y)−1

=
∏

n∈Z

(
qny − qx

qny − x

)(
qn−1y − x

qn−1y − qx

)

=
∏

n∈Z

(qny − x)2

(qn+1y − x)(qn−1y − x)
.

The numerator and denominator of the expression in the product are nonzero since
x and y are not in the same Γ-orbit. As one easily checks, for any N ≥ 0

N∏

n=−N

(qny − x)2

(qn+1y − x)(qn−1y − x) = q
(qNy − x)

(qN+1y − x)
(qNx− y)

(qN+1x− y) .

Since x and y are nonzero, this expression obviously converges to q as N → ∞.
Thus, [γ, γ] = q. On the other hand, θ(Γ) is generated by [γ, γ], so if we identify TΓ
with Gan

m,K then θ(Γ) = qZ. Theorem 7.3 implies that Gan
m,K/qZ is an elliptic curve,

and we recover Tate’s theorem.

8. Arithmetic Schottky groups

8.1. Shimura curves and modular elliptic curves. The purpose of this
section is to give examples of non-Archimedean Schottky groups arising from quater-
nion algebras, along with some applications to the theory of elliptic curves. As
before, to motivate the discussion, we recall the corresponding theory over C.

Definition 8.1. A quaternion algebra over a field F is a 4-dimensional asso-
ciative F -algebra with center F which does not possess nontrivial two-sided ideals;
cf. [50]. It is known that a quaternion algebra is either a division algebra or is
isomorphic to the algebra of 2 × 2 matrices M2(F ).

If D is a quaternion algebra over a field F , and L is a field extension of F , then
D⊗F L is a quaternion algebra over L. It is known that over an algebraically closed
field the only quaternion algebra is the matrix algebra. Hence D ⊗F F ∼= M2(F ).
Fixing such isomorphism, we can consider D as a subring of M2(F ). Define the
trace Tr(α) and norm Nr(α) of α ∈ D as the trace and determinant of α considered
as an element of M2(F ). It is a fact that Tr(α) and Nr(α) are in F , and are
independent of the choice of isomorphism D⊗F F ∼= M2(F ). Note that this implies
that α ∈ D satisfies the equation X2 − Tr(α)X + Nr(α) = 0.

Example 8.2. Assume the characteristic of F is not 2. For a, b ∈ F×, let
H(a, b) be the F -algebra with basis 1, i, j, ij (as an F -vector space) where i and j
satisfy

i2 = a, j2 = b, ij = −ji.
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It is easy to check that H(a, b) is a quaternion algebra. Moreover, one can prove
that every quaternion algebra over F is isomorphic to H(a, b) for some a and b; see
[50, p. 2]. If α = x + yi + zj + wij ∈ H(a, b), then

Tr(α) = 2x and Nr(α) = x2 − ay2 − bz2 + abw2.

Assume F is a global field, and let SF denote the set of places of F . Denote
the completion of F at v ∈ SF by Fv, and the ring of integers of Fv by Ov. Over
non-Archimedean Fv, up to isomorphism, there are only two quaternion algebras—
the matrix algebra and a unique division quaternion algebra. The same is true if
Fv = R (the division algebra in this case is the Hamiltonian algebra), but over C

the only quaternion algebra is M2(C). Let D be a quaternion algebra over F . We
say that v ∈ SF ramifies in D if Dv := D ⊗F Fv is a division algebra. Let R be
the set of places which ramify in D. The following fact is a fundamental result in
the theory of quaternions: R is a finite set of even cardinality, and conversely, for
any choice of a finite set R ⊂ SF of even cardinality not containing complex places
there is a unique, up to isomorphism, quaternion algebra over F ramified exactly
at the places in R. In particular, D ∼= M2(F ) if and only if R = ∅.

Now let F = Q, and assume D is a division quaternion algebra which is
“indefinite”, i.e., D ⊗ R ∼= M2(R). An order in D is a subring D of D which is
a free Z-module of rank 4 satisfying D ⊗Z Q = D. Any order is contained in at
least one maximal order, that is, in an order not properly contained in any other.
It is a consequence of a theorem of Eichler that all maximal orders are conjugate in
D. Let D1 be the group of elements of D having norm 1. Fixing an isomorphism
(D ⊗ R)× ∼= GL2(R) realizes D1 as a discrete subgroup of SL2(R). Let Γ be the
image of D1 in PSL2(R). The group Γ acts discontinuously on the upper half-plane
H, and the quotient XΓ(C) := Γ \ H is a compact Riemann surface.

