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1. Introduction
1.1. Drinfeld modules
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Let F, be a finite field with ¢ elements. Let A = F4[T] be the ring of polynomials
in T with coefficients in F,. Let F' = F,(T) be the field of fractions of A. We will call
a nonzero prime ideal of A simply a prime of A. Given a prime p of A, we denote by
A, (resp. F,) the completion of A at p (resp. the field of fractions of A,). By abuse of
notation we will denote the monic generator of p by the same symbol.

Let L be a field equipped with a structure v : A — L of an A-algebra. Let 7 be the
Frobenius endomorphism of L relative to [, that is, the map o +— a?. Let L{7} be the
noncommutative ring of polynomials in 7 with coefficients in L and commutation rule
7c=ci7, ¢ € L. A Drinfeld module of rank r > 1 defined over L is a ring homomorphism
¢: A— L{7}, a — ¢,, uniquely determined by the image of T'

¢ =9T)+ > g(T)7", g (T) #0.
i=1

The endomorphism ring of ¢ is the centralizer of ¢(A) in L{r}:

Endy(¢) = {u € L{7} | upy = pqu for all a € A}
={u e L{r} | upr = ¢pru}.

It is clear that Endp(¢) contains in its center the subring ¢(A) = A, hence is an
A-algebra. It can be shown that Endy(¢) is a free A-module of rank < r?; see [6].

The Drinfeld module ¢ endows the algebraic closure L of L with an A-module struc-
ture, where a € A acts by ¢,. The a-torsion ¢la] C L of ¢ is the kernel of ¢,, that is,
the set of zeros of the polynomial

r-deg(a) _
¢a(x) = v(a)x + Z gi(a)x? € L[z].
i=1
It is easy to see that ¢[a] has a natural structure of an A-module, where A acts via ¢.
Moreover, if a is not divisible by ker(v), then ¢[a] = (A/aA)®" and ¢[a] is contained in
the separable closure L°P C L (since ¢/, (x) = y(a) # 0).
For a prime [ <1 A different from ker(y), the [-adic Tate module of ¢ is the inverse limit

— 1 n] ~ ADr
Ti(¢) = lim @[I"] = AP".
1.2. Main results

Let p << A be a prime and k a finite extension of F, := A/p. We consider k as an
A-algebra via the composition v : A — A/p < k. Let ¢ be a Drinfeld module of rank
7 defined over k. Denote £ = Endy(¢) and D = £ @4 F. Let 7 := 7FFd € k{r}. Tt is
clear that 7 is in the center of k{7}. In particular, 7 commutes with ¢(A), so = € &.
Let K = F(m) be the subfield of D generated by w. The following is well-known (cf. [7],

[12)):
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o The degree of the field extension K/F divides r.
« D is a central division algebra over K of dimension (r/[K : F])*.

o There is a unique place of K over the place co = 1/T of F'.

The endomorphism rings (and algebras) of Drinfeld modules over finite fields have
been extensively studied; cf. [7], [1], [12], [13], [26]. They play an important role in the
theory of Drinfeld modules, as well as their applications to other areas, such as the theory
of central simple algebras (cf. [11]), the Langlands conjecture over function fields (cf. [7],
[17]), or the study of the splitting behavior of primes in certain non-abelian extensions
of F (cf. [4], [10], [5]). In this paper, we are interested in comparing &£ to A[r]. We then
deduce from this a method for computing €.

Throughout the paper, we make the following assumption:

[K:F]=r. (1.1)

This assumption is satisfied if, for example, & = F, (cf. [10, Prop. 2.1]) or ¢[p| =
(A/p)"~1, ie., ¢ is ordinary (cf. [17, (2.5)]). It is equivalent to the assumption that
the endomorphism algebra D is commutative, or more precisely, that £ is an A-order
in K. In that case, A[r] C £ are A-orders in K, so by the theory of finitely generated
modules over principal ideal domains we have

g/A[?T] = A/blA X A/bQA X oo X A/br_lA
for uniquely determined nonzero monic polynomials by, ...,b._1 € A such that
by | by |-+ | br1.

We call the (r — 1)-tuple (b1, ...,b.—1) the Frobenius index of ¢. The first main result of
this paper is the following:

Theorem 1.1. For each 1 < i < r —1, there is a monic polynomial f;(x) € Alzx] of degree
i such that f;(m) € b;E. Moreover, if there is a monic polynomial g(x) € Alx] of degree i
and b € A such that g(m) € b€ then b divides b;.

The proof of this theorem is given in Section 3. It is based on the existence of special
bases of A-orders; this crucial fact about orders is discussed separately in Section 2.
As we explain in Remark 3.2, Theorem 1.1 can be considered as a refinement of the
reciprocity law proved in our earlier paper [10, Thm. 1.2] (see also [4, Cor. 2] for the
rank-2 case).

The condition f;(7) € b;€ means that we have an equality f;(7) = ugyp, in k{7} for
some u € E. For given b; and f;, the validity of equality f;(7) = u¢yp, can be easily
checked using the division algorithm in k{7}. On the other hand, a finite list of possible
Frobenius indices of ¢ can be deduced either by computing the discriminant of A[r], or



148 S. Garai, M. Papikian / Journal of Number Theory 237 (2022) 145-164

by computing an A-basis of the integral closure of A in K. Since we can assume that the
coeflicients of f;(z) € Alz] have degrees less than the degree of b;, the Frobenius index of
7 can be determined by performing finitely many calculations. This leads to an efficient
algorithm for computing the Frobenius index of ¢ and an A-basis of £. The algorithm
is described in detail in Section 3. We have implemented this algorithm in the Magma
software package. In Section 3, the reader will find an explicit example of a calculation
of the endomorphism ring of a Drinfeld module of rank 3. In the rank-2 case, we gave
another algorithm for computing £ in [10]; the present algorithm is different from the
one in [10], even when specialized to r = 2.

