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1 Introduction

The purpose of this paper is to examine the quantization commutes with
reduction phenomenon from the point of view of topological K-theory
and K-homology. The phenomenon, which concerns the quantization of
Hamiltonian actions of compact groups on compact symplectic manifolds,
was discovered by Guillemin and Sternberg [GS82a] and by now it has
been extensively studied; see for example [Sja96] or [GGK02, Section 8.10]
for summaries. The usual contexts are symplectic geometry or Kahler ge-
ometry or geometric invariant theory, but even the topological point of
view that is the concern of this paper has received a good deal of attention,
and much of what appears below can be found in one form or another in
earlier works. Our new contribution is an explanation, in the later sections
of the paper, of the role Bott periodicity and the Weyl character formula in
the transition from the commutative to the noncommutative cases of the
quantization commutes with reduction problem. In addition, perhaps the
paper will help introduce quantization commutes with reduction to a new
audience in noncommutative geometry.

Here, in brief, is an overview the phenomenon as viewed from a K-
theoretical perspective. Denote by D the Dolbeault operator on a closed
complex (or almost-complex, or stable complex) manifold M. If E is any
line bundle (or indeed any vector bundle at all) onM, then we can couple
D to E so as to form a new elliptic operatorDE. The Fredholm index ofDE

is an integer, of course, but if a compact connected Lie group G acts on M
and E, then this integer is the virtual dimension of a more refined index,
which is a virtual representation

Index(DE) ∈ R(G).

1



The trace of this virtual representation can be calculated using the fixed-
point methods of Atiyah, Bott and Segal. For example, ifM is the Riemann
sphere C∞, equipped with the natural rotation action of U(1), then the
index is given by the formula

(1.1)
zw0

1− z−1
+
zw∞
1− z

.

The two terms represent contributions from the two fixed points, and the
integers w0 and w∞ are the weights of the representations of U(1) on the
fibers of E over these points.

In favorable circumstances there is however an entirely different for-
mula that gives not the character but the multiplicities of individual irre-
ducible representations of G in the index. The new formula is not orga-
nized around fixed-point data at all.

We’ll concentrate on the multiplicity of the trivial representation. Sup-
pose that ∇ is a G-invariant connection on E that is compatible with some
Hermitian structure. The Kostant moment map

µ : M −→ g∗

associated to∇ is defined by

(1.2) µX =
i

2π

(
∇X − LX

)
,

where X ∈ g, where LX denotes the infinitesimal action of X on sections of
E, and where ∇X is covariant differentiation in the direction of the Killing
vector field associated to X (the difference of these two differential oper-
ators is multiplication by a smooth function). Assume that 0 ∈ g∗ is a
regular value of the Kostant moment map, and that G acts (locally) freely
on the submanifold

µ−1[0] ⊆M.

In the Kahler or symplectic contexts these two conditions are equivalent,
but in general we can simply assume both, and then we can form the re-
duced manifold (or orbifold)

M0 = µ
−1[0]

/
G.

It too is a (stable) complex manifold, and the line bundle E descends a line
bundle E0 on M0. The quantization commutes with reduction formula is the
rather remarkable identity
(1.3) Index(DM,E)0 = Index(DM0,E0).

On the left is the multiplicity of the trivial representation ofG in Index(DM,E)
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and on the right is the integer index of the associated Dolbeault operator
on the reduced manifold. The formula is striking in that it is nearly as far
from a formula of fixed point type as it could possibly be.

For example, on the Riemann sphere, ifw0 > 0 > w∞, then the reduced
manifoldM0 is a point and Index(DM0,E0) = 1. So a quick check shows the
formulas (1.1) and (1.3) are consistent with one another. (If the signs are
reversed thenM0 is a point with the opposite stable complex structure and
Index(DM0,E0) = −1, so the formulas are still consistent.)

Actually the formula (1.3) is not quite correct in the general context that
we are considering, which reaches beyond symplectic manifolds. We shall
begin by considering abelian group actions on stable complex manifolds
(or orbifolds) and review some fairly well-known arguments that lead to
a proof that (1.3) is correct for these. But in the nonabelian case the best
available result involves tensor powers of the line bundle E, and asserts
that
(1.4) Index(DM,Ek)0 = Index(DM0,E

k
0
) ∀k� 0.

Compare [Mei96] or [GS82b], for example. This is our objective, and as we
stated at the beginning the main goal of the paper is to explain how the
nonabelian result follows rather easily from a slight K-theoretic strength-
ening of the abelian result (applied to the maximal torus), thanks to Bott
periodicity and the Weyl character formula.