Assume from now on that D is a maximal order. If Γ is torsion-free, then the
genus of XΓ is given by the formula (cf. [50, §IV.2]):

(8.1) g(XΓ) − 1 = 1
12

∏

p∈R
(p− 1).

Remark 8.3. The right-hand side of this formula has an interpretation as a
volume. For an appropriately normalized Haar measure on SL2(R), which does not
depend on D, we have

Vol(D1 \ SL2(R)) = −ζ(−1)
∏

p∈R
(p− 1) = 1

12
∏

p∈R
(p− 1),

where ζ(s) is the Riemann zeta function; see [50, p. 109].

Let f be an integral automorphic form of weight k with respect to Γ; cf. [26, pp.
37 – 38]. Since Γ has no cusps, this means f holomorphic on H, and for any γ =(
a b
c d

)
∈ Γ it satisfies

f(γz) = (cz + d)kf(z).
From now on we assume that k = 2, and call the integral automorphic forms of
weight 2 with respect to Γ simply Γ-forms. We denote the C-vector space of Γ-forms
by S (Γ). The Γ-forms are related to differentials on XΓ as follows (see [26, p. 48]).
If f ∈ S (Γ), then f(z)dz is a Γ-invariant holomorphic differential form on H, so
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it defines a holomorphic 1-form ωf on XΓ. In fact, the correspondence “f �→ ωf”
induces an isomorphism [26, Theorem 2.3.2]

(8.2) S (Γ) ∼= H0(XΓ,Ω1).

The space S (Γ) is equipped with an inner product, called Petersson inner product:

(f, g)P :=
∫

Γ\H
f(z) dz ∧ g(z) dz.

Fix some f ∈ S (Γ) and z0 ∈ H, and consider the map

Ψ(f, z0, ·) : Γ → C

γ �→
∫ γz0

z0

f(z) dz.

This is well-defined, i.e., does not depend on the path from z0 to γz0, because f(z)
is holomorphic. An easy calculation shows that Ψ is independent of the choice of
z0, and for any γ, τ ∈ Γ

Ψ(f, z0, γτ) = Ψ(f, z0, γ) + Ψ(f, z0, τ ).

Overall, we obtain a homomorphism Ψf : Γ → C, γ �→ Ψ(f, z0, γ), which is in-
dependent of z0. This homomorphism has to factor through the abelianization
Γ := Γ/[Γ,Γ] of Γ, so Ψf (γ) depends only on the class of γ in Γ.

As we explained in §7.1, for a fixed z0 ∈ H there is an isomorphism Γ ∼=
H1(XΓ,Z) given by sending γ ∈ Γ to the image in XΓ of the geodesic connecting
z0 and γz0 in H. Using this isomorphism and (8.2), the uniformization (7.1) of the
Jacobian JΓ of XΓ is expressed by the sequence

(8.3) 0 → Γ ψ−→ S (Γ)∗ → JΓ(C) → 0,

where

ψ(γ) =
(
g(z) �→

∫ γz0

z0

g(z) dz
)
.

An important role in the arithmetic theory of XΓ is played by the Hecke oper-
ators {Tm}m≥1 acting on S (Γ); see §2.7, §2.8 and §5.3 in [26] for the definitions.
These operators generate a commutative Z-algebra TΓ, which is a free Z-module
of rank equal to the genus of XΓ. The Hecke operators are Hermitian with respect
to the Petersson inner product [26, Theorem 2.8.2]. From a geometric perspective,
the Hecke operators can be defined as correspondences on XΓ. Hence each Hecke
operator induces an endomorphism of JΓ. The sequence (8.3) is TΓ-equivariant;
cf. [26, p. 77].

Lemma 8.4. There exist γ1, γ2 ∈ Γ and a positive integer n such that any γ ∈ Γ
can be written as

(8.4) nγ =
∑

i≥1

biTiγ1 +
∑

j≥1

cjTjγ2,

where bi, ci ∈ Z and all but finitely many of them are 0.

Proof. Using the so-called Jacquet –Langlands correspondence and Lemma
1.37 in [8], one shows that Γ⊗ZQ is a free rank-2 module over TΓ ⊗ZQ. The claim
follows from this by an elementary argument. �
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Proposition 8.5. Assume f ∈ S (Γ) is an eigenvector for Tn ∈ TΓ (n ≥ 1),
Tnf = anf.