A completely different algorithm from ours for computing the endomorphism rings
of Drinfeld modules was proposed by Kuhn and Pink in [15]. This algorithm works in
all cases, without the restriction (1.1), and determines a basis of £ as an F,[r]-module.
However, it is not quite clear how easily one can deduce from this the A-module structure
of £, e.g., determine the Frobenius index or the discriminant of £ over A. We discuss the
algorithm of Kuhn and Pink in more detail in Remark 3.5.

Next, we explain a theoretical application of Theorem 1.1. Let ® : A — F{r} be a
Drinfeld module of rank r over F' defined by

Sr=T+qnr+--+g7".

(We will always implicitly assume that v : A — F is the canonical embedding of A into
its field of fractions.) We say that a prime p < A is a prime of good reduction for @ if
ordy(g;) > 0 for 1 < ¢ < r —1, and ordy(g-) = 0. (All but finitely many primes of A
are primes of good reduction for a given Drinfeld module ®.) Let n € A be a monic
polynomial and F(®[n]) be the splitting field of the polynomial ®,(z); such fields are
called division fields (or torsion fields) of ®. If p is a prime of good reduction of ® and
p t n, then p does not ramify in F(®[n]). One is interested in the splitting behavior of p in
F(®[n]) as n varies, e.g., a “reciprocity law” in the form of congruence conditions modulo
n which guarantee that p splits completely F'(®[n]). The primes which split completely
in F(®[n]) have been studied before, e.g. [5], [10], [16].

We can consider g1, ..., g, as elements of Ap; denote by g the image of g € A, under
the canonical homomorphism A, — A,/p = F,. The reduction of ® at p is the Drinfeld
module ¢ over F,, given by

dr=T+GT+ - +G1".

Note that ¢ has rank r since g, # 0. Let & = Endy, (¢) and 7 = 7deg(P)  We have the
inclusion of orders A[r] C £. Theorem 1.1, or rather its proof, provides an explicit basis
of £ as a free A-module of rank r. With respect to this basis, the action of m on £ by
multiplication can be described by an explicit matrix F(p) € Mat,(A) which depends
on the Frobenius index of ¢, the coefficients of the polynomials f;, and the coefficients
of the minimal polynomial of . We explain in Section 4 that under a mild (but subtle)
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technical assumption on £, the integral matrix F(p), when reduced modulo n, represents
the conjugacy class of the Frobenius at p in Gal(F(®[n])/F) C GL,(A/nA). This result
in the rank-2 case was proved in [4, Thm. 1]. The analogue of this result for elliptic
curves goes back to Duke and Téth [8], which was our initial motivation for considering
this problem in the setting of Drinfeld modules. (For a refinement of the result of Duke
and T6th for elliptic curves see the paper by Centeleghe [3].)

The technical assumption mentioned in the previous paragraph is the assumption that
E®4 A, is a Gorenstein ring for all primes [ | n. It is often satisfied (see Proposition 4.10),
but not always when r > 3. At the end of Section 4 we give an interesting example of
E® 4 Ay which is not Gorenstein. The study of the Gorenstein property of endomorphism
rings of abelian varieties, especially the Jacobian varieties of modular curves, has played
an important role in many fundamental developments in arithmetic geometry (cf. [20]),
but, as far as we are aware, it has not been studied at all in the context of Drinfeld
modules.

2. Some facts about orders

Let A be a principal ideal domain with field of fraction F'. Let f(z) € Alz] be a monic
irreducible polynomial of degree r with coefficients in A. Fix a root 7 of f(z) in F and
denote K = F(m) C F. Let B be the integral closure of A in K.

The field K is an r-dimensional vector space over F'. For a given o € K, multiplication
by a on K defines an F-linear transformation M, : K — K. Let Trg p(a) € F (resp.
norm Nrg/p(a) € F) be the trace (resp. determinant) of M,,. The discriminant of an
r-tuple ay,...,q, € K is

disc(a, ..., ar) = det (Trg, p(eia;)) .

The discriminant does not depend of the ordering of the elements «y;. It is known that
disc(aq,...,a,) = 0 if and only if either K/F is inseparable or aq,...,q, are linearly
dependent over F. Moreover, (cf. [21, Ch. III)):

(i) disc(1, ..., 7" 1) = (=1)"("=D/2Nr g p (' (7).
e o
(i) If [ + | =M | : | with M € Mat,(F), then
Br Oy
disc(B1, ..., By) = det(M)? - disc(a, . . ., o).

An A-order in K is an A-subalgebra O of B with the same unity element and such
that B/O has finite cardinality. Note that any A-order O is a free A-modules of rank r.
An example of an A-order in K is

A[W]:A+A7T+---+A7TT_1.
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Let O C O be two A-orders in K. Since both modules O and O’ have the same rank
over A, and both contain 1, we have

O//O = A/blA X A/bQA X oo X A/br_lA,

for uniquely determined (up to multiplication by units in A) non-zero elements
bi,...,b._1 € A such that

by |bo |- | bpoq.

This is an easy consequence of the theory of finitely generated modules over principal
ideal domains; cf. [9, Thm. 12.5]. We call the ideal x(O’/O) of A generated by [/ b;
the index of O in O’ and (by,...,b,_1) the refined index of O in O’ (in a more standard
terminology, the elements by,...,b._1 € A are the invariant factors of O’/O).

Let O be an A-order in K. Let «, ..., a, be a basis of O over A:

O =Aa; + -+ Aa,.