Necessary preliminaries on K-theory and stable complex manifolds are
set out in Sections 2, 3 and 4. In Section 8 we review (and generalize very
slightly) the proof of the formula (1.3) for circle actions. To go further we
need to review some facts about orbifolds, and this is done in Sections 10
and 11. This allows us to pass from circles to tori in Section 12, and then
to general groups in Section 13. Finally, many index-theoretic arguments
become a bit more conceptual when set within the context of K-homology,
and this we shall do for the quantization commutes with reduction phe-
nomenon in the more or less independent Section 9.

2 Complex Manifolds and K-Theory

If X is a compact Hausdorff space, then as usual we shall denote by K(X)
the Atiyah-Hirzebruch K-theory group of X, or in other words the Groth-
endieck group generated from the semigroup of isomorphism classes of
complex vector bundles on X. If X is a locally compact Hausdorff space,
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then we shall denote byK(X) the Atiyah-HirzebruchK-theory group “with
compact supports.” This is the reduced K-theory of the one-point com-
pactification of X.

Individual vector bundles do not determine elements inK-theory when
X is not compact, but bounded complexes of vector bundles

E0 ←− E1 ←− · · ·←− En
do determine K-theory elements whenever the support of the complex (the
support is the smallest closed subset of X outside of which the complex is
fiberwise exact, is compact). See for example [AS68b] for this construction,
which in fact accounts for all K-theory elements.

The most important instance of the construction of K-theory elements
from complexes is that of the Bott element of an n-dimensional complex
vector space V , which is the element in K(V) determined by the complex

Λ0V∗ ←− Λ1V∗ ←− · · ·←− ΛnV∗
of vector bundles with the indicated constant fibers, for which the differen-
tials at v ∈ V are given by contraction with v. The support of this complex
is {0} ⊆ V .

The Bott element can be generalized, as follows. If V is a complex vec-
tor bundle over a locally compact space X, then by applying the Bott el-
ement construction to the fibers of the V we obtain a complex of vector
bundles over the locally compact space V whose support is the zero sec-
tion. If the original base space V is compact, then we obtain an element of
K(V), called the Thom element. If X is noncompact, then we obtain a Thom
homomorphism

K(X) −→ K(V).

It maps the element of K(X) associated to a compactly supported complex
E∗ over X to the element of K(V) associated to the tensor product of the
pullback of E∗ to V with the “Thom” complex just described (the tensor
product complex is compactly supported). The Thom homomorphism is
an isomorphism.

For our purposes the most important feature of K-theory is the exis-
tence of wrong-way maps

f∗ : K(M1) −→ K(M2)

associated to continuous maps f : M1 → M2 between, for now, almost-
complex smooth manifolds (we shall consider broader classes of spaces
in due course). The construction, which was carried out by Atiyah and
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HIrzebruch in their earliest works on K-theory [AH59] (but see for exam-
ple [Kar78] for a complete treatment), is functorial and homotopy-invar-
iant. As a result, the construction for smooth embeddings determines the
construction in general, since we can factor any map, up to homotopy as a
composition

M1 −→M2 × V −→M2

where V is a finite-dimensional complex vector space, the first map is a
smooth embedding and the second is the projection, which is homotopy
inverse to a smooth embedding. As for embeddings, the map f∗ is de-
fined as follows in the special case where the normal bundle NM1 admits
a complex vector bundle structure for which there is an isomorphism

TM1 ⊕NM1
∼= f∗TM2

of complex vector bundles overM1 (this is the only case that shall concern
us, and in any case the general case quickly reduces to this one). The
wrong-way map is defined to be the composition

K(M1) −→ K(NM1) −→ K(M2)

of the Thom homomorphism with the natural map on K-theory groups
associated to the inclusion of the normal bundle NM1 as an open tubular
neighborhood inM2.

3 Stable Complex Structures

Recall that a stable complex structure on a real vector bundle V is a complex
vector bundle structure on some direct sum Rk ⊕ V (the first summand is
the trivial bundle of rank k). Two stable complex structures on V , given by
complex structures on Rk1⊕V and Rk2⊕V , are equivalent if there exist triv-
ial complex vector bundles Cn1 and Cn2 and an isomorphism of complex
vector bundles

Rk1 ⊕ V ⊕ Cn1 ∼= Rk2 ⊕ V ⊕ Cn2 .
The definition of stable complex structure may be applied to the tangent
bundle of a smooth manifold: a stable complex structure on a smooth man-
ifold is a stable complex structure on TM, and a stable complex manifold is
a smooth manifold equipped with an equivalence class of stable complex
structure.

The theory of wrong-way maps sketched in the last section extends
to stable complex manifolds: any smooth, or indeed continuous map be-
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tween even-dimensional stable complex manifolds induces a wrong-way
map

f∗ : K(M1) −→ K(M2)

with the same homotopy invariance and functoriality properties as be-
fore.1 One way to see this is to note that a stable complex structure on an
even-dimensional M is the same as an almost-complex structure on some
R2k ×M. Now apply Bott periodicity. 2

4 Compact Groups

LetG be a compact Lie group. Everything that we have just discussed gen-
eralizes to equivariant K-theory [Seg68], defined using equivariant com-
plex vector bundles over compact or locally compact G-spaces (and in-
deed it is not necessary for these things to assume that the compact group
G is a Lie group).