Assume all eigenvalues are integers an ∈ Z (n ≥ 1). Then the image Λf of Γ under
Ψf is a lattice in C.

Proof. As follows by a change of variables in the integral, for any T ∈ TΓ and
γ ∈ Γ
(8.5) Ψf (Tγ) = ΨTf (γ).

Thus, using (8.4) and (8.5), for any γ ∈ Γ we have

nΨf (γ) = Ψf (nγ) =
∑

i≥1

biΨTif (γ1) +
∑

j≥1

cjΨTjf (γ2)

=
∑

i≥1

aibiΨf (γ1) +
∑

j≥1

ajcjΨf (γ2) ∈ Zλ1 + Zλ2,

where λ1 = Ψf (γ1) and λ2 = Ψf (γ2). In particular,
nΛf ⊂ Zλ1 + Zλ2 ⊂ Λf .

It is easy to see that λ1 and λ2 are linearly independent over R. Thus, Λf is a
lattice. �

Define Ef = C/Λf . Since Λf is a lattice, Ef is an elliptic curve. Note that
Ecf

∼= Ef for any c ∈ C
×, since Λcf = cΛf . In particular, up to isomorphism, Ef

does not depend on a choice of a nonzero scalar multiple of f .
Consider

Φ(z0, f, ·) : H → C

z �→
∫ z

z0

f(w) dw.

Note that if z1 is some other fixed point in H, then Φ(z1, f, z) = Φ(z0, f, z)+c, where
c is a constant. We suppress z0 from the notation and write Φf (z) for Φ(z0, f, z).
The map H → Ef obtained by composing Φf with the projection C → C/Λf factors
through H/Γ, and induces a nonconstant morphism πf : XΓ → Ef which makes
the following diagram commutative

H
Φf ��

��

C

��
XΓ

πf �� Ef

The morphism πf sends the image of z0 in XΓ to the origin 0 in Ef . By the
Albanese functoriality, πf induces a homomorphism πAl

f : JΓ → Ef . Let evf denote
the “evaluation at f” map S (Γ)∗ → C, that is, the map sending u ∈ S (Γ)∗ to
u(f). There is a commutative diagram

(8.6)

0 �� Γ
ψ ��

Ψf

��

S (Γ)∗ ��

evf

��

JΓ(C) ��

πAl
f

��

0

0 �� Λf
�� C �� Ef (C) �� 0
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From this diagram it is easy to see that the kernel of πAl
f is connected. This

implies that Ef is a strong Weil curve for the modular parametrization by XΓ;
cf. [20, p. 392]. The degree of πf : XΓ → Ef carries subtle arithmetic information
about the congruences of modular forms and is also related to the famous ABC
conjecture; cf. [31,52]. An expression for deg(πf ) is easy to obtain analytically:

Lemma 8.6. Let ωE be a nonzero holomorphic 1-form on Ef ; such a form is
unique up to a constant multiple. We can choose ωE so that π∗

f (ωE) = ωf . For
such a choice, we have the following equality:

deg(πf ) ·
∫∫

Ef (C)
ωE ∧ ωE = (f, f)P .

Proof.

deg(πf ) ·
∫∫

Ef (C)
ωE ∧ ωE =

∫∫

XΓ(C)
π∗
f (ωE) ∧ π∗

f (ωE). �

Remark 8.7. The theory developed above is over C, but in fact XΓ, Ef , and
the morphism πf can be defined over Q. The starting point for this is Shimura’s
observation that XΓ is a moduli space of abelian surfaces equipped with an action
of D ; see [5,41] for details. The model of Ef over Q has bad toric reduction at the
places in R, and these are the only places of Q where Ef has bad reduction. More-
over, one can deduce from Wiles’ modularity theorem and the Jacquet – Langlands
correspondence that every elliptic curve over Q with bad toric reduction at the
places in R is isogenous over Q to a unique Ef .

