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1 Introduction

The endomorphism rings of abelian varieties have long been a subject of intensive inves-
tigation in number theory. One of the earliest results in this area was the determination by
Deuring of the endomorphism rings of elliptic curves over finite fields. His results were later
generalized to higher dimensional abelian varieties by Honda, Tate and Waterhouse, cf. [17].
These results have important applications, e.g., they play a key role in calculations of local
zeta functions of Shimura varieties.

Drinfeld [4] introduced a certain function field analogue of abelian varieties; these objects
are now called Drinfeld modules. Denote by IF; the finite field with ¢ elements. Let X be
a smooth, projective, geometrically connected curve defined over F,. Let F = F,(X) be
the function field of X. Fix a place oo of F (in Drinfeld’s theory this plays the role of an
archimedean place). Let A = H 0(X — 00, Ox) be the subring of F consisting of functions
on X which are regular away from oo. Let 0 # oo be another place of F. Denote by F,
the residue field at o. Drinfeld [7] proved the analogue of Honda-Tate theorem for Drinfeld
modules defined over extensions of F,. Gekeler [9] extended Drinfeld’s results, in particular,
he proved that for a rank-d supersingular Drinfeld module ¢ over F, the endomorphism ring
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408 M. Papikian

End(¢) is a maximal A-order in the central division algebra over F of dimension d?, which
is ramified exactly at 0 and oo with invariants 1/d and —1/d, respectively. Moreover, there is
a bijection between the isomorphism classes of rank-d supersingular Drinfeld modules over
F, and the left ideal classes of End(¢) (see [9, Thm. 4.3]).

Laumon et al. [13] introduced the notion of D-elliptic sheaves, which is a generalization
of the notion of Drinfeld modules. (One can think of these objects as the function field ana-
logues of abelian varieties equipped with an action of a maximal order in a simple algebra
over Q.) In Laumon-Rapoport-Stuhler theory one needs to fix a central simple algebra D
over F of dimension d? which is split at 0o, and a maximal Ox-order D in D.In [13, §9], the
authors develop the analogue of Honda-Tate theory for D-elliptic sheaves over F,, with zero
o and pole 0o, assuming D is split at 0. The assumption that D is split at o is not superficial.
When D is ramified at o, to obtain a reasonable theory of D-elliptic sheaves with zero o
and pole oo, one has to assume at least that D ® p F,, is the division algebra with invariant
1/d over F,, where F, is the completion of F at o. Such D-elliptic sheaves play a crucial
role in the function field analogue of Cerednik-Drinfeld uniformization theory developed by
Hausberger [11].

Assume D, := D ®p F, is the d*-dimensional central division algebra with invariant
1/d over F,. In this paper, we define a subclass of D-elliptic sheaves over F,, which we
call exceptional, and which are distinguished by a particularly simple relationship between
the actions of D,, and the Frobenius at o; see Definition 5.1. In general, exceptional D-ellip-
tic sheaves do not correspond to points on the moduli schemes constructed in [11] or [13].
Nevertheless, we show that the theory of endomorphism rings of these objects is similar to
the theory of endomorphism rings of supersingular Drinfeld modules. The main result is the
following (see Theorems 5.3 and 5.4):

Theorem 1.1 Let E be an exceptional D-elliptic sheaf over F, of type £. Then End(E) is a
hereditary A-order in the central division algebra D over F with invariants

B 1/d, X = 00;
inv, (D) =4 0, X =o;
invy (D), x # o, 00.

This order is maximal at every place x # o, and at o it is isomorphic to a hereditary order
determined by f. There is a bijection between the set of isomorphism classes of exceptional
D-elliptic sheaves over F,, of type £ modulo the action of 7. and the isomorphism classes of
locally free rank-1 right End(E)-modules.

The type of an exceptional D-elliptic sheaf is determined by the action of the Frobenius
at o. At the end of Sect. 5, we use Theorem 1.1 to prove a mass-formula for exceptional
D-elliptic sheaves, and discuss a geometric application of this formula. In Sect. 6, we explain
how the argument in the proof of Theorem 1.1 can be used to prove a theorem about endo-
morphism rings of supersingular D-elliptic sheaves over F,, which implies Gekeler’s result
mentioned earlier as a special case (in Sect. 6 we assume that D is split at 0).

Notation Unless specified otherwise, the following notation is fixed throughout the article.

k is a fixed algebraic closure of F, and Fr, : k — k is the automorphism x > x9.

| X| denotes the set of closed points on X (equiv. the set of places of F).

For x € |X|, Oy is the completion of Oy , and F (resp. ;) is the fraction field (resp.
the residue field) of O,. The degree of x is deg(x) := [F : Fy],and g, := q9°e®) = #F ..
We fix a uniformizer . of O,.

@ Springer



Endomorphisms of exceptional D-elliptic sheaves 409

o Ap = H;em Fy is the adele ring of F, and for a set of places S C |X|,ASF =
[Ticix|_s Fx is the adele ring outside of S.
e The zeta-function of X is

tx(s) = H (1—¢;%7", secC.

xelX|

e For aring R with a unit element, we denote by R* the group of all invertible elements
in R.
e M) denotes the ring of d x d matrices.

2 Orders

For the convenience of the reader, we recall some basic definitions and facts concerning
orders over Dedekind domains. A standard reference for these topics is [15].

Let R be a Dedekind domain with quotient field K and let B be a central simple K -alge-
bra. For any finite dimensional K -vector space V, a full R-lattice in V is a finitely generated
R-submodule M in V such that K ® g M = V. An R-order in the K -algebra B is a subring A
of B, having the same unity element as B, and such that A is a full R-lattice in B. A maximal
R-order in B is an R-order which is not contained in any other R-order in B. A hereditary
R-order in B is an R-order A which is a hereditary ring, i.e., every left (equiv. right) ideal
of A is a projective A-module. Maximal orders are hereditary. Being maximal or hereditary
are local properties for orders: an R-order A in B is maximal (resp. hereditary) if and only if
Ay := A ®R Ry is a maximal (resp. hereditary) Ry-order in By := B ®k K, for all prime
ideals p < R, where Ry, and K, are the p-adic completions of R and K.