Define the discriminant disc(O) of O to be the ideal of A generated by disc(a, ..., a;).
By (ii) above, disc(O) does not depend on the choice of a basis aq, . .., a,.. Moreover, by
the same property (see also [21, Ch. III]), if @ C @’ is an inclusion of orders, then

disc(0) = x(0'/0)? - disc(0'), (2.1)
and for an inclusion of orders © C @' C O” we have

X(0"/0) = x(0"/0') - x(0'/0). (2.2)

The following theorem is essentially Theorem 13 in [18]. Since this fact is crucial for
our later purposes and we need the statement in a more general setting than in [18], we
give the proof for the sake of completeness.

Theorem 2.1. Assume O is an A-order in K such that A[n] C O. Let (b1,...,b.—1) be
the refined index of A[r] in O. There are polynomials f;(x) € Alx], 1 <i <r —1, such
that f; is monic, deg(f;) =i, and

film) fraa(m)
bl ) ) brfl ’

is an A-basis of O.

Proof. Fix a generator d of the ideal x(O/A[rn]). For each k, 1 < k < r, let G}, be the
free A-submodule of K generated by 1/d,7/d, ..., 771 /d. Let O}, = O N Gy. Note that
Op = A, rtanka Oy, = k (since A+ An +--- + A7* C O) and O, = O (since for any
a € O we have da € A[n]).
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We will define dy | da | -+ | dp—1 | d and monic polynomials f;(x) € A[z] of degree i,
1 <i<r—1,such that foreach 1 <k <r

1,f1(7T)/d1,...,fk_l(ﬂ')/dk_l

is an A-basis of Oy. This is certainly true for K = 1. Now fix some 1 < k& < r and assume
we were able to prove this claim for Oy. Let

k i
0
n:Grp1 — A, E aig»—>ak,
i=0

be the projection onto the last factor. Let I = n(Of41) be the image of Ok under this
homomorphism. Clearly I is an ideal of A, thus can be generated by a single element.
Fix some 3 € O such that n(3) generates I. Note that I # 0 (since 7% € Oy, 1 maps
to d # 0), and Oy, C ker(n|Ok41). Since I is a free A-module of rank 1, comparing the
ranks we conclude that Oy = ker(n|Og41) and Ok1 = O ® AB. It remains to show that
B = fr(mw)/d. We have

Wfkl(ﬁ)) ( 1 . ) ( d 7" ) d
”( e " A i

It follows that an(8) = d/dx—1 for some a € A. Defining di, = ady_1, we have n(8) =
d/dy, which implies that 3 = fi.(7)/dy for some fi(z) = 2*+lower degree terms. Note
that by construction di_1 | di | d, so it remains to show that the coefficients of fj(x)

el

are in A. However, since fi(7)/dp—1 = a8 € Ok41, we have

Jr(m) — 7 fre—1(m)
di—1

=17 € Ok,_t,_l.

On the other hand, n(y) = an(B) — d/dx—1 = 0, so in fact, v € Of. Using our basis for
Oy, we can write v = g(m)/di—1 for some g(z) € Alz] having degree < k. This implies
that fx(m) — 7 fx—1(m) = g(r). Since the degree of the minimal polynomial of 7 over
F is r and the degree of fi(x) — mfr—1(x) — g(x) is strictly less than r, we must have
fr(x) = 2 fr1(x) + g(x) € Al].

It remains to show that (di,...,d,—1) is the refined index of A[r] in O. Since the
polynomials f;(x) are monic, the elements 1, fi(7), ..., fr_1(7) form an A-basis of A[r]
(the transition matrix from 1,7, ..., 7"~ to this basis is upper triangular with 1’s on the
diagonal, so has determinant 1). But now, using 1, f1(m)/dx, ..., fn_1(7)/dn—1 as a basis
of O, we obviously have O/A[r] 2 A/d1A X -+ x AJd,_1A with dy | --- | d.—1. Since
the invariant factors of O/A[x] are unique, up to multiplication by units, dy, ds, ..., d,—1
must be the invariant factors. O
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Remark 2.2. The polynomials f; € A[z], 1 <i <r—1, in Theorem 2.1 are not unique. It
is easy to see that they can be replaced by any other monic polynomials g; € A[z] such
that g; has degree ¢ and all g;(7)/b; are in O.

Proposition 2.3. Let O be an A-order in K such that Alx] C O. Let (b1, ...,by-—_1) be the
refined index of A[n] in O.

1. Ifi+j <r, then bib; | birj.
2. For any i < r, we have b} | b;.
3. 67V | disc(Alqx]).
4. If by # 1, then the inclusion of ideals (b1) 2 (ba) 2 -+ 2 (by_1) s strict.
Proof. Let fi(m)/b1,..., fr—1(7w)/br—1 be the A-basis of O supplied by Theorem 2.1.
Consider o = f;(m) f;j(m)/bib; € O. We can express « as an A-linear combination o =
ap + Z;;]l ay, fr(7)/bg. (The basis elements fx(m)/by for k > i+ j do not appear in this
linear combination since otherwise m would a root of a non-zero polynomial of degree
< r.) Comparing the coefficients of 7™/ on both sides we get 1/b;b; = a;4;/b;+; for
some nonzero a;4+; € A. Thus, b;b; divides b;4;. This proves (1).

(2) and (4) immediately follow from (1). Next, by (2.1), x(O/A[r])? = (by -+ b._1)?
divides disc(A[r]). On the other hand, b} divides b;, so b?(1+2+3+”'+(r4)) = bg(Pl)
divides disc(A[n]). This proves (3). O

3. Endomorphism rings of Drinfeld modules

Let the notation and assumptions be as at the beginning of Section 1.2. In particular, ¢
is a Drinfeld module of rank 7 over a finite extension k of F,, £ = Endy(¢), and A[n] C €
is the suborder generated by the Frobenius endomorphism of ¢. As in Section 1.2, assume

(1.1).