8.2. Analogue of Shimura curves. We want to construct an analogue of
a Shimura curve over the field F = Fq(T ) of rational functions on P1

Fq
. The non-

Archimedean uniformization will play an indispensable role in this construction.
Let s ∈ F . If s = 0, then put deg(s) = −∞. If s 	= 0, then we can write

s = (
∑n

i=0 aiT
i)/(

∑m
j=0 bjT

j), where n,m ≥ 0, ai, bj ∈ Fq, and an 	= 0, bm 	= 0.
Define deg(s) = n−m. It is easy to check that − deg is a valuation on F . We denote
the corresponding place of F by ∞. This place will play the role of the Archimedean
place for Q. Let A = Fq[T ] be the polynomial ring. Every place v ∈ SF , except ∞,
naturally corresponds to a unique monic irreducible polynomial ℘v in A. The place
∞ has 1/T as a uniformizer. It is well-known that many algebraic and arithmetic
properties of F are very similar to those of Q, with A and F∞ = Fq((1/T )) playing
the roles of Z and R, respectively.

Now let D be a division quaternion algebra over F such that D⊗F∞ ∼= M2(F∞).
Let R ⊂ SF be the set of places ramified in D. Define the notion of an order in
D in the same manner as in §8.1, but with Z replaced by A. Let D be an order in
D. The group of units D× of D can be characterized as the set of elements of D
whose norm is in F×

q . By fixing an isomorphism D×
∞

∼= GL2(F∞), we can consider
D× as a subgroup of GL2(F∞). Let Γ be the image of D× in PGL2(F∞).

Lemma 8.8. The group Γ is a discrete, finitely generated, cocompact subgroup
of PGL2(F∞). It is torsion-free if R contains a place of even degree, where deg(v)
for v ∈ SF −∞ is defined as deg(℘v).

Proof. This follows from some standard facts from the arithmetic theory of
quaternion algebras [50] and trees [45]. See [36, §5] for details. �
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Example 8.9. By Lemma 8.8, we obtain a large number of Schottky groups
as units of orders in D. These groups can be described explicitly by fixing a
presentation for D and D . Assume p 	= 2 and R contains a place of even degree.
Define

r =
∏

v∈R
℘v.

An argument involving Hilbert symbols and the function field analogue of Dirich-
let’s theorem on primes in arithmetic progressions shows that there exists a monic
irreducible polynomial a of even degree such that the Legendre symbol ( r

a
) is 1

and D ∼= H(a, r), where H(a, r) is the algebra in Example 8.2. Fixing such a
presentation for D, we obtain an explicit embedding ι : D ↪→ M2(F∞) via

i �→
(√

a 0
0 −

√
a

)
, j �→

(
0 1
r 0

)
,

where
√
a denotes a fixed solution of the equation X2 = a in F∞ (which exists

since a is monic and has even degree). Now consider the free A-module D =
A⊕Ai⊕Aj⊕Aij in D. It is obvious that D is an order in D. Thus, we obtain an
explicit Schottky group in PGL2(F∞) as ι(D×)/F×

q . This order D is not maximal,
but the maximal orders are not hard to describe explicitly either: Fix b ∈ A such
that b2 ≡ r (mod a). Then the free A-module D ′ generated by

e1 = 1, e2 = i, e3 = j, e4 = bi + ij

a

is a maximal order. That D ′ is an order is a straightforward calculation. To prove
that this is a maximal order it is enough to show that the discriminant of D ′ is
(r2), which is again an easy calculation.

From now on we assume that D is a maximal order and R contains a place
of even degree. By Lemma 8.8, the image Γ of D× in PGL2(F∞) is a cocompact
Schottky group. This implies that LΓ = P1(F∞); see Example 6.5. To simplify the
notation we put Ω = P

1,an
F∞

− P1(F∞). All maximal orders in D are conjugate, so
the Mumford curve XΓ := Γ\Ω, up to isomorphism, depends only on R. The curve
XΓ is a function field analogue of the Shimura curve discussed in §8.1.

Proposition 8.10. The genus of XΓ is

(8.7) g(XΓ) − 1 = 1
q2 − 1

∏

v∈R
(|℘v| − 1),

where |℘v| = qdeg(v) is the absolute value of ℘v as an element of F∞.

Proof. By Theorem 6.8,

g(XΓ) = dimQ H1(Γ \ T ,Q),

where T is the Bruhat – Tits tree of PGL2(F∞). The calculation of the dimension
of H1(Γ \ T ,Q) is carried out in [34] in a more general setting of quotients of the
Bruhat – Tits building of PGLn(F∞), n ≥ 2, under the action of groups arising
from maximal orders in central division algebras over F . �
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Remark 8.11. The zeta-function of A is defined in analogy with the Riemann
zeta-function as

ζA(s) =
∏

v∈SF
v �=∞

(1 − |℘v|−s)−1.