Let  be a full R-lattice in B. Define the left order of 1

O¢(I)=1{beB|bl CI}.

It is easy to see that Oy (I) is an R-order in B. One similarly defines the right order O, (1)
of I.

Assume R is a complete discrete valuation ring with a uniformizer 7 and fraction field K .
Letf = (fo, ..., fa—1) beanordered d-tuple of non-negative integers such that z:-i;ol fi=d.
Denote by My (f, R) the subgroup of M, (R) consisting of matrices of the form (m;;), where
m;jranges overall f; x f; matrices withentriesin Rifi > j,andoverall f; x f; matrices with
entriesin R ifi < j (ablock of size 0 is assumed to be empty), e.g., iff = (d, 0, ..., 0) then
My (f, R) = My (R).Letf’ = (ny, ..., n,) be the ordered r-tuple obtained from f by deleting
its zero entries but preserving the relative order of non-zero entries, e.g., if f = (0, 2,0, 1)
then f' = (2, 1). Note that My (f;, R) = My (f2, R) if and only if f| = f;.

Theorem 2.1 Assume R is a complete discrete valuation ring. If B is a central division
algebra over K, then the integral closure of R in B is the unique maximal R-order in B.
Let A be an R-order in My(K). A is maximal if and only if there is an invertible element
u € My(K) such that uAu=" = My (R). A is hereditary if and only if uAu~" = My(f, R)
for some £; A uniquely determines t', up to a cyclic permutation.

Proof See (12.8), (17.3), (39.14) and (39.24) in [15]. O

Remark 2.2 Let A = My(f, R) be a hereditary order as in Theorem 2.1, and let f' =
(n1, ..., n;). The number r is called the type of A and the ordered r-tuple (ny, ..., n,) the
invariants of A; see [15, p. 360].

@ Springer



410 M. Papikian

Let B be a central simple algebra over F'. An Ox-orderin B is a coherent locally free sheaf
B of Ox-algebras with generic fibre B. The Ox-order 5 is maximal if for every open affine
U = Spec(R) C X the set of sections HO(U, B) is a maximal R-order in B. For x € |X| we
write By := B QF Fy and By := B®oy , Oy, so By is isomorphic to a subring of By. B is
maximal if and only if B, is a maximal O,-order in B;.

3 Dieudonné modules

Let R be a complete discrete valuation ring of positive characteristic p > 0 and residue
field IF,. Fix a uniformizer v of R and identify R = F,[[7]. Let K be the fraction field of R.
Let R = R @]Fqk = k[l ] be the completion of the maximal unramified extension of R, and
K = K®r, k = k(7)) be the field of fractions of R. We will denote the canonical lifting of
Fr, € Gal(k/F,) to Aut(K) by the same symbol, so

Fr, (Zam’) = Za?n’, nez.
i=n i=n
The following definition and Theorem 3.2 below are due to Drinfeld [8]; see also [12,
2.4].

Definition 3.1 A Dieudonné R-module over k is a free R-module of finite rank M endowed
with an injective Fr,-linear map ¢ : M — M such that the cokernel of ¢ is finite dimen-
sional as a k-vector space. The rank of (M, ¢) is the rank of M as an R-module. A Dieudonné
K -module over k is a finite dimensional /C-vector space N endowed with a bijective Fr,-
linear map ¢ : N — N. The rank of (N, ¢) is the dimension of N as a K-vector space. A
morphism of Dieudonné R-modules (resp. K-modules) over k is a linear map between the
underlying R-modules (resp. K-vector spaces) which commutes with the Fr,-linear maps
. If (M, ¢) is a Dieudonné R-module over k, then (K ®r M, K ®p ¢) is a Dieudonné
K-module over k.

Let /C{r} be the non-commutative polynomial ring with commutation rule t - a =
Fry(a)t, a € K. For each pair of integers (r, s) withr > 1 and (r, s) = 1, let

Nys = K{t}/K{r}(z" = 7).

Then (N,, ¢rs), Where ¢, ¢ is the left multiplication by 7, is a Dieudonné K-module
over k of rank r.

Theorem 3.2 The category of Dieudonné K-modules over k is K -linear and semi-simple.
Its simple objects are (N5, ¢rs), 1,5 € Z,r > 1,(r,s) = 1. The K-algebra of endomor-
phisms D, s = End(N,s, ¢r ) of such an object is the central division algebra over K with
invariant —s/r.

This theorem implies that given a Dieudonné K -module (N, ¢), its endomorphism algebra
End(N, o) is a finite dimensional semi-simple K -algebra such that the center of each simple
component is K. It is clear that for a Dieudonné R-module (M, ¢), the endomorphism ring
End(M, ¢) is an R-order in End(N, ¢), where (N, ¢) = K ® (M, ¢).

Proposition 3.3 Let (M, ¢) be a Dieudonné R-module over k of rank r such that " (M) C
M for some positive integer n and dimy (M /¢(M)) = 1. Then K @ (M, ¢) = N,1, and
End(M, ¢) is the maximal R-order in D, .
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Endomorphisms of exceptional D-elliptic sheaves 411

Proof By [13,Lem. B.7], K ® (M, ¢) = N, 1. Consider the Dieudonné R-submodule
M1 = R{T}/R{T}(" — 1)

of Ny 1. By [8, Prop. 2.7], M = ¢, (M,,1) for some m € Z. Hence it is enough to prove
that End(M,. 1, ¢,,1) is the maximal ‘R-order A in D, 1. The proof of Theorem 3.2, as given
in [12], implies that under the isomorphism D, 1 = End(N,. 1, ¢,,1) one obtains an inclusion
A C End(M,. 1, ¢r,1). As the left hand-side of this inclusion is a maximal order, an equality
must hold. O

Proposition 3.4 Let (M, ¢) be a Dieudonné R-module over k of rank n. Suppose (M) =
Then

(M, ¢) = (R"®F,k, 1d®F, Fry).
Proof This is proven in [8, Prop. 2.5] using w-divisible groups. An alternative argument

is as follows. Let (NN, ¢) be the associated Dieudonné K-module. By [12, Prop. 2.4.6], the
assumption of the proposition is equivalent to

(N, ¢) = (N1,0, 01,0)".