There is one detail worth spelling out: in this paper we shall assume
that the trivial bundles appearing in the definition of stable complex struc-
ture are trivial as equivariant bundles: the action ofG on the constant fiber
is the trivial action (for other purposes it would suffice to assume that
equivariant Bott periodicity holds for these trivial bundles). This has the
following useful consequence:

4.1 Lemma. LetM be a G-equivariant smooth manifold and let
J : Rk ⊕ TM −→ Rk ⊕ TM

be a G-equivariant complex structure, givingM the structure of a G-equivariant
stable complex manifold. Let g be an element of G and let F ⊆ M be the fixed
manifold of g.

(a) The complex structure J restricts over F to a complex structure
J|F : Rk ⊕ TF −→ Rk ⊕ TF,

giving F the structure of a stable complex manifold.

1Moreover the restriction to even-dimensional manifolds can be dropped if one intro-
duces the odd K-theory group as well.

2This requires that we identify R2k with Ck, which we do by mapping (x1, . . . , x2k) to
(x1 + ix2, . . . , x2k−1 + ix2k).
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(b) The complex structure J induces a complex structure on the normal bundle
NF = TM|F/TF ∼= (Rk ⊕ TM)|F/(Rk ⊕ TF).

Proof. The subbundle Rk⊕ TF of (Rk⊕ TM)|F is precisely the subbundle on
which G acts trivially in each fiber. By equivariance it is invariant under J,
and so (a) is proved. Item (b) is an immediate consequence of (a).

Wrong-way maps in equivariant K-theory are defined for continuous,
equivariant maps between smooth, equivariant, stable complex manifolds.
They are compatible with wrong-way maps in the non-equivariant theory
in a number of ways. For instance if f : M → N is a map between stable
complex manifolds on which G acts trivially, then there is a commuting
diagram

(4.1) KG(M)
f∗ // KG(N)

K(M)⊗ R(G)

OO

f∗⊗1
// K(M)⊗ R(G).

OO

with the vertical maps are given by tensor product of bundles (viewed
upstairs as bundles with trivial G-action) with representations (viewed as
equivariant bundles pulled back from a one-point space). Incidentally, the
vertical maps are isomorphisms [Seg68, Proposition 2.2].

5 Quantization

Of special interest in the theory of wrong-way maps is the collapse of a
complex or even-dimensional stable complex manifold to a point,

p : M −→ pt.
According to the Atiyah-Singer index theorem, if we identify KG(pt) with
the representation ring R(G), and if E is a smooth, G-equivariant com-
plex vector bundle over a closed almost-complex G-manifold M, then the
wrong-way map

p∗ : K(M) −→ KG(pt)

takes the class3 E ∈ KG(M) to the Fredholm index of the Dolbeault opera-
tor onM coupled to E:
(5.1) p∗(E) = Index(DM,E) ∈ R(G).

3We’ll abuse notation slightly and write E for both the bundle and its K-theory class.
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In recognition of the special role played by the wrong-way map in this
case we shall introduce the following notation and terminology:

5.1 Definition. Let M be a smooth, even-dimensional, G-equivariant al-
most complex manifold and let α ∈ KG(M) be any K-theory class. Let
p : M→ pt be the map that collapsesM to a point. We shall call the class

p∗(α) ∈ KG(pt)
the quantization of the pair (M,α), and denote it by

QG(M,α) ∈ R(G).

Let us now formulate the simplest instances of the theorems that we
wish to prove in the paper.

5.2 Definition. If α ∈ KG(M) is any K-theory class, then denote by
QG(M,α)0 ∈ Z

the multiplicity of the trivial representation within the virtual representa-
tion QG(M,α) ∈ R(G).

5.3 Definition. Assume that 0 ∈ g∗ is a regular value of µ and that G acts
freely on the submanifold µ−1[0] ⊆M. Let

M0 = µ
−1[0]/G.

5.4 Definition. Let α ∈ KG(M) be any K-theory class. Assume that 0 ∈ g∗

is regular value of µ and assume that G acts freely on the submanifold
µ−1[0] ⊆M. Denote by α0 ∈ K(M0) the class that maps to the restriction of
α to µ−1[0] under the pullback isomorphism

K(µ−1[0]/G)
∼=

−→ KG(µ
−1[0]).

Now assume that M is an even-dimensional stable complex G-man-
ifold, that E is a G-equivariant Hermitian line bundle on M, equipped
with a connection using which we define a moment map µ, that 0 ∈ R is
a regular value and that G acts freely on µ−1[0]. We’ll note later that the
reduced manifoldM0 carries a natural stable complex structure.