Theorem 3.1. Let (by, .. —1) be the Frobenius index of ¢. For each 1 < ¢ < r —1,
there is a monic polynomzal fi(x) € Alz] of degree i such that f;(m) € b;E. Moreover, if

there is a monic polynomial g(x) € A[x] of degree i and b € A such that g(m) € bE, then
b divides b;.

Proof. Theorem 2.1, applied to A[r] C &, implies the existence of monic polynomials f;
of degree i, 1 <i < r — 1, such that f;(7) € b;€.

Now assume there is a monic polynomial g(z) € A[z] of degree ¢ and b € A such
that g(m) € bE. Suppose there is a prime q € A such that q | b but q 4 b;. Then we can
find z1,22 € A such that z1b; + z2q = 1. The polynomial z1b;g(z) + 22qf;(x) € Alz] is
monic of degree 4, and (z1b;9(7) + z2qfi(7))/qb; € E. Since the largest exponent of 7 in
z1b;g(m) + zoqfi(7) is i, there exist ag,...,a; € A such that
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21big(m) + z2qfi(m) fi(m) i)
b B TR

Multiplying both sides by b;q, we get an equation in A[r] where the left hand side is
a monic polynomial in 7 of degree 7, while the right hand side has degree 7 in 7 and
leading coefficient a;q. This implies that 7 satisfies a polynomial in A[x] of degree less
than 7, contradicting (1.1). Hence every prime divisor of b is also a divisor of b;. Write
b = x1y1 and b; = xoy22, where 1 and x5 have the same prime divisors, y; and ys have
the same prime divisors, zo | 21, y1 | y2, and ged(zq,y1) = ged(za, y2) = ged(za,2) =
ged(ya, 2) = 1. As earlier, since g(m)/b € £, we can write

o, hm L )

1 by T2Y22
After multiplying both sides by 1322, the coefficient of ¢ on the left hand side of the re-
sulting equation is y22/y1, whereas on the right hand side the corresponding coefficient is
a;x1/xo. Since x1 /x4 is coprime to y2z/y1, 1 and zo must be equal, up to multiplicative
units. Since y; | y2, we see that b divides b;. O

Remark 3.2. The condition f;(7) € b;€ means that we have an equality f;(7) = u¢yp, in
k{7} for some u € £. From this it is obvious that f;(7) acts as 0 on ¢[b;]. Conversely, it
is not hard to prove that if b is coprime to p and g(7) acts as 0 on ¢[b], then g(m) € b€;
see the proof of Theorem 1.2 in [10]. Hence the previous theorem essentially says that
b; € A is the element of largest degree such that 7 acting on ¢[b;] satisfies a polynomial
of degree i, whereas the minimal polynomial of 7 acting on any Tate module T(¢) has
degree r.

Now suppose ¢ is the reduction at p of a Drinfeld module ® over F. Let n € A be a
polynomial not divisible by p. Assume r is coprime to the characteristic of F'. In [10],
we proved a reciprocity law which says that p splits completely in the Galois extension
F(®[n]) of F if and only if n divides both by and a,_1 +r, where a,._; is the coefficient of
2"~ ! in the minimal polynomial of 7. The starting point of the proof of this result is the
observation that we have an isomorphism ®[n] = ¢[n| compatible with the action of the
Frobenius at p on ®[n] and the action of 7 on ¢[n|. Then the proof proceeds by showing
that 7 acts as a scalar on ¢[n] if and only if n | b;. As follows from the previous paragraph,
this last fact is a special case of Theorem 3.1. Thus, Theorem 3.1 is a refinement of our
reciprocity law in the sense that we give a Galois-theoretic interpretation of all b;’s, not
just by. Moreover, as we will see Section 4, by,...,b._1 appear in a matrix representing
the Frobenius at p in Gal(F(®[n])/F) C GL,(A/nA).

Theorem 3.1 can be used to give an efficient algorithm for computing the Frobenius
index of a Drinfeld module and an A-basis of its endomorphism ring. The algorithm has
two main steps.

Step 1. Let ¢ be a Drinfeld module of rank r over k given in terms of ¢ € k{7r}. Let
B be the integral closure of A in K.
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Start by computing the minimal polynomial P(z) € Alz] of m over A. (Note that
under our assumption (1.1), P(z) is also the characteristic polynomial of the Frobenius
automorphism « + a#F of Gal(k/k) acting on Ti(¢) for any [ # p.) When k = F,,
computing P(x) is relatively easy and quick; see [10, §5.1]. When [k : F,] > 1, this
calculation becomes more involved. An algorithm for computing P(z) for r = 2 and
arbitrary k is described in [13, §3]. For general k and r, one can compute P(z) using the
following effective, but rather inefficient, method. One knows that P(z) = >"'%, c;ixl €
Alx] is a monic polynomial of degree r1 | r (our assumption (1.1) is equivalent to 7 = r);
moreover, from the analogue of the Riemann hypothesis for Drinfeld modules, one can
deduce that deg(c;) < [k : F,](r1 —4)/r for all 0 <4 < ry; — 1. This gives finitely many
possibilities for P(x), so, after arranging these polynomials by increasing degrees, one
can simply go through this list, and the first polynomial that satisfies P(7) = 0 will be
the minimal polynomial.

Next, compute the index x(B/A[r]). There are known algorithms for computing a
basis of the integral closure of A in a field extension of F' given by an explicit polynomial
(the polynomial in our case is P(x)); such an algorithm is implemented in Magma. The
index x(B/A[r]) can be computed by expressing 7 in a given A-basis of B. Alternatively,
if K/F is separable, then x(B/A[n]) can be computed from disc(A[r]) and disc(B), since
by (2.1)

disc(A[r]) = x(B/A[r])? - disc(B).