Hence
(N, ¢) = (N*®p,k, 1d®F, Fry),

where N = {a € N | ¢(a) = a} is an n-dimensional K -vector space. Since N = M ®
K, M? := M N N¥ is a full R-lattice in N¥ and M = M¥®p, k. o

Let D be the d?-dimensional central division algebra over K with invariant 1/d. Let D
be the maximal R-order in D. Denote by Rg = F_«[[7 ]| the ring of integers of the degree d
unramified extension of K. We can identify D with the R-algebra R;[[I1]] of non-commutative
formal power series in the indeterminate IT satisfying the relations

a = Fry(a)I1 foranya € Ry,
n’ = .

Definition 3.5 A Dieudonné R-module (M, ¢) over k is connected if for all large enough
positive integers m, ¢ (M) C w M. This is equivalent to saying that (N0, ¢1,0) does not
appear in the decomposition of the associated Dieudonné K-module into simple factors. A
Dieudonné D-module over k is a rank-d? connected Dieudonné R-module (M, ¢) over k
equipped with a right D-action which commutes with ¢ and extends the natural action of R.
A morphism of Dieudonné D-modules is a morphism of the underlying Dieudonné R-mod-
ules which commutes with the action of D. For each Dieudonné D-module (M, ¢) over k
there is an associated Dieudonné D-module (N, ¢) = K ® (M, ¢).

A Dieudonné D-module (M, ¢) over k is naturally a right D@Fq k-module. After
fixing embeddings F a < k and F a < D, we obtain a grading

M = @ M;,

ieZ/d7Z.

where M; = {m € M | m(k@l) = m(1®)ﬂ ),AeF d} Each M; is a free finite rank R-
module. The action of TI®1 on M induces injective hnear mapsI1; : M; — Mit1,i € Z/dZ.
The composition

IT; ;1 a1
M —)Ml+1l—>"'l—>Mi+d=Mi
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412 M. Papikian

is M;(m®1) = 7 M;. In particular, all M; have the same rank over R, which must be d, since
the rank of M is d2. Since dimy (coker (7)) = d?, we have dimy (coker(IT)) = d.
Similarly, ¢ induces injective Fr,-linear maps

Mi &) Mi+1 Pi+1 . Pi+d—1 Mi+d _ Mi-
Let f; := dimg(coker(g;)), so Z?;(Jl fi = dimg(coker(¢)). We call the ordered d-tuple
f=(fo,..., fa—1) the fype of M. Note that choosing another embedding ¥« < k induces
a cyclic permutation of f.

Definition 3.6 (cf.[10,16]) A Dieudonné D-module (M, ¢) over k is exceptional if Im(¢p) =
Im(IT). (M, @) is special if f; = 1foralli. (M, ¢) is superspecial if it is special and excep-
tional.

Note that (M, ¢) being exceptional is equivalent to Im(g;) = Im(I1;) foralli € Z/dZ,
i.e., every index of M is critical in the terminology of [10, Def. II.1.3]. In particular, if (M, ¢)
. . d—1
is exceptional of type f then >/ fi =d.

Proposition 3.7 Let (M, ¢) be an exceptional Dieudonné D-module over k of type £. Then
Endp(M, ) = My, R). In particular, Endp(M, ¢) is a hereditary R-order in
Endp(N, ¢) = Mg(K).

Proof Using the injections IT;, we can identify all M; ® K with the same d-dimensional
IC-vector space V. Then I1; induces a bijective linear map V — V, and ¢; induces a bijective
Fr,-linear map. Consider Hfl og; : V — V as a bijective Fry-linear map. Since (M, ¢)
is exceptional, Im(I1;) = Im(y;) for all i € Z/dZ. Hence 1'[;1 o ¢; is bijective on M;. By
Proposition 3.4, there are d full R-lattices A; in K4)ie Z/dZ, such that M; = A,~®k. Since
the action of D commutes with the action of ¢, we have ¢; 1 o I1; = ;41 o ¢;. This implies
that the identifications M; = A;®k can be made compatibly so that

Ao % A D T2 Ay TS A, @.1)

where the 7;’s are injections, I1; = m; Rk, Y = n,@Frq. The inclusions 7; satisfy
Ti+d—1 0+ 041 OT; =T,

so each coker(r;) has no nilpotents and dimg, (coker(m;)) = f;.

Now it is easy to see that giving an endomorphism of (M, ¢) commuting with the action of
D is equivalent to giving an endomorphism g of K¢ which preserves the flag of lattices (3.1).
Such endomorphisms form an R-algebra isomorphic to My (f, R). That this is a hereditary
order in My (K) follows from Theorem 2.1. ]

Every Dieudonné D-module over k satisfies the properties in [10, p. 20], hence corre-
sponds to a formal D-module of height d2. It is instructive to give explicit examples of such
formal modules. What follows below is motivated by [10, 1.4.2].

The underlying formal group is isomorphic to @Z ©» Where @a, « = Spf(k[[#]) is the formal
additive group. Denote by 7 the Frobenius isogeny of @07 x corresponding to ¢ — 9. To give
a formal D-module essentially amounts to giving an embedding

@ : FalM] = D — End(GY ) = My (k{r}).
where k{{t}} is the non-commutative ring of formal power series in 7 satisfying ta = a9t

fora € k.
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Endomorphisms of exceptional D-elliptic sheaves 413

Define ® by
P(I)=7-1d
and
@ (1) = diag(xij(M))o<j<d—1,1<i<f;» * € Fya,

where x;;j (M) = 24’ if fj # 0 and is omitted from diag(-) otherwise. For example, if d = 3
and f = (2,0, 1) then

0

O(IT) = 0

2

yxi

S O«

00 A0
T 0 and d(V)=[0 A
0 00

Then the Dieudonné D-module (M, ¢) corresponding to & is exceptional of type f, and the
endomorphism ring Endp (M, ¢) is isomorphic to the opposite algebra of the centralizer of
® (D) in My (k{{r}}). One can check as in [10, 1.4.2] that this centralizer is isomorphic to
My (£, R)°PP,

4 D-elliptic sheaves and their homomorphisms

In this section, we recall the definition of D-elliptic sheaves of finite characteristic and their
basic properties as given in [13].