5.5 Theorem. IfM is closed, and if G = U(1), then
QG(M,E)0 = Q(M0, E0)

for all k.
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5.6 Theorem. Whether or not M is closed, and whether or not G = U(1), if
α ∈ KG(M) is any K-theory class, then

QG(M,E
k ⊗ α)0 = Q(M0, E

k
0 ⊗ α0)

for all sufficiently large k > 0.

6 A Bordism Construction

The definition of stable complex manifold applies equally well to man-
ifolds with boundary, and every stable complex structure on a smooth
manifoldW induces one on ∂W thanks to the isomorphism

Rk+1 ⊕ T∂W ∼= Rk ⊕ R⊕ T∂W ∼= Rk ⊕ TW|∂W

determined by an outward-pointing normal vector field on the boundary.
An important property the wrong-way map construction in the context

of stable complex manifolds, and hence of quantization, is its bordism in-
variance: if M is the boundary of W, and if f : M → N extends to W, then
the composition

K(W)
ι∗

−→ K(M)
f∗−→ K(N),

in which the first map is restriction to the boundary, is the zero map. In
particular:

6.1 Proposition. If M1 t −M2 is the boundary of a compact stable complex
manifold W, and if α1 and α2 are the restrictions M1 and M2 of a K-theory class
onW, then Q(M1, α1) = Q(M2, α2).

This may be applied in the following context. For the rest of this section
G = U(1), letM be smooth, closedG-equivariant stable complex manifold,
and let E be a G-equivariant smooth Hermitian line bundle overM. Let
(6.1) µ = µX : M −→ R
be the Kostant moment map associated to some Hermitian connection on
E, as in the introduction, where the Lie algebra generator
(6.2) X ∈ g = u(1)

is chosen so that
exp(tX) = e2πit ∈ G = U(1)

for all t ∈ R. It follows from (1.2) that if m ∈ M is fixed by G, then the
action of G on the fiber Em is given by the formula
(6.3) exp(tX) · s = e2πitµ(m)s ∀s ∈ Em ∀t ∈ R.
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So the value µ(m) is an integer, namely the weight of the representation of
U(1) on the line Em. Conversely, if m ∈ M and µ(m) is non-integral, then
m is not fixed by G, and so the action is locally free near the G-orbit of m.
Thus:

6.2 Lemma. The G-action onM is locally free everywhere except on the integral
level sets of µ.

Choose real numbers such that
(6.4) 0 < a < b < 1

and such that a and b are regular values of µ (the exact values are not im-
portant and make no essential difference in the construction that follows).
By the lemma, the group G acts locally freely on µ−1[a] and µ−1[b]. In fact
we shall assume in this section that the action is free on these level sets and
the others in between (the locally free case will be considered later).

We are going to construct a bordism of stable complex G-manifolds
fromM to a disjoint union of two manifoldsM≤a and b≤M. The two man-
ifolds are easy to describe topologically:

(6.5) M≤a is obtained from the region of M where where µ ≤ a by col-
lapsing each G-orbit where µ = a to a single point.

(6.6) b≤M is obtained from the region of M where b ≤ µ by collapsing
each G-orbit where µ = b to a single point.

The G-actions on these manifolds are the obvious ones inherited from M.
Moreover on the complements of the collapse regions the manifolds agree
with the corresponding open subsets ofM as stable complexG-manifolds.
The complementary closed sets

Ma = µ
−1[a]/G and Mb = µ

−1[b]/G

are fixed-set components in M≤a and b≤M, respectively. So according to
Lemma 4.1, they acquire from M≤a and b≤M the structure of stable com-
plex manifolds in their own right, as well as submanifolds with complex
normal bundles. The normal bundles may be described as follows:

(6.7) The group G = U(1) acts the fibers of the either normal bundle with
weight 1. In fact the normal bundle of Ma is isomorphic to the com-
plex line bundle

(µ−1[a]× C)/U(1),
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where U(1) acts on µ−1[a] through the G-action, and on C through
the weight -1 action, while G acts only on the left hand factor of the
product. The same holds forMb.

As for the fixed-set stable complex structures on Ma and Mb, they may
be described as follows. If c is any regular value of µ, and if G acts
freely on the level set µ−1[c], then we can form the “reduced” manifold
Mc = µ−1[c]/G and equip it with a stable complex structure through the
identification

R⊕ T(µ−1[c]) ∼= (TM)|µ−1[c]

that maps 1 ∈ R to anyG-invariant vector field Y defined onM near µ−1[c]
with Y(µ) > 0 (this gives µ−1[c] a G-invariant stable complex structure),
and the identification

R⊕ TMc
∼= (Tµ−1[c])/G

that maps 1 ∈ R to the G-invariant vector field on µ−1[c] determined by
the Lie algebra generator X ∈ g in (6.2).