(In fact, for our purposes, it is enough to have an upper bound on x(B/A[r]) which is
already provided by disc(A[n]).)

Having computed the index x(B/A[r]), one can produce a finite list of possible Frobe-
nius indices (b1, ...,b,—1). Indeed, by (2.2),

X(B/Alr) = x(B/€) - x(€/Alr]),

and x(E/A[r]) = (H::_ll b;) divides x(B/A[r]). We get further constrains on possible
(b1,...,b.—1) from the divisibilities (cf. Proposition 2.3)

bi|bj, 1<i<i<r—1,
bibj ‘ bi+j’ 1+ <,
if 0 < deg(by), then deg(b1) < deg(bs) < - -+ < deg(br_1),
b7 | disc(A[r)).
We arrange all possible (b1, ..., b,.—1) by the degrees of products H:;ll b;, from the highest
to zero.
Step 2. Starting with the first entry in our list of possible (b1,...,b._1), check if

for all ¢ = 1,...,7 — 1 there are polynomials f;(z) € Alz], deg,(fi(z)) = 4, such that
fi(ﬂ') € b;€.
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Given a polynomial
g(x) =2+ ag12° " + - + ag,

checking whether g(7) € b€ can be done as follows. First, compute the residue of 7° +
ba,_ T+ -+ g, modulo ¢, using the right division algorithm in k{7 }. If the residue
is nonzero, then g(m) ¢ b&. If the residue is 0, then g(m) = u¢y, for an explicit u € k{7}
produced by the division algorithm. Now check if the commutation relation u¢r = ¢ru
holds in k{7}; this relation holds if and only if u € £.

Since we can assume that the coefficients of f;(z) € A[z] have degrees < deg(b;) (as
polynomials in T'), there are only finitely many possibilities for f;(x). If for some possible
choice of fi,..., fr—1 we have f;(7) € b;E, then (by,...,b.—1) is the Frobenius index of ¢.
If none of the choices of f1, ..., fr—1 work, then (by,...,b._1) is not the Frobenius index
and we move to the next possible Frobenius index. Since one of (b1,...,b.—1)’s is the
actual Frobenius index, this step will eventually find it. (There can be several “candidate”
Frobenius indices satisfying the necessary condition of this step, i.e., the existence of
fi’s. One can distinguish the actual Frobenius index among these “candidate” Frobenius
indices using the maximality property of Frobenius indices given by Theorem 1.1. Since
we have arranged the list of possible Frobenius indices by decreasing degrees of 1—[::—11 b;,
we always find the actual Frobenius index first.)

Finally, having determined the Frobenius index (b1, ..., b,_1) of ¢ and the polynomials
fis-+-, fr—1 such that f;(7) € b;E, we compute an explicit A-basis of £ in k{r} by
dividing f;(7) by ¢, using the division algorithm for k{r}.

We have implemented the above algorithm in Magma and computed the Frobenius
indices and bases of endomorphism rings for various Drinfeld modules of rank r = 2
and 3. For rank 2 this algorithm corroborates the data found by our previous (different)
algorithm [10]. For rank 3, we have found many examples where b; and by have positive
degrees.

Example 3.3. Let ¢ =5, r = 3,p = T%+31°+T%+37+3,and k = F,. Let ¢ : A — Fp{7}
be given by

bp =t +tT +tr2 73,

where t denotes the image of 7" under the canonical reduction map A — F,. The minimal
polynomial of 7 is

P(x) = 2 +2T%2* + (37* + T? + 3T + 1)x + 4p
From this we compute that

disc(A[n]) = (T + 4)5(T* + 273 + 4T% 4+ 3T + 4),
disc(B) = (T* 4 273 + 4T% + 3T + 4).
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Hence x(B/A[r]) = (T + 4)3. We deduce that either by = T + 4 and by = (T + 4)?,
or by =1 and by = (T + 4)™ for some 0 < n < 3. The second step of our algorithm
confirms that in fact b = T + 4 and by = (T + 4)2. In particular, £ = B. Moreover, the
corresponding polynomials are fi(z) = x + 4 and fo(x) = (z + 4)?. An A-basis of € is
given by

m+4 9
€3 = €5.
T+4 372

€1 = 1, €y =
Finally, the element in F,{7} corresponding to e is

eg = 7% 4+ (2t° + 3t +t + 1)72 + (483 + 2t + 3)7 +t° + 4t* + 463 + 447 + 3.

Example 3.4. Let ¢ = 7,7 = 3, p = T°+T44T3+4+2T?+1,and k = Fy,. Let ¢ : A — Fyp{7}
be given by ¢ =t +t7 +t72 + 73, where t denotes the image of T under the canonical
reduction map A — F,. In this case, P(z) = 23+ (3T +3)x? + (673 + 512+ 3T +6)x +6p,
bi=1,by =T +6,and fi(z) =z, fo(r) =22 + 2+ 1.

Remark 3.5. In [15], Kuhn and Pink gave a different algorithm for computing Endy (¢).
They work in the most general setting where A is a finitely generated normal integral
domain of transcendence degree 1 over a finite field I, k is an arbitrary finitely generated
field, and no restrictions on D are imposed. On the other hand, the emphasis of [15] is
on the existence of a deterministic algorithm that computes Endy(¢) rather that its
practicality, so some of the details of the algorithm are left out.