Fix a closed point oo € |X|. Let D be a central simple algebra over F of dimension d°.
Assume D is split at 0o, i.e., D ®fF Foo = My(F). Fix a maximal Ox-order D in D.
Denote by Ram C |X| the set of places where D is ramified; hence for all x ¢ Ram the
couple (Dy, Dy) is isomorphic to (M (Fy), My (Oy)). Fix another closed pointo € | X|— o0,
and an embedding F, < k. Let z be the morphism determined by these choices

z : Spec(k) — Spec(F,) — X.

Definition 4.1 A D-elliptic sheaf of characteristic o over k is a sequence E = (&;, ji, ti)icz,
where &; is a locally-free (’)x@Fqk-module of rank d?, equipped with a right action of D
which extends the Ox-action, and

Ji 1 & = i
ti 1 & = (Idx @ Fry)*& — it

are injective D-linear homomorphisms. Moreover, for each i € Z the following conditions
hold:

(1) The diagram

commutes;
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414 M. Papikian

(2) Eitd-deg(oo) = Ei ®0y Ox(00), and the inclusion

Ji Ji+1
E > Eip1 = - = Eivddes(on) = & @0y Ox(00)

is induced by Ox — Ox(00);
(3) dimg H(X ® k, coker j;) = d;
@) &i/ti—1(P€i—1) = z+«H,;, where H; is a d-dimensional k-vector space.
Definition 4.2 Let DES be the category whose objects are the D-elliptic sheaves of charac-
teristic o over k, and a morphism between two objects in this category
V= Wiiez 1 E = (&, i tDier. = E' = (&, j{ t]ien

is a sequence of sheaf morphisms v; : &/ — &', for some fixed n € Z which are compatible

with the action of D and commute with the morphisms j; and #;:
Yig10Jji = jipoti and Yot =1/, ;o Wi_y.
Note that the group Z acts on DES by “shifting the indices”:
n- (&, jis i) = (&, ji. t)iez
with & = & yn, j| = Jjitn: 1] = titn, and there is an obvious morphism v : (&;, ji, ;) —
n- (&, ji.t;) where y; : & — &/ foralli € Z.
Definition 4.3 A ¢-space over k is a finite dimensional F ®p, k-vector space N equipped

with a bijective F ®p, Frg-linear map ¢ : N — N. A morphism « between two p-spaces

(N',¢") and (N”, ¢") is an F ®p, k-linear map N’ % N”suchthat¢” oo = o ¢'.

Definition 4.4 Let E € DES. Denote N = HO(SpeC(F ®r, k), &). This is a free
D ®r, k-module of rank 1. The 7;’s induce a bijective F ®F, Fry-linearmapg : N — N, com-
patible with the action of D on the right, so to IE one can attach a ¢-space over k equipped with
an action of D, which commutes with ¢. This action induces an F'-algebra homomorphism

t: D°PP — End(N, ¢).

We denote by Endp (N, ¢) the F-algebra of endomorphisms of (N, ¢) which commute with
the action of D. The triple (N, ¢, ¢) is called the generic fibre of E. It is independent of the
choice of & since the sheaves &; are isomorphic over (X — 00) ® k via the j’s.

Definition 4.5 For x € |X|, denote M, = HO(Spec((’)x @Fq k), &y). This is a free
(’)x@Fqk—module of rEnk d?* with a right action of Dy. Let Ny = Fy ®o, M. The #;’s
induce a bijective F,®F . Fry-linear map ¢, : Ny — Ny, compatible with the action of Dj.
The pair (N, ¢,) will be called the Dieudonné module of E at x. Note that (N, ¢,) =
(F,®FN, Fy®F¢).

Remark 4.6 Let r := deg(x). Since N, is a free Fy @Fqk-module, by fixing an embedding
F, — k, we obtain two actions of F, on N,. These actions induce a grading

Nx: @ Nx,ia

i€Z)rT

where Ny ; = {a € Ny | ()ﬂl@l)a = (1®A)a, » € F,}. Now ¢ maps N, ; bijectively into
Ny.it+1,and Ny g is an Fy ®1Fx k-vector space. Hence (Ny o, ¢}) is a Dieudonné F,-module
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Endomorphisms of exceptional D-elliptic sheaves 415

over k in the sense of Sect. 3. We can recover (N, ¢,) uniquely from (Ny o, ¢}) since as
F.Qp qk-vector space

N.= P Neo
i€Z/rT
with the action of ¢, given by

(ap, a1, ..., ar—1) = (¢y(a,—1), ao, ..., ar—2).

Finally, since the action of D, commutes with ¢,, (N0, ¢;) is a Dieudonné D,-module
over k. A similar argument applies also to the lattices M, (x 7# oo) and produces Dieudonné
D,-modules over k.

As easily follows from definitions, the lattices M, have the following properties (see [13,
Lem. 9.3]):

(M1) If x = oo, then

Moo C ¢oo(Moo)
dimy (¢oo(Moo)/Mog) = d
92" (Moo) = 7 Moe.

M2) If x = o, then
oMo C @o(My) C M,

and the F, Qp . k-module M, /¢,(M,) is of length d and is supported on the connected
component of Spec(F, ®r . k) which is the image of z.
(M3) If x # o, 0o, then

Px (Mx) = Mx .
(M4) Some basis of N generates M, in N, for all but finitely many x € | X|.
Definition 4.7 Let DMod be the category whose objects are the pairs

(N, @, 1), (My)xe|x))

where (N, ¢) is a ¢-space of rank d? over F ® k,t : D — End(N, @) is an F-alge-
bra homomorphism, and (My).¢|x| is a collection of D, -lattices in (Ny, @) = (FxépN,
F,.® r) which satisfy (M1)—(M4). A morphism « between two such objects

a: (N, @', ), (M) xeix)) = (N", @), (M) xeix))
is a morphism of the p-spaces o : (N’, ¢') — (N”, ¢") such that
V/oa=aol and a®F,(M,) C M/

for all x € | X| — oo.