(6.8) The stable complex structure that Ma acquires as a fixed manifold
in M≤a agrees with the stable complex structure it acquires as a re-
duction of M. The stable complex structure that Mb acquires as a
fixed manifold in b≤M is opposite to the stable complex structure it
acquires as a reduction ofM.

Let us now construct the bordism. Define P ⊆M× C by

(6.9) P =
{
(m, z) ∈M×C : |z|2 ≥ (µ(m) − a)(µ(m) − b) ≥ |z|2 + k

}
.

Here k is any value that is less than the minimum value of the function
(µ− a)(µ− b). With this choice of k, the function

(m, z) 7→ (µ(m) − a)(µ(m) − b) − |z|2

is regular onM×C at the values 0 and k, so P is indeed a smooth subman-
ifold, with boundary, ofM×C.

Equip C with the weight −1 action of U(1).4 The diagonal action of
U(1) onM×C is free on P (this uses our hypothesis that the action of G on
M is free between µ=a and µ=b), so the quotient

W = P/U(1)

4Other choices of action are possible, and give useful variations on the construction.
See Section 9.
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is a smooth manifold with boundary. The action of G on the first factor
of M×C alone descends to an action of G on W. The manifold P inherits
a G- and U(1)-invariant stable complex structure from M×C. The quo-
tient bundle (TP)/G over W inherits a G-invariant stable complex struc-
ture from TP. Now use the identification

R⊕ TW ∼= (TP)/U(1)

that maps the trivial summand R to the subbundle of (TP)/U(1) spanned
by the vector field X generating the diagonal U(1)-action to equip W with
a stable complex structure. The stable complexG-manifoldW so-obtained
will be our bordism.

Consider the boundary component of P where
(µ(m) − a)(µ(m) − b) = |z|2 + k

By definition of the constant k that appears here, if (m, z) is a point in this
boundary component, then z 6= 0. The map
(6.10) (m, z) 7→ phase(z) ·m,
where the dot denotes the action of G = U(1) on M, identifies the corre-
sponding boundary component of the quotientW with the stable complex
G-manifold −M.

Consider next the boundary component of P where
(µ(m) − a)(µ(m) − b) = |z|2.

It separates into two parts, the first where µ ≤ a and the second where
b ≤ µ. Write the corresponding boundary component ofW = P/U(1) as

M≤a t b≤M

accordingly.
The open subset of M≤a where µ < a identifies as a G-stable complex

manifold with the similar part of M via the map (6.10), and the comple-
ment, the closed submanifold where µ = a, identifies with the smooth
manifold

Ma = µ
−1[a]/G

via the projection fromM×C toM. Near µ−1[a] ⊆M, the manifoldM has
a product form

M ∼= µ−1[a]× R,

in such a way that µ is the projection onto the R-factor. We find from this
that

M≤a ∼= (µ−1[a]× C)/U(1)
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near µ = a via the projection
µ−1[a]× R× C −→ µ−1[a]× C.

The structure of the normal bundle can be determined from this. Similar
remarks apply to b≤M.

Now suppose that α ∈ KG(M). We can think of α as a class
α ∈ KG×U(1)(M)

by making U(1) act through its identification with G. Then we can use the
projection map from the manifold P in (6.9) to M (which is a proper map)
to pull back α to a class in KG×U(1)(P). Finally, since the action of U(1) on P
is free, we can use the pullback isomorphism

(6.11) KG(W)
∼=

−→ KG×U(1)(P)

to obtain from α a class in KG(W). Its restriction to the boundary com-
ponent M is the original class α. We’ll use the same notation α for the
restrictions toM≤a and b≤M, and we arrive at the following formula from
the bordism invariance of quantization:
(6.12) Q(M,α) = Q(M≤a, α) +Q(b≤M,α).

As was pointed out by Duistermaat et al [DGMW95], this may be used to
give very simple proofs of Theorems 5.6 and 5.5 in the case G = U(1).5

The argument uses the well-known fixed-point formulas in K-theory that
we shall review in the next section.

7 Fixed-Point Formulas

We shall assume that G is a torus. We review the basic fixed-point for-
mulas in equivariant K-theory with a view to extending them a little in
subsequent sections.

7.1 Definition. Denote by R(G)g the localization of the character ring R(G)
at g ∈ G, or in other words the ring of fractions obtained by inverting all
virtual representations whose character at g is non-vanishing. Similarly,
denote by KG(X)g = KG(X)⊗R(G)R(G)g the localization of the R(G)-module
KG(X).

5The arguments also have a lot in common with work of Lusztig and Kosniowski (see
[Kos70]) and Atiyah and Hirzebruch [AH70]. These authors worked in the holomorphic
context, and Duistermaat et al worked in the symplectic context, but the arguments for
stable complex manifolds are the same.
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Denote by F ⊆ M the fixed set of g (which is the same as the G-fixed
set since g ∈ G is a topological generator). As explained in Lemma 4.1, the
fixed-set is a submanifold of M and it carries a canonical stable complex
structure. Denote by ι : F→M the inclusion.