It is easy to check that ζA(s) = (1− q1−s)−1. In particular, −ζA(−1) = (q2 − 1)−1.
Thus, (8.1) and (8.7) match each other in all terms.

Proposition 8.12. Aut(XΓ) ∼= (Z/2Z)#R.

Proof. By Corollary 4.11 in [29], all automorphisms of a Mumford curve XΓ
are defined over K and Aut(XΓ) ∼= N(Γ)/Γ, where N(Γ) is the normalizer of Γ in
PGL2(K).

In our special case, using the Noether-Skolem theorem, one shows that

NPGL2(F∞)(Γ)/Γ ∼= ND×(D×)/F×D×,

where ND×(D×) denotes the normalizer of D× in D×. Next, one shows that
ND×(D×)/F×D× is generated by commuting involutions Wv naturally indexed by
the places in R; see [33, Theorem 4.6]. �

Remark 8.13. These rigid-analytic methods also allow one to give an explicit
formula for the number of fixed points of each element in Aut(XΓ). This plays
an important role in the classification of hyperelliptic XΓ: If q is odd, then XΓ is
hyperelliptic if and only if R = {v, w} with deg(v) = 1 and deg(w) = 2; see [33].

Remark 8.14. The curve XΓ is a moduli space of certain vector bundles of rank
4 equipped with an action of D and a meromorphic D-linear Frobenius. The theory
of these vector bundles and their moduli spaces is developed in great generality by
Laumon, Rapoport and Stuhler in [21].

8.3. Automorphic forms and monodromy pairing. Let G be a graph
without loops (a loop is an edge whose extremities are the same). A harmonic
cochain on G with values in an abelian group B is a map f : Ed(G) → B that
satisfies

f(e) + f(ē) = 0 for any edge e;
and ∑

e starts at v

f(e) = 0 for any vertex v.

Denote the group of harmonic cochains by Har(G,B). The following lemma is an
easy exercise.

Lemma 8.15. Let Γ be a cocompact Schottky subgroup of PGL2(K). Assume
Γ\T has no loops. Denote by Har(T ,Z)Γ the subgroup of those harmonic cochains
on T which satisfy f(γe) = f(e) for any γ ∈ Γ and e ∈ Ed(T ). Then

Har(T ,Z)Γ ∼= H1(Γ \ T ,Z).

Remark 8.16. It can be shown that Har(T ,Z/nZ) is isomorphic to the first
étale cohomology group of Ω with coefficients in Z/nZ, where n is any number
coprime to p; see [9; 11, Theorem 8.4.3], or, for a generalization of this fact to
higher dimensions, [43, §4].
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We return to the setting of §8.2. Let D× be the algebraic group over F defined
by D×(L) = (D ⊗F L)× for any F -algebra L. Let AF be the ring of adeles of F .
Let K be an open compact subgroup of D×(AF ). An automorphic form on D×

of level K is a complex valued function on D×(AF ) which is left invariant under
D×(F ) embedded diagonally into D×(AF ), and right invariant under K · Z(F∞).
Thus, one can think of an automorphic form of level K as a function on the double
coset space

D×(F ) \D×(AF )/K · Z(F∞) → C.

Denote the space of these functions by S(K ). After fixing a Haar measure μ on
D×(AF ), we can define a natural inner product on S(K ), called Petersson inner
product: for ϕ, ψ ∈ S(K )

(ϕ, ψ)μ,P :=
∫

D×(F )\D×(AF )/K Z(F∞)
ϕ(g)ψ(g) dμ.

This integral is in fact a finite sum which runs over double coset representatives.
Now let D be a maximal order as in §8.2. For any x ∈ SF −∞, Dx := D ⊗AOx

is a maximal order in Dx. Denote I ∞ :=
∏

x∈SF−∞ D×
x . If K∞ is an open

compact subgroup of GL2(O∞), then K := I ∞K∞ is an open compact subgroup
of D×(AF ). An example of K∞ is the Iwahori group I∞. Let

S(D×) :=
⋃

K∞

S(I ∞K∞),

where K∞ runs through the open compact subgroups of GL2(O∞). The space
S(D×) carries a natural action of GL2(F∞): if f ∈ S(D×) is right invariant under
I ∞K∞ and g ∈ GL2(F∞) then f(xg) is right invariant under I ∞K ′

∞, where
K ′

∞ = gK∞g−1 ∩ GL2(O∞).
Let Vsp denote the group of locally constant C-valued functions on P1(F∞)

modulo the constant functions. This space has a natural action of GL2(F∞) denoted
sp: for f ∈ Vsp and g ∈ GL2(F∞), sp(g)f is the function x �→ f(xg). This
representation of GL2(F∞) is the so-called special representation.