Proposition 4.8 The functor T : DES — DMod which associates to a D-elliptic sheaf of
characteristic o over k its generic fibre along with the lattices M, in its Dieudonné modules
is an equivalence of categories.
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416 M. Papikian

Proof Since the generic fibre of E € DES and the lattices M, x € |X| — 0o, do not depend
on the choice of &) in their definitions, it is easy to see that a morphism E — E’ induces a
morphism Y (E) — Y (E'). Hence Y is indeed a functor.

Next, we show that any object E= ((N, @,1), (My)xex|) € DMod is isomorphic to an
object of the form Y (E) for some E € DES. For i € Z, define a sheaf & on X ®F, k as
follows. Let U C X be an open affine. If co ¢ |U|, then let

&WU @r, k)= [ (NN My),
xe|U|

where the inner intersections are taken in N,, and the outer in N. If co € |U], let

U 0= [ WM | () (¢hMe)NN).

xe|U|—o0

Thanks to (M4), &; isalocally-free O X®, «-module of rank d2. The inclusions (péo (M) C
’“ (M) induce inclusions j; : & <> &;41. The action of ¢ on N induces homomorphisms
1€ — &iy1.Theactionof Don (N, ¢) and D, on M, defines an action of D on &; compat-
ible with j; and ¢;. Finally, the conditions (M1)-(M3) ensure that E = (&;, ji, ti)iez € DES,
and clearly Y(E) = E
Now itis enough to show that Y is fully faithful. LetE = (N, @, 1), (My)xex|) € DMod.
By (9.7) and (9.8) in [13], there is a canonical splitting

(Noos 90) = (Na.—1, @a,—1)"
Mo = ML,

where M;o is alattice in Ny, —1 with M;o C @d,—1 (M;o), and the action of Dy on (N, ¢oo)
is the natural right action of My (F) on (Ng,—1, (pd,,l)d. Suppose

a:E—E =N, ¢, ) (M)rex)

is anon-trivial morphism. Then a® Foo induces a non-zero endomorphism of the (irreducible)
Dieudonné Fs,-module (Ng,—1, ¢q4,—1). This implies that M := a® Fno (M;o) is a full lattice
in Ng,—1 which satisfies M C ¢4, —1(M). Now [13, Prop. B.10] can be used to conclude that

a®Foo(Mao) = (95)" (M%)
for some n € Z. On the other hand, note that if Y(E) = ((N, ¢, 1), (Mx)x¢|x|) then

T(l’l . ]E) = ((Nv (78 [)7 (Mx)xe\X\fom (pgo(MOO))

Since a morphism between two locally free sheaves on a curve is uniquely determined by
the induced morphisms on their stalks, using the previous discussion it is not hard to check
that o uniquely lifts to a morphism between the preimages of E and E’ in DES. This finishes
the proof of the proposition. O

Notation 4.9 Let E,E' € DES, and (N, ¢, 1), (N, ¢’, ') be their generic fibres, respec-
tively. Let (F, I1) and (F’, IT') be the ¢-pairs of (N, ¢) and (N’, ¢'), respectively; see
(13, App. A] for the definition. Let (W, ¥) be the irreducible ¢-space corresponding to
(F II); see [13, (A.6)]. By [13, Prop. 9.9], Fisa separable field extension of F of degree
dividing d and (N, @) is isomorphic to (W, 1/f)d. Using [13, Cor. 9.10], we conclude that
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Endomorphisms of exceptional D-elliptic sheaves 417

Hom((N, ¢, 1), (N', ¢, 1)) = 0if (F,Tl) # (F', 1), and is an F-vector space of dimen-
sion (d/ [F F1)%, otherwise. Since a basis of N spans almost all the M, and similarly
for N" and M, we conclude that Hom(Y (E), Y (E")) has a natural structure of a projective
finite rank A-module. From now on Hom(E, E') denotes this module. (By Proposition 4.8,
the elements of Hom(E, E') are in bijection with the morphisms from E to E’ as objects in
DES.) We denote End(E) = Hom(E, E).

Remark 4.10 There is another category closely related to DES which can be used to define
the module Hom(E, E). Since this is more in line with the definition of homomorphisms
between Drinfeld modules [4], we also outline this alternative construction.

Let Op = HO(X — 00, D), which is a maximal A-order in D. For E = (&;, ji, ti)iez, let

P := H((X — o0) ®g, k, &).

Since P is independent of the choice of &y, it is a left k{7 }-module, where the operation of t
is induced from #; : & — &;41. (As in Sect. 3, k{t} denotes the skew-polynomial ring with
the commutation relation th = b9t.) In fact, P is a free k{r}-module of rank d; see [13,
Lem. 3.5]. Since the action of D commutes with the #;’s, P also has a natural structure of right
O p-module which commutes with the left action of k{t}. The underlying A ®p, k-module is
locally free of rank d?*. We make P into a left Og’ P @p . k{r}-module (t acts trivially on Op).
Let z : A — k be the composition of the quotient map A — F, with our fixed embedding
F, <> k. Then (a — z(a)) actsas O on P/t P forall a € A, cf. [13, Thm. 3.17]. Overall, P
is an Anderson A-motive of rank d? and t-rank d equipped with an action of Op, cf. [1,14].
Now, Hom 0@, kit (P, P’) has a natural structure of a projective A-module of rank not
exceeding d?, cf. [1 ,4]. Tt is easy to check that this module is isomorphic to Hom(E, E').

In fact, the map E — (P, M) identifies DES with a full subcategory of so-called vector
bundles of rank d over the non-commutative projective line over k; see [13, Thm. 3.17].
Combined with Anderson’s theorem on the anti-equivalence of categories of abelian #-mod-
ules and 7-motives [1, Thm. 1], this gives an analogue for D-elliptic sheaves of Drinfeld’s
theorem of the anti-equivalence of categories of Drinfeld modules and elliptic sheaves [6].

5 Main theorems

Let D be as in Sect. 4. Assume D is a division algebra such that D, is the d?>-dimensional
central division algebra over F, with invariant 1/d. In this case D, is the unique maximal
order of D,. After fixing an embedding IF,(,d) — D,, we can identify D, with ]F((,d) [T1,1; here
IFi,d) is the degree d extension of F, and

Ma = Fr§? (@)1,
Hg = 7T,.