7.2 Theorem. (See [Seg68, Proposition 4.1] or [AS68a, Theorem 1.1].) The
restriction map

ι∗ : KG(M)g −→ KG(F)g

in localized equivariant K-theory is an isomorphism.

7.3 Definition. If H is any G-equivariant complex vector bundle over a
compact G-space X, then write

λ(H) =
∑

(−1)p[Λp(H∗)] ∈ KG(X).

The relevance of this class to the present discussion is that the compo-
sition

KG(F)
ι∗−−→ KG(M)

ι∗
−−→ KG(F)

is given by multiplication by λ(NF), whereNF is the normal bundle of F in
M. This is evident from the definition of wrong-way maps in Section 2.

7.4 Theorem. (See [AS68a, Lemma 2.7]. If NF is the normal bundle of F in
M (with the complex structure given in Lemma 4.1) then the element λ(NF) is
invertible in the localized equivariant K-theory ring KG(F)g.

7.5 Remark. If F is noncompact, then the statement “λ(NF) is invertible”
should be taken to mean “multiplication by λ(NF) is an invertible map
from KG(F)g to itself,” where “multiplication by λ(NF)” means “the alter-
nating sum of tensor product with the bundles Λp(NF∗).”

The definition of quantization as a wrong-way map and functoriality of
wrong-way maps now immediately give the following Atiyah-Bott-Segal
formula, in which we have altered slightly our usage of the symbol F:

7.6 Theorem. (Compare [AS68a, Proposition 2.8].)

QG(M,α) =
∑
F

QG(F, λ(NF)
−1 · ι∗α) ∈ R(G)g

for every α ∈ KG(M). Here the sum is over the connected components of the fixed
set inM.

14



7.7 Remark. We could of course consider the fixed set as a single manifold,
as we have done up to now, rather than as the union of its components. But
calculations are usually done component-wise, so the above formulation
of the fixed-point theorem is usually the most convenient.

8 Quantization Formula for Circle Actions

Our goal in this section is to prove Theorems 5.5 and 5.6 for G=U(1) fol-
lowing the method of Duistermaat et al [DGMW95]. The method has been
repeated, with variations, several times in the literature—see for example
[Met99, CdSKT00]. Our purpose in repeating it one more time is to record
enough of the details to determine how the method generalizes to the con-
texts that we shall consider in the coming sections.

To begin with, we shall calculate in the case of a stable complex G-
manifoldM and equivariant line bundle E for which over each component of
the G-fixed set in M the group G=U(1) acts on line bundle E with non-negative
weight. Obviously the formula (6.12) makes this assumption relevant to
our ultimate goal, and we shall come back to the relevance of (6.12) after
handling the special case.

Consider the ring Q[z−1, z]] of rational Laurent series with finite singu-
lar parts. Because Q[z−1, z]] is in fact a field, the inclusion

R(G) ∼= Z[z−1, z] −→ Q[z−1, z]]

extends to a homomorphism
R(G)g −→ Q[z−1, z]],

and it is in the Laurent series ring that we shall do our calculations. The
advantage of doing so is that we can speak of the “coefficient of z0” in
the contribution of each component of the fixed set (which is an element
of R(G)g) to the overall quantization Q(M,Ek · α) (which is an element of
R(G)).

8.1 Lemma. If F is a component of the fixed set inM, and if G acts with positive
weight on the fibers of the line bundle E over F, then the coefficient of z0 in

Q(F, λ(NF)−1 · Ek · α) ∈ Q[z−1, z]]

is zero for all k� 0. When α = 1 the coefficient is zero for all k > 0.

Proof. To keep the notation simple we shall consider the case α = 1 and
k = 1. The other cases are easy variations.
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Since G acts trivially on F the natural map
K(F)⊗Z R(G) −→ KG(F)

is an isomorphism. So for each s ∈ Z we can speak of the coefficient of zs

in any element γ ∈ KG(F), and define the valuation of γ to be the least s for
which the coefficient is nonzero. With this terminology, our aim is to show
that

val(QG(F, λ(NF)
−1 · E)) > 0.

The key point is that the valuation of λ(NF) is nonpositive,
(8.1) val(λ(NF)) ≤ 0,
and moreover the corresponding leading coefficient is a unit in the ring
K(F).

According to Theorem 7.4 there is some β ∈ KG(F) and an element
γ ∈ R(G) (whose character is non-vanishing at g ∈ G) such that
(8.2) λ(NF) · β = γ ∈ KG(F).
Since the leading coefficients of λ(NF) and γ are units, we have that

val(λ(NF)) + val(β) = val(γ),
and so

val(β) − val(γ) ≥ 0.