The Strong Approximation Theorem [50] gives a bijection
D×(F ) \D×(AF )/I ∞I∞Z(F∞) ∼= D× \ GL2(F∞)/I∞Z(F∞)

∼= Ed(Γ \ T ),
(8.8)

where Γ is the image of D× in PGL2(F∞). Under this bijection, there is an iso-
morphism
(8.9) Har(T ,C)Γ ∼= HomGL2(F∞)

(
Vsp, S(D×)

)
.

This isomorphism is essentially due to Drinfeld; cf. [9, Proposition 10.3]. For a de-
tailed exposition we refer to [49]. The starting point of the proof is the observation
that each harmonic cochain naturally defines a measure on P

1(F∞) of total mass
zero. The right-hand side of (8.9) can be identified with the C-subspace of S(D×)
spanned by automorphic forms which transform like sp, by which we mean that the
right GL2(F∞)-translates of such a form generate a module isomorphic to a finite
number of copies of sp.

The quotient Γ\T has no loops. Indeed, for any g ∈ GL2(F∞) and v ∈ Ver(T ),
the distance between v and gv is congruent modulo 2 to ordF∞ det(g); see [45, p. 24].
On the other hand, det(g) = Nr(g) ∈ F×

q for g ∈ D×. Assume R contains a place of
even degree, so Γ is a Schottky group. Using Lemma 8.15 and (8.9), we can identify



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

156 MIHRAN PAPIKIAN

H1(Γ \ T ,C) with a subspace of S(D×). The Petersson inner product defines a
C-valued pairing on H1(Γ \ T ,Z). For x ∈ SF −∞, normalize the Haar measure
μx on D×(Fx) by Vol(D×

x ) = 1. Similarly, normalize μ∞ on D×(F∞) ∼= GL2(F∞)
by Vol(I∞) = 1. Fix the Haar measure on D×(AF ) to be the product measure
μ̃ :=

∏′
x∈SF

μx, and denote (·, ·)P := (·, ·)μ̃,P
Theorem 8.17. The Petersson product (·, ·)P on H1(Γ \T ,Z) agrees with the

monodromy pairing.

Proof. It is not hard to check that under (8.8) the push-forward of μ̃ assigns
volume 1 to each edge of Γ \ T . Hence the pairing (·, ·)P becomes the pairing
defined by (7.4). �

8.4. Rigid-analytic construction of modular elliptic curves. Denote
S (Γ) = Har(T ,C)Γ ∼= H1(Γ \ T ,C).

This is a function field analogue of the space of modular forms (8.2). For each
nonzero ideal m�A there are Hecke operators Tm acting on S (Γ). These operators
generate a commutative algebra TΓ over Z, which has rank g(XΓ) as a Z-module.
Furthermore, the integral structure H1(Γ \ T ,Z) is stable under TΓ, and Tm is
Hermitian with respect to the Petersson product (·, ·)P . Thus, by the spectral
theorem, TΓ ⊗ Q is semi-simple. Using isomorphism (7.3), we consider Γ as a TΓ-
module. Since TΓ ⊗ Q acts faithfully on Γ ⊗ Q, Γ ⊗ Q has the same dimension
over Q as TΓ ⊗ Q. Since TΓ ⊗ Q is semi-simple, we conclude that Γ ⊗ Q is a free
TΓ ⊗Z Q-module of rank 1.

Let f ∈ S (Γ) be an eigenvector for all Hecke operators Tm with integer eigen-
values am ∈ Z. Using rigid-analytic uniformizations, we will construct an elliptic
curve Ef associated to the eigenspace spanned by f . This construction is mo-
tivated by (8.6), and is modelled on a similar construction for Drinfeld modular
curves [12,13].

First, since the eigenvalues am are rational, we can assume that f ∈ Γ. Let JΓ
be the Jacobian of XΓ. By Theorem 7.3, the rigid-analytic uniformization of JΓ is
expressed by

0 → Γ → Hom(Γ, F×
∞) → JΓ(F∞) → 0.