Definition 5.1 Let E € DES. We say that E is exceptional if

o2 vy = M, - I,

Clearly E is exceptional if and only if the Dieudonné D,-module (M, o, (pf,leg( )) associated to

(M,, ¢,) (see Remark 4.6) is exceptional in the sense of Definition 3.6. The type of an excep-
tional E is the type of (M, o, (pseg(")) Similarly, we say that E is special (resp. superspecial)

if (My.0, ¢o deglo )) is special (resp. superspecial). Denote by X¢ the set of isomorphism classes
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of exceptional D-elliptic sheaves of characteristic o over k of type f. Using Proposition 4.8,
one can easily show that X¢ # ; cf. the proof of [13, Thm. 9.13]. The action of Z on DES
preserves Xg, and we denote the quotient set by X¢/Z.

Remark 5.2 Exceptional D-elliptic sheaves do not correspond to points on the moduli
schemes constructed in [11], unless they are superspecial.

Let D be the central division algebra over F with invariants
1/d, X = 00;

inv, (D) = { 0, X =o; (5.1)
inv, (D), x # o, 00.

Theorem 5.3 IfE € Xt, then End(E) is a hereditary A-order in D. This order is maximal
atevery x € |X| — o — o0, and at o it is isomorphic to My (£, O,).

Pr00f~LEt ((N, ¢,0), (My)xe|x)) € DMod be the object attached to E by Proposition 4.8.
Let (F, IT) be the ¢-pair of (N, ¢). Since E is exceptional

d-d _
58 (Moo) = 713 Moo,
d-d
Po eg(o)(MO) = m,M,,
ox(My) = M, ifx # o, 00.

Let & be the class number of X. The divisor h(deg(go)g —deg(o)o0) is Qrincipal, o from
the previous equalities ¢?” € F. By construction of (F, IT), this implies F = F and [T € F
has valuations

5 1/d deg(o), X =o;
ord, (IT) = { —1/d deg(c0), x = o0; (5.2)
0, X # 0, 00.
Since (N, @) isisotypical [13, Lem. 9.6], (5.2) and [13, Thm. A.6] imply that B = End(N, ¢)
is the central simple algebra over F of dimension d* with invariants inv,(B) = —1/d,
inveo (B) = 1/d, inv,(B) = 0, x # 0, 00. Endp (N, ¢) is exactly the centralizer of ¢(D°PP)
in End(N, ¢). By the double centralizer theorem [15, Cor. 7.14]

Endp(N, ¢) ®p DPP = B,

This implies that Endp (N, ¢) is the central simple algebra over F of dimension d* with
invariants

inv, (Endp (N, ¢)) = inv,(B) — invy, (D°P) = inv, (B) + inv, (D) mod Z.

Comparing the invariants, we see that Endp (N, ¢) = D.
Let x € | X| — oo. There is a natural homomorphism

End(E) ®4 Ox — Endp, (M, ¢x), (5.3)

which is injective with torsion-free cokernel, cf. [12, (2.5.6)]. On the other hand, according
to[13,Lem. B.6, B.7], forx # o, wehave Endp (Ny, ¢x) = D,. The same isomorphism for
x = o follows from Proposition 3.7. Hence (5.3) becomes an isomorphism after tensoring
with Fy, and therefore is an isomorphism itself. To finish the proof we need to show that
Endp, (M,, ¢x) is maximal for every x # o, and is hereditary for x = o.
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If x = o, then by Proposition 3.7

~ d ~
Endp, (M,, ¢.) = Endp, (M, o, 9sE) = My(t, O,).

If x # o, 0o, then ¢ (M) = M,. By Proposition 3.4,
(M0, 95°2) = (A, B, k, 1d®p, Fry=™),

where A, is a free O¢-module of rank d2. The action of D, commutes with ¢y, so Dy
is in the right order of the full Oy-lattice A, in Dy. Since D, is maximal, the left order
O;(Ay) of Ay is also maximal in D, = D,; see [15, (17.6)]. On the other hand, O;(Ay) C
Endp, (My.0, ¢5€*), which forces Endp, (My, ¢y) to be maximal. u!

Theorem 5.4 Let E € X be fixed. The map
E' +— I = Hom(E, E)

establishes a bijection between Xt /Z and the isomorphism classes of locally free rank-1 right
End(E)-modules. We have

End(E") = O,(Hom(E, E')),
which thus corresponds to O¢(I) under this bijection.

Proof Let E' € X¢. Let (N, ¢, 1), (My)xeix)) and (N', ¢', ('), (M})xe|x|) be the objects
in DMod corresponding to E and E/, respectively, under the equivalence of Proposition 4.8.
From the proof of Theorem 5.3 we know that the ¢-pairs (F, TI) associated to the generic
fibres of E and E are the same. By [13, (9.12)], this implies that the generic fibres (N, ¢, )
and (N, ¢’, () are isomorphic. (In the terminology of [13] this is equivalent to saying that
E and E’ are isogenous.) Hence the Dieudonné modules (Ny, ¢,) and (N, ¢,) of E and E/
are also isomorphic for all x € |X| — oo. Consider the D,-lattices My C Ny and M. C N;.
We claim that there is an isomorphism o : (N, ¢x) = (N}, ¢}) which commutes with D,
anda(M,) =M ,’Y When x # o, 0o, this follows from Proposition 3.4 and the fact that any
one-sided ideal of D, is principal [15, Thm. 18.10]. When x = o, the claim follows from the
proof of Proposition 3.7, using the assumption that E and E have the same type. Moreover,
thanks to (M4), if we fix an isomorphism & : (N, ¢, 1) = (N’, ¢', ('), then for almost all x we
can take oy = a®Fy. The argument which shows that (5.3) is an isomorphism also implies
that for x € | X| — o0

Hom(E, E') ®oy, Ox = Homp, ((My, ¢x), (M}, ¢})).

From what was said above we conclude that Hom(E, E') is a locally free rank-1 right
A-module, where A := End(E).

From the definition of Hom(E, E') and the action of Z on DES, itis clear that Hom(E, E') =
Hom(E, n - E). Hence the map in the statement of the theorem factors through X /Z.