In the case where A = Fy[T| and k is finite, the approach of Kuhn and Pink is the

following. Consider k{7} as a free module of finite rank over R := F,[r]. (Note that
R is the center of k{r}). Choose an R-basis of k{7}. For example, if n = [k : F,] and
Q0. ..,an_1 is an Fy-basis of k, then {f;; := ;77 | 0 < 4,j < n — 1} is a basis of

kE{r} over R. Express ¢ € k{7} in terms of this basis ¢ = >,
U = ZOSi,jST—l x;jf:;, where x;; are indeterminates. Now u € Enak(qb) if and only if
u¢r = ¢pu. This leads to a system of linear equations in z;;’s (note that 3;;’s do not
commute with each other, so expanding both sides u¢r = ¢ru in terms of the chosen

j<r—1 mijﬂij . Let

basis leads to nontrivial linear equations for z;;). Choosing a basis for the space of
solutions of the resulting system of linear equations gives a basis ey, ...,es € k{r} of
Endg(¢) as an R-module. Next, one computes the action of ¢r on this basis, which gives
an explicit matrix for the action of ¢ as an R-linear transformation of Endy(¢). It is
then claimed in [15] (proof of Proposition 5.14) that this calculation yields a basis of
Endg(¢) as an A-module, although the details of this deduction are not explained. We
have not pursued this line of calculations, so we are unable to say how complicated it is
in practice, and whether it suffices for deducing the finer number-theoretic properties of
Endg(¢), such as its discriminant over A or the Frobenius index.



S. Garai, M. Papikian / Journal of Number Theory 237 (2022) 145-164 157

4. Matrix of the Frobenius automorphism

Let the notation and assumptions be as in Section 3. In particular, ¢ is a Drinfeld
module of rank 7 over a finite extension k of F,, and ¢ satisfies (1.1). Moreover, £ =
Endy(¢), A[r] C £ is the suborder generated by the Frobenius endomorphism of ¢, and
B is the integral closure of A in F(m).

Let

P(z)=a"+ Cro1zm N e+

be the minimal polynomial of m over A, and
i—1
fi(m)le+2aijxj, 1§i§7“—1
§=0

be the polynomials from Theorem 2.1. Multiplication by 7 induces an A-linear transfor-
mation of £. The matrix of this transformation with respect to the basis in Theorem 2.1
has the form

—aio * * *
by aip — azi e *
F o= 0 ﬁ a21 — a3z2 * * (4.1)
DRI b771 —
0 0 by Ar—17r—2 " Cr—1
(If £ = Arn], then by = --- = b,_1 = 1, all a;; = 0, and F}, is simply the companion

matrix of P(z).) The entries of F} marked by # are complicated expressions in the
coefficients of f; and P.

_ —aio(aio—c1)—co
Example 4.1. For » = 2, the full matrix is @10 by . Assume now that
1 aio — C1

r=2and ¢ is odd. Let A = disc(£), so that £ = A ++VAA. Then A[n] = A+ bjVAA.

Thus, ™ = a + bi1V/AB with o, B € A. This implies (m—a)/by € €, s0 a = —ajg. Now
72 = (o + by VAB)? = (a® + B2AB?) + 2a8b, VA,

and also 72 4 ¢ + ¢g = 0. Therefore,

(@® + bIAB?) + Qaﬁbl\/g +cia+ clblx/Zﬁ +co =0,

which implies (2a + ¢1)bi VA = 0. Thus, @ = —¢; /2. Combining this with our earlier
observation, we obtain a;g = ¢1/2, which, when substituted into the matrix of the
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C1

_a 2/4 —
Frobenius, gives b12 (c1 /4_ c_lco)/bl] . On the other hand, ¢2—4cy = disc(A[n]) = b2A.

2
Therefore,
e ¢ bidisc(€)
= 2 7!
S

Example 4.2. For r = 3, the full matrix is

aio(az1—aio)—azo aioaz1(az1—c2)—aip(azo—ci)—azo(azi—c2)—co

—aio b1 bo
by a1p — ag1 (a%*cl)bfz%i(aqu) . (4.2)
b
0 ﬁ ag1 — Co

As an explicit example, the matrix corresponding to Example 3.3 is

1 0 T4+ T?+2T + 1
T+4 1 2T3+2T*+2T+41|, (4.3)
0 T+4 3(T? +1)

and the matrix corresponding to Example 3.4 is

6 T4+ 273 + 672+ T+ 4
6 T2 4+3T+3
+

0
1
0 6 4T + 5

T
Remark 4.3. Even though fractions appear in Fj, all entries of this matrix are in A.
This implies that there are non-obvious congruence relations between the coefficients of
fi, P, and the Frobenius indices b;. For example, from (4.2) we get aio(a21 — ai0) =
aso (mod by). Also note that by Proposition 2.3, by divides all b;/b;—1, 2 < i < r —1,
appearing below the main diagonal in Fy, so if n | by, then F, is upper-triangular modulo
n. In fact, it follows from Theorem 3.1 in [10] that if n | b; then Fy modulo n is a scalar
matrix.

Let [ < A be a prime different from p. The arithmetic Frobenius automorphism
Froby € Gal(k/k) naturally acts on Ty(¢). Let chy(z) € Afz] denote the character-
istic polynomial of Froby € Auta, (T1(¢)) = GL,.(A(). The conjugacy class of Froby in
Autp (Ti(¢) ® Fy) = GL,.(F}) is uniquely determined by chy(z) because Ty(¢) ® Fy is a
semi-simple F[Froby]-module; cf. [23]. On the other hand, chy(z) alone is not sufficient
for determining the conjugacy class of Froby in Aut 4, (T1(¢)).