Now
QG(F, λ(NF)

−1 · E) = QG(F, β · E) · γ−1

and
val(QG(F, β · E) · γ−1) = val(QG(F, β · E)) + val(γ−1)

≥ val(β · E) + val(γ−1)

= val(β) + val(E) − val(γ)
≥ val(E),

where the first inequality is a result of (4.1). Our assumption on E com-
pletes the proof.

Now suppose that G acts with weight zero on the fibers of E over some
component F of the fixed set. Lemma 8.1 does not apply, but a different
hypothesis allows us reach the same conclusion. Namely assume that the
normal bundle is a line bundle of weight 1.6 Then since

λ(NF) = 1−NF−1

6Actually it would be enough to have such a summand in the normal bundle.
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we see that val(λ(NF)) = −1, which is a bit better than (8.1). The argument
in the lemma shows that

val(QG(F, λ(NF)
−1 · E)) > 0

once again.
We now return to the bordism constructed in Section 6 and the formula

(6.12). The above arguments show that
QG(b≤M,E)0 = 0

and also
QG(b≤M,E

k · α)0 = 0
when k� 0.

We can analyze M≤a in a similar way, but using the field Q[[z−1, z] of
Laurent series with only finitely many positive order terms, and the val-
uation that indicates the highest nonzero coefficient instead of the lowest.
We find that if F is a component of the fixed set where G acts on E with a
negative weight, then F does not contribute to QG(M≤a, E

k · α)0.
Let us assume now that (as in the statements of Theorems 5.5 and 5.6)

G acts locally freely on µ−1[0]. Then the only component of the G-fixed
set in M≤a remaining to be analyzed is F = Ma. This does contribute to
QG(M≤a, E

k · α)0. To calculate what it contributes, use the Neumann series
with remainder

λ(NF)−1 = (1−NF−1)−1

= 1+NF−1 +NF−2 + · · ·+NF−nλ(NF)−1.
The previous arguments show that when we substitute this into the quan-
tity

Q(F, λ(NF)−1 · E) ∈ Q[[z−1, z],

only the constant term 1 contributes to the z0 term (for the last term, use
NF−n in place of E in the argument used in the proof of Lemma 8.1). As a
result

QG(M≤a, E)0 = Q(Ma, E),

and similarly
QG(M≤a, E

k · α)0 = Q(Ma, E
k · α),

for k� 0.
These calculations complete the proofs of Theorem 5.5 and theG=U(1)

case of 5.6. For if 0 is a regular value of µ, and if G acts freely on µ−1[0],
then for sufficiently small a,Ma is bordant toM0, indeed isomorphic to it.
So we can substituteM0 forMa in the formulas above.
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8.2 Remark. Denote by Q[[z−1, z]] the vector space of doubly infinite Lau-
rent series. This is no longer a ring, of course, but it contains both of the
rings Q[z−1, z]] and Q[[z−1, z] that we used above. In the situation where 0
is a regular value of µ, and G acts freely on µ−1[0], we may use this fact to
define an alternative quantization
(8.3) Qlocal

G (M,E) ∈ Q[[z−1, z]]

as follows: for each component F of the fixed point set, expand its con-
tribution to QG(M,E) (via the fixed-point formula) in either Q[z−1, z]] or
Q[[z−1, z] according as G acts on the fibers of E over F by a positive or neg-
ative weight. Then add up these contributions in Q[[z−1, z]] to obtain (8.3).

The quantization is “local” in the sense that it is explicitly localized
near the fixed set of the G-action. An advantage is that is easy to see,
using Lemma 8.1, that no fixed set contributes to the coefficient of z0 at
all! On the other hand, the calculations above relate the local and original
quantizations through the following attractive formula:

(8.4) QG(M,E) = Q
local
G (M,E) +

∑
n∈Z

Q(M0, E0 ⊗ L0n)zn.

Here L0 is the line bundle (µ−1[0]×C)/G over M0 associated to the weight
1 action of G on C (viewed as an ordinary line bundle, with no group
action).

Of course, the quantization commutes with reduction formula can be
immediately deduced from (8.4), and to some extent the formula “ex-
plains” the relevance of reduced manifolds like M0 to index theory and
fixed point theory. It is therefore an interesting problem to derive counter-
parts of (8.4) for other groups.

9 Some Remarks on K-Homology

In this section we shall briefly examine the quantization commutes with
reduction problem from the perspective of K-homology.

K-homology is the dual theory to (equivariant) K-theory, and it is re-
lated to K-theory by functorial pairings

KG(X)⊗ KG(X× Y) −→ KG(Y)

(here KG denotes equivariant K-theory, as in the rest of this paper, and KG

is equivariant K-homology). In fact K-homology is characterized by these
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pairings in the sense that for a fixed X every transformation
KG(X× Y) −→ KG(Y)

that is natural in Y and aKG(Y)-module homomorphism determines a class
in the K-homology group KG(X), and conversely.7 See [BH13] for more on
this point of view on K-homology.