Let I be a locally free rank-1 right A-module. Define (N', ¢', (') = (N, ¢,1), M, =
I, @n, My, forx € | X|—o00,and M/, = My Itis easy to check that (N, ¢', '), (M) xe|x|)
€ DMod, hence defines a D-elliptic sheaf of characteristic o over k. We denote this D-elliptic
sheaf by I ®, E. Since (M,, ¢,) = (M), ¢,), I @ E is exceptional of the same type as E.

There is a natural homomorphism of right A-modules

I — Hom(E, I @ E),
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which is an isomorphism, as one checks locally. Next, Hom(E, E') ® 5 E is isomorphic to
n - for some n. Hence these two constructions are inverses of each other, and the bijection
of the theorem follows.

Finally, it is clear that O, (1) C End(I ® 5 E), and since both sides are locally isomorphic
hereditary orders, an equality must hold. O

Fix some E € X¢. Denote A = End(E), D(AY) = D ®F A% and
ALY = ] Ac= DAP).
x€|X|—o00

The ring D(F) embeds diagonally into D(A‘}O).

Corollary 5.5 There is a bijection between X¢ /7 and the double coset space
D(F)*\D(AF) /AAF)™.

Proof This is a consequence of the bijection in Theorem 5.4. O

By the strong approximation theorem for D*, the double coset space in Corollary 5.5
has finite cardinality. Unfortunately, in general, an explicit expression for class numbers of
hereditary orders over Dedekind domains is not known (e.g. the order of the double coset
space above). But one can at least give an estimate on this number using an analogue of
Eichler’s mass-formula.

Definition 5.6 For E € Xy, let Aut(E) := End(E)*.

Lemma 5.7 Aut(E) = }F;I for some s dividing d.

Proof Let A := End(E). Since Dy, is a division algebra, [)(FOO)X/FCQ is compact in the
oo-adic topology, and contains A* /F as a discrete subgroup. Hence A* is finite. Let
A € A*.Since A" = 1 for some n, A is algebraic over ;. Conversely, it is clear thatif A € A
is algebraic over F, and A # 0, then A € A*. Let A™2 be the subset of A consisting of
elements which are algebraic over I, . It is not hard to show that A¥¢ is a field extension of
Fy; see [3, p. 383]. Let Ale =T 4 Then Fys F is a field extension of F' of degree s contained
in D. This implies that s divides d (see [12, Prop. A.1.4]),and A* = A*¢ —0 =F). O

Let Eq, ..., Ej be representatives of X¢/Z, and let w; = #Aut(E;), 1 <i < h. Each w;
is finite by Lemma 5.7, so we can consider the sum

h
1
Mass(f) := (g — 1) Z o
i=1

Let Iy, ..., I) represent the isomorphism classes of locally free rank-1 right End(E;)-
modules. By Theorem 5.4,

h
Mass(f) = > (0¢(I)* : ;)"
i=l1

According to [3], it is possible to give a formula for this last sum in terms of the invariants
of F, D andf = (fo,..., fa—1). Forx € |X|, Dy = M, (A), where A, is a central divi-
sion algebra over F, of index e,. We always have kyex = d, and e, = 1 if x ¢ Ram U ooc.
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Let
=[] [T @-v
xeRamUoo 1<j<d-1
x#o  j£0 mod e,
and

. ngjgd(qb, -1
[o<iza—1 [li<j=y (@0 = D

If we denote by h(A) the class number of A, then [3, (1)] specializes to

7

d
Mass(f) = h(A) - ¢~ DE=D 7o 7 TTex ), (5.4)
i=2
where gy is the genus of X. From this we get our desired explicit estimate:
d

Mass(f) < #(Xf/Z) < qq __11 - Mass(f).

We end this section with a geometric application of previous results. Let d = 2, and fix
a closed finite subscheme n # ¥ of X — oo — 0. Denote by £€£p ,, the modular curve of
D-elliptic sheaves which are special at o in the sense of [11], equipped with level-n structures,
modulo the action of Z.

Remark 5.8 The definition of D-elliptic sheaves in [11] includes a “normalization” condi-
tion which requires the Euler-Poincaré characteristic of &y to be in the interval [0, d). The
resulting category is equivalent to the quotient of the category of D-elliptic sheaves by the
action of Z as is done in [13].

According to Theorems 6.4 and 8.1 in [11], £€€p y is a fine moduli scheme which is
projective of relative dimension 1 over X’ = (X —n — oo — Ram) U {0}. It is smooth over
X’ except at o. The fibre of £€£p ,, over o is a reduced singular curve whose only singular
points are ordinary double points, and whose normalization is a disjoint union of finitely
many rational curves.

Proposition 5.9 The singular points of ELLp y X x Spec(F,) are represented by the isomor-
phisms classes of pairs (E, 6,), where E is a superspecial D-elliptic sheaf of characteristic
o over k, and 0., is a level-n structure on E.

Proof Denote ¥ = Ellpn Xy Spec(ﬁ,). As follows from [10, Prop. 4.1.2] and [11,
Prop. 2.16], a D-elliptic sheaf of characteristic o over k is special in the sense of Defini-
tion 5.1 if and only if it is special in the sense of [11, Def. 3.5]. Hence Y classifies the pairs
(E, 6,), where E is a special D-elliptic sheaf over k in the sense of Definition 5.1, and 6,, is
a level-n structure on E.

Let T := Q2 ®r, k, where Q2 is the formal scheme over Spf(O,) corresponding to
Drinfeld’s upper-half plane. By a theorem of Drinfeld [5], 7 parametrizes special Dieudonné
‘D-modules over k (“special” in the sense of Definition 3.6) equipped with some extra data.
Proposition 11.2.7.1 and the main result of Chapter III in [10] imply that the singular points
of 7 correspond exactly to the superspecial Dieudonné D-modules.

Finally, Hausberger’s uniformization theorem [11, Thm. 8.1] relates 7 and Y as functors.
This theorem, combined with the previous two paragraphs, implies that a closed point on Y
corresponding to (E, 6,,) is singular if and only if E is superspecial. O
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Let Dy, = D ®o, (Ox/N), where N is the ideal sheaf of n. ]F; embeds diagonally into
D,’. Denote d(n) = #(D) /F;).