Theorem 4.4. Assume Ti(¢), under the natural action of & := E ® 4 Ay, is a free module
of rank 1. Then the matriz Fy, describes the action of Froby on Ty(¢), with respect to a
suitable A;-basis.
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Proof. The action of Froby on Ti(¢) agrees with the action induced by m € £. If the
assumption of the theorem holds, then there is an isomorphism Ti(¢) = £ compatible
with the actions of m on both sides. For the choice of a basis of £ from Theorem 2.1, 7
acts on £ by the matrix Fi. O

Remark 4.5. Note that £® F} is a semi-simple Fi-algebra which acts faithfully on T(¢)®
F, so Ti(¢) ® F} is free of rank 1 over & ® F|. On the other hand, as we will see later in
this section, T1(¢) is not always free over &;. Also note that in our case the characteristic
polynomial chy(z) is the minimal polynomial P(z) of m over A.

Let ® : A — F{7} be a Drinfeld module of rank r over F. Let p be a prime of
good reduction of ®. Denote by ¢ the reduction of ® modulo p. Let £ = Endp, (¢) and
Alr] C € be its suborder generated by the Frobenius endomorphism 7 = 79€(P) of ¢.
Note that since we are working over the field [, the assumption (1.1) is satisfied for ¢;
cf. [10, Prop. 2.1]. Denote by F(p) the matrix (4.1) for ¢ over F.

Theorem 4.6. Let n € A be a nonzero element not divisible by p. The Galois extension
F(®[n])/F is unramified at p. Suppose for every prime | <1 A dividing n the Tate module
Ti(¢) is a free E-module of rank 1. Then the integral matriz F(p), when reduced modulo
n, represents the class of the Frobenius at p in Gal(F(®[n])/F) C GL,(A/nA).

Proof. The fact that p is unramified in F(®[n])/F is well-known, since p is a prime of
good reduction for ® and does not divide n; cf. [24]. In fact, by [24], the Tate module
T(®) is unramified at p, i.e., for any place p in F*P extending p, the inertia group
of p acts trivially on Ty(®). There is a canonical isomorphism T((®) = Ti(¢) which is
compatible with the action of a Frobenius element in the decomposition group of p on
Ty(®) and the action of the arithmetic Frobenius automorphism Frob, € Gal(F,/F,) on
Ti(¢); cf. [24, p. 479]. On the other hand, the action of Frob, on Ti(¢) agrees with the
action induced by 7 € €.

If the assumption of the theorem holds, then there is an isomorphism ¢[n] = £/n€
compatible with the actions of 7 on both sides. For the choice of a basis of £ from The-
orem 2.1, 7 acts on £/n€ = (A/nA)" by the matrix F(p) reduced modulo n. Combining
this with the isomorphism ®[n] & ¢[n] compatible with the action of the Frobenius au-
tomorphism on both sides, we see that F(p) (mod n) indeed represents the class of the
Frobenius at p in Gal(F(®[n])/F) C GL,(A/nA). O

Remark 4.7. Theorems 4.4 and 4.6 are analogues of a result of Duke and Téth [8] for
elliptic curves (see also Theorems 2 and 3 in [3]).

Theorem 4.6 essentially says that the matrix F(p) € Mat,(A4) is a “universal” matrix
of the Frobenius automorphism at p in the division fields of ®, in the sense that to
get a matrix in the conjugacy class of the Frobenius in the Galois groups of different
division fields F'(®[n]) we just need to reduce F(p) modulo the correspond n. But there
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is a technical assumption in the theorem about the freeness of the Tate modules of ¢ as
modules over the endomorphism ring of ¢. For the rest of this section we examine this
assumption more carefully and show that it is a mild assumption, although quite subtle.
Our considerations are motivated by [22, §4] and [3].

Definition 4.8. Let [ <1 A be a prime. Let R be a finite flat local A-algebra with maximal
ideal M. Let R = R/IR, and denote the maximal ideal of R by 9. The following
statements are equivalent (see [25, Prop. 1.4], [2], [19, §18]):

1. Homgu, (R, A) is free of rank 1 over R.
2. Homg, (R,T) is free of rank 1 over R.
3. RN = {a € R|ma=0 for all m € M} is 1-dimensional over R/IN.

We say that R is Gorenstein if it satisfies these conditions. We say that a finite flat (not
necessarily local) Ar-algebra R is Gorenstein if its localization at every maximal ideal is
a Gorenstein local ring.

Theorem 4.9. Let [<1 A be a prime different from p. If & is a Gorenstein ring, then Ti(¢)
is a free E-module of rank 1.

Proof. Thering & is a finite flat A-algebra. The module T1(¢) is a torsion-free &-module.
Suppose & is Gorenstein. Then by Theorem 6.2 and Proposition 7.2 in [2], either Ti(¢)
is a projective E-module or Ti(¢) is an &-module for some & C & C B®4 A;. Suppose

the latter is the case. Let G := Gal(F,/F,). By [26, Thm. 2], we have an isomorphism
5[ L> EndA[[G] (T[(¢)) (44)

Since £ @ Fy = & ® Fy and & @ Fy — End g (Ti(¢) ® Fi), the action of £ on Ti(¢)
has to commute with the action of G. Hence &£ C End 4,(¢(T1(¢)) = & This contradicts
our earlier assumption. We conclude that Ti(¢) is a projective &-module. Since & is
a semilocal ring, a projective module over & is free by [19, Thm. 2.5 |. In particular,
T(¢) is free. Finally, since the ranks of T((¢) and & over A are the same, Ti(¢) is a free
Er-module of rank 1. O

Proposition 4.10. Suppose one of the following conditions holds:

1. E[ZA[[W].
2. r=2.
3. &= B®4 A

Then & is Gorenstein. In particular, if U does not divide x(E/A[r]) or x(B/E), then &
is Gorenstein.
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Proof. (1) If & is generated over A; by one element, then & is Gorenstein; cf. [25, p.
329]. (2) If » = 2, then & is obviously generated by one element (any of the elements
which is not in Ay C &). (3) B®4 A is a product of discrete valuation rings, and such
rings are Gorenstein (see again [25, p. 329]). O

Example 4.11. Let ¢ =5 and ® : A — F{7} be given by &7 = T+ Tt +T7%+73. Every
prime of A is a prime of good reduction for ®. Take p = 76 + 37° + T2 + 3T + 3. Then
¢, the reduction of ® modulo p, is the Drinfeld module from Example 3.3. We showed
that in this case £ = B, so the assumption of Theorem 4.6 is satisfied for every prime
[ # p. Note that the matrix (4.3), which is F(p) associated to ¢, is congruent to the
identity matrix modulo n if and only if n = T+ 4. This means that p splits completely
in F(®[n]) if and only if n =T + 4.