Consider the “evaluation at f” map evf : Hom(Γ, F×
∞) → F×

∞ which sends u ∈
Hom(Γ, F×

∞) to u(f). Let Δ be the image in of Γ in F×
∞ under the composition

Γ → Hom(Γ, F×
∞) evf−−−→ F×

∞.

Proposition 8.18. There exists w ∈ Δ having positive valuation and such that
Δ = μd × wZ, where μd is a subgroup of F×

q .

Proof. First, one shows that for any Hecke operator Tm and γ, δ ∈ Γ the
pairing (7.2) satisfies [Tmγ, δ] = [γ, Tmδ]. This is a fairly cumbersome calculation
based on an explicit formula for the action of Tm; cf. [13, §9]. Next, the fact that
Γ⊗Q is a free TΓ⊗Q-module of rank 1 implies that there is a cyclic TΓ-submodule
of Γ of finite index. Now an argument as in Proposition 8.5 implies that there exists
w in Δ such that wZ has finite index in Δ. Finally, since by Theorem 7.2

ordF∞ [f, f ] = 〈f, f〉 > 0
we can choose w to have minimal positive valuation among the elements of Δ. For
such w, Δ = μd × wZ, where μd is a subgroup of roots of unity in F∞. �
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Note that raising to dth powers gives Gm,F∞/Δ ∼= Gm,F∞/wdZ. Hence

Ef = Gm,F∞/Δ

is a Tate curve over F∞ with period wd, and we obtain the analogue of diagram
(8.6):

(8.10)

0 �� Γ ��

��

Hom(Γ, F∞) ��

evf

��

JΓ(F∞) ��

πAl
f

��

0

0 �� Δ �� F∞ �� Ef (F∞) �� 0

It is easy to see that for any nonzero n ∈ Z we have Ef
∼= Enf . If we choose f so

that Γ/Zf is torsion-free, then the kernel of πAl
f will be connected and reduced, so

Ef is a strong Weil curve for the modular parametrization by XΓ. Assume this is
our choice for f . Composing the Abel – Jacobi map XΓ → JΓ (Remark 7.4) with
the projection πAl

f : JΓ → Ef , we obtain a modular parametrization πf : XΓ → Ef .
This morphism depends on a choice of z0 ∈ Ω, but its degree is independent of z0.
We conclude the paper with a formula for this degree analogous to Lemma 8.6.

Let Ef be the Néron model of Ef over O∞ and MEf
be the character group of

(Ef )0
Fq

. By functoriality, there is a homomorphism

πf,M : MEf
→ MJΓ

∼= H1(Γ \ T ,Z).

Let mEf
be a generator of MEf

∼= Z. Then πf,M (mEf
) = f ′ lies in Cf . Normalize

the Haar measure on F∞ by Vol(O∞) = q/(q − 1). As is explained in [47], a
differential ω ∈ H0(E ,Ω1

E /O∞
) gives a measure μω on E(F∞).

Theorem 8.19. With previous notation and conventions,

deg(πf ) ·
∫

E(F∞)
μω = (f ′, f ′)P .

Proof. To simplify the notation, we drop all subscripts f and M . The idea
of this proof is due to Ribet [39].

Let n = deg(π). The dual morphism (πAl)∨ : E → JΓ composed with πAl gives
an isogeny E → E. It is not hard to show that this isogeny is the multiplication-
by-n map. Let 〈·, ·〉E denote the monodromy pairing on ME . From Theorem 3.5
we know that the order #ΦE,∞ of the group of connected components of E at ∞
is equal to 〈mE,mE〉E . Now

deg(π) · 〈mE ,mE〉E = 〈n ·mE ,mE〉E
= 〈π∨πmE,mE〉E = 〈πmE, πmE〉JΓ ,

where the last equality is due to (3.8). On the other hand, by Theorem 8.17,

〈π(mE), π(mE)〉JΓ = (f ′, f ′)P .

Finally, by [47, Theorem 5.2]
∫

E(F∞)
μω = #ΦE,∞.

Combining these equations gives the formula of the theorem. �
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Remark 8.20. As in the classical case, it is possible to show that Ef can be
defined over F . As a curve over F , Ef has toric reduction at the places in R, split
toric reduction at ∞, and good reduction everywhere else. Moreover, every elliptic
curve over F with these reduction properties is isogenous to a unique Ef . For an
explanation of how to deduce this fact from a collection of rather deep theorems of
Drinfeld, Laumon, Rapoport, Stuhler and others, we refer to [35, §7].
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