Corollary 5.10 The number of singular points on EL4p  x x» Spec(F,) is equal to

d)-h(A) -V ey @) - (go+ D+ [ @ —D.
x€eRamUoo
x#o

Proof A superspecial D-elliptic sheaf over k is the same thing as an exceptional D-ellip-
tic sheaf of type f = (1,1) (we assume d = 2). Fix such a D-elliptic sheaf E and let
w = #Aut(E). The number of all level-n structures on E, up to an isomorphism, is equal to
d(n) % This combined with Proposition 5.9 implies that the number of singular points on
EUp n Xx Spec(F,) is equal to d(n) - Mass(1, 1). Now the corollary follows from (5.4).

O

6 Supersingular D-elliptic sheaves

We keep the notation and assumptions of Sect. 4. In this section, we assume o ¢ Ram, i.e.,
D, = My(F,).

Definition 6.1 E € DES is supersingular if for all large enough integers n

9o (Mo) C oMo,

Let D be the central division algebra over F with invariants

~ 1/d, X = 00;
invy(D) =3 —1/d, X =o0; (6.1)
inv, (D), x # o, 00.

Theorem 6.2 If E is a supersingular D-elliptic sheaf of characteristic o over k, then End (E)
is a maximal A-order in D. There is a bijection between the set of isomorphism classes of
supersingular D-elliptic sheaves over k modulo the action of Z and the isomorphism classes
of locally free rank-1 right End(E)-modules.

Proof There is a canonical splitting M, = Méd, where (M), ¢,) is a Dieudonné O,-mod-
ule over k satisfying dimy (M, /¢, (M})) = 1; see [13, Lem. 9.8]. Moreover, the action of
D, becomes the natural right action of M,;(O,) on M[)d. The supersingularity assumption
implies that (¢))" (M) C m,M,, for all large enough integers n. Using Proposition 3.3, we
conclude that Endp, (N,, ¢,) = DO. This implies End(E) ®4 F = D; see Proposition 9.9
and Corollary 9.10 in [13]. Now, as in the proof of Theorem 5.3, to show that End(E) is
a maximal A-order in D, it is enough to show that Endp, (M,, ¢x) is a maximal order in
Endp, (N, ¢x) forall x € | X| — 0o. For x # o the proof is the same as in Theorem 5.3, and
for x = o this follows from Proposition 3.3.

The second statement of the theorem follows from the same argument as in the proof of
Theorem 5.4. m]

Suppose D = My (F) and D = M, (Oyx). Morita equivalence establishes an equivalence
between DES/Z and the category of normalized rank-d elliptic sheaves over k with pole
at oo; cf. [2, 3.1.4]. On the other hand, by a theorem of Drinfeld [6] this latter category
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is anti-equivalent to the category of rank-d Drinfeld A-modules over k. Hence DES/Z is
anti-equivalent to the category of rank-d Drinfeld A-modules over k. Under this anti-equiv-
alence, supersingular D-elliptic sheaves correspond to supersingular Drinfeld modules (see
[9] for the definition of supersingular Drinfeld modules). Indeed, the supersingular D-elliptic
sheaves and Drinfeld modules are uniquely characterized by the fact that the center of their
endomorphism algebra is F'. One concludes that in this case Theorem 6.2 specializes to [9,
Thm. 4.3] (note that due to the anti-equivalence the endomorphism algebra of a supersingular
Drinfeld module is D°PP, not D).

Acknowledgments This paper was completed while I was visiting the Department of Mathematics of Sa-
arland University. I thank the members of the department, especially Prof. E.-U. Gekeler, for their hospitality.
I thank the anonymous referees for their useful remarks on a preliminary version of the paper.

References

1. Anderson, G.: t-motives. Duke Math. J. 53, 457-502 (1986)
2. Carayol, H.: Variétés de Drinfeld compactes, d’aprés Laumon, Rapoport et Stuhler. Astérisque 206,
369-409 (1992)
3. Denert, M., Van Geel, J.: The class number of hereditary orders in non-Eichler algebras over global
fuction fields. Math. Ann. 282, 379-393 (1988)
4. Drinfeld, V.: Elliptic modules. Math. USSR Sb. 23, 561-592 (1974)
5. Dirinfeld, V.: Coverings of p-adic symmetric domains. Funct. Anal. Appl. 10, 107-115 (1976)
6. Drinfeld, V.: Commutative subrings of certain non-commutative rings. Funct. Anal. Appl. 11,9-12 (1977)
7. Drinfeld, V.: Elliptic modules: II. Math. USSR Sb. 31, 159-170 (1977)
8. Drinfeld, V.: The proof of Petersson’s conjecture for GL(2) over a global field of characteristic p. Funct.
Anal. Appl. 22, 28-43 (1988)
9. Gekeler, E.-U.: On finite Drinfeld modules. J. Algebra 141, 187-203 (1991)
10. Genestier, A.: Espaces symétriques de Drinfeld. Astérisque 234, 1-124 (1996)
11. Hausberger, T.: Uniformisation des variétés de Laumon-Rapoport-Stuhler et conjecture de Drinfeld-
Carayol. Ann. Inst. Fourier 55, 1285-1371 (2005)
12. Laumon, G.: Cohomology of Drinfeld Modular Varieties: Part I. Cambridge University Press,
London (1996)
13. Laumon, G., Rapoport, M., Stuhler, U.: D-elliptic sheaves and the Langlands correspondence. Invent.
Math. 113, 217-338 (1993)
14. Potemine, L.: Drinfeld-Anderson motives and multicomponent KP hierarchy. Contemp. Math. 224,
213-226 (1999)
15. Reiner, I.: Maximal Orders. Academic Press, London (1975)
16. Ribet, K.: Bimodules and abelian surfaces. Adv. Stud. Pure Math. 17, 359-407 (1989)
17. Waterhouse, W.: Abelian varieties over finite fields. Ann. Scient. Ec. Norm. Sup. 2, 521-560 (1969)

@ Springer



	Endomorphisms of exceptional D-elliptic sheaves
	Abstract
	1 Introduction
	2 Orders
	3 Dieudonné modules
	4 D-elliptic sheaves and their homomorphisms
	5 Main theorems
	6 Supersingular D-elliptic sheaves
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