Example 4.12. We give an example where & is not Gorenstein by changing p in Exam-
ple 4.11. Let ® be as in that example, but ¢ be the reduction of ® modulo

p=TC +4T* +4T% + T + 1.
The minimal polynomial of 7 is
P(x) = 2% + 2T%2% + (3T* + 273 + 2T% + 1)z + 4p,
and

disc(A[n]) = (T +4)%(T* + 373 + T? 4 2),
disc(B) = T* + 373 + T2 + 2.

Our algorithm shows that
bi=1, by=T+4, x(E/Ar])=T+4, x(B/E)=(T+4)
and an A-basis of £ is given by

(m+4)°

:]_ = 4 q = ——
el , ey=m+4, e3 T4

(Although we will not need this, an A-basis of B is given by ey, e2/(T +4),e3/(T +4).)
Let [ = T+4. We claim that & is not Gorenstein. By a routine calculation one obtains
the relations

e2 = (T +4)es
=

(T + 1)(T + 3)(T + 4)*(T? + 2)ey + (T + 4)(T? + 3T + 2)ex + (T + 4)T?es3
egez = (T 4 3)(T +4)*(T? + 2)ey + 2(T + 2)(T + 4)%es + 3(T + 1)(T + 4)es.



162 S. Garai, M. Papikian / Journal of Number Theory 237 (2022) 145-164

From this it is easy to see that & is local with maximal ideal 90t = (I, eq, e3). To prove that
&1 is not Gorenstein, we check (3) from Definition 4.8. In our case, & =F+Fé, +Fes,
ﬁ = (ég, ég), and

€2 = e = 3 = 0. (4.5)
Hence & [ﬁ] = M is two-dimensional over Fy, so & is not Gorenstein.

Of course, the fact that R := & is not Gorenstein does not necessarily imply that
M = T\(¢) is not free over R. For that, one needs an additional calculation. By a
standard argument involving Nakayama’s lemma one shows that M is a free R-module
of rank 1 if and only if M = M/IM = ¢[l] is a free R = R/IR-module of rank 1. We need
to compute the action of R on ¢[l] as a 3-dimensional vector space over A/l = F5.

Now ¢[l] is the set of roots of the polynomial ¢((z) = x'?° +tx?® +tx°+ (t+4)x € Fplz],
where ¢ is the image of 1" in F,. This polynomial decomposes over F, into a product
of irreducible polynomials all of which have either degree 1 or degree 5. One of the
irreducible factors of ¢;(x) of degree 5 is g(x) = x® + (3t3 +2t2 +2t)x +1° + 3t* + 3t% + 2t.
Let « be a root of g(x). Then the splitting field of ¢((z) is Fp(a). The following is an
F5-basis of ¢[l] in Fy(c):

v1:t5—|—2t3+t2—|—37 Vg = @, 03:a+t5+3t3—|—4t.

(We simply chose three, more-or-less random, roots vy, v, v3 of ¢(x) and verified that
they are linearly independent over F5.) To compute the action of e and ez on ¢[l] we
use their explicit expressions in F,{7} provided by our algorithm

er =710 +4

e3 =704+ (3t° + 263 + 262 + )78 + (5 +t1 + 413 + 4t 4t + 3)77
+ (35 + 1+ 2% + 3t + 1)78 4+ (267 + 3t 4 3t + 2 4 3)7°
+ (3t* + 263 + 2t + 4)7t + (47 + 2 + 3t + 2)73 + (2t + 7 + 2 + 4t + 4)7?
+ (3t + 1+ 383 + 42+t + 17 + 47 + 4t + ¢

With respect to the basis {v1,v9,v3} (as column vectors), es and ez correspond to the

00 0 00 0
éa=10 3 3|, e=1|4 3 3.
0 2 2 1 2 2

following matrices:

M is a free R-module of rank 1 if and only if there is a vector v € F3 such that
v, €0, e3v are linearly independent over Fs. It is easy to check that such a vector does
not exist. Thus, in this example we encounter the strange phenomenon where T(¢) is
not free over &. Note also that one can consider ¢ as a Drinfeld £-module of rank 1 in
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the sense of Hayes [14, p. 180], and our calculation shows that, unlike the usual Drinfeld
modules, ¢[l] is not isomorphic to £/I€ as an E-module.

Remark 4.13. The matrix F(p) for the previous example is

0 4 (TH+4XT?>+3T%+2)
Fp)=1|1 2 2(T +2)(T + 4)?
0 T+4 3(T+2)(T+3)
0 4 0
Hence F(p) = |1 2 0| (mod ). With respect to the basis {v1, v2,v3} of ¢][l], the action
0 0 1
1 0 0
of m on ¢[l] is given by |0 4 3|, which is conjugate to F(p) mod [ in GL3(F5). Thus,
0 2 3
the conclusion of Theorem 4.6 is still valid for n = T + 4, even though its assumption
fails.
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