Along with the above abstract definition there are concrete construc-
tions of K-homology. A functional-analytic definition was proposed by
Atiyah [Ati70] and worked out in detail by Kasparov [Kas75]. An element
of the analytic group KGanal.(X) is determined by an equivariant Fredholm
operator on a G-Hilbert space. The Hilbert space is required to carry an
action of the algebra of continuous functions on the compact space X, and
the operator should be compatible with this action in a certain sense. See
[HR00] for a complete treatment of Kasparov’s theory, at least in the non-
equivariant case.

There are also geometric definitions. In the approach of Baum [BD82],
an element of the geometric group KGgeom.(X) is determined by a closed,
even-dimensional stable complex (or, more generally spinc) G-manifold
M, together with an equivariant complex vector bundle E on M and a
continuous map f fromM to X. A natural transformation

QG : KGgeom.(X) −→ KGanal.(X)

is defined by associating to (M,E, f) a Fredholm operator obtained from
the ∂E-operator (the algebra X acts on the associated Hilbert space of L2-
forms on M through f, which determines a homomorphism from C(X) to
C(M)).

For a full treatment of the natural transformation Q in the non-equi-
variant case see [BHS07]. The further issues present in the equivariant
case are considered in [BOOSW10].

As our notation suggests, we want to view the natural transformation
as a quantization map, and indeed when X is a point it may be identified
as such, thanks to the index theorem. But what about reduction?

View the quotient map X → X/G as a G-equivariant map to a space
with a trivial G-action. It induces a map in equivariant homology

KGanal./geom.(X) −→ KGanal./geom.(X/G),

(either analytic or geometric), and because the G-action is trivial on the

7This holds for reasonable spaces X, at least, for instance the smooth closed manifolds
that we shall be considering.
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right-hand side there is a standard isomorphism

(9.1) Kanal./geom.(X)⊗Z R(G)
∼=

−→ KGanal./geom.(X),

that is analogous to the similar isomorphism in K-theory. Combining the
two displays we obtain reduction homomorphisms in geometric and ana-
lytic K-homology:

R : KGanal./geom.(X) −→ Kanal./geom.(X)⊗Z R(G).

Simply by naturality of the transformationQ, these fit into a “quantization
commutes with reduction diagram”

KGgeom.(X)
QG //

Rgeom.

��

KGanal. (X)

Ranal.

��
Kgeom.(X/G)⊗ R(G) Q

// Kanal. (X/G)⊗Z R(G)

At this stage there is no “quantization commutes with reduction problem”
since the diagram automatically commutes! The problem arises when one
asks for explicit formulas for the reduction maps.

In fact there is a simple, concrete formula for the analytic reduction
map: take an equivariant Fredholm operator on a G-Hilbert space, and
decompose it and the Hilbert space into their G-isotypical parts:

Ranal.(F,H) =
∑
σ∈Ĝ

(F|Hσ , Hσ)⊗ σ ∈ Kanal. (X/G)⊗Z R(G).

Note that each isotypical componentHσ, although not a C(X)-module, is a
C(X/G)-module.

If X is a point, then there is an isomorphism K(X/G) ∼= Z that maps
a Frehdolm operator to its Fredholm index. The composition of quanti-
zation followed by reduction in the diagram therefore computes from a
geometric cycle the multiplicities with which the irreducible representa-
tions of G occur in the index of the associated elliptic operator. This is half
of the quantization commutes with reduction formula.

Unfortunately there seems to be no general formula for the geometric
reduction map: the problem is that the easily defined isomorphism (9.1)
needs to be inverted, and there is in general no known way to do this in
the geometric theory.

However the methods of the previous section may be extended very
slightly to handle some cases when G = U(1).

Assume that M is a closed, even-dimensional stable complex G-man-
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ifold and that E is a smooth equivariant Hermitian line bundle on M. De-
fine, as usual, a moment map by applying Kostant’s formula to a connec-
tion on E. Assume that there are regular values ±a near 0 ∈ R so that the
action of G is free on the level sets µ−1[±a].

Construct a manifoldM0 by starting from the region ofMwhere −a ≤
µ ≤ a and collapsing each of the orbits where µ = ±a to points. We might
also write

M0 = −a≤M≤a

in the notation of Section 6.
The detailed construction of M0 can be carried out in two stages. The

first is exactly as described in Section 6 and results in M≤a. The second
is similar, using M≤a as input, except that we cut at −a, of course. But
in addition, during the construction described in Section 6 we equip the
second factor inM≤a×C with the weight +1 action of U(1) rather than the
weight −1 action.

The effect of this is that the normal bundle of M−a ⊆ M0 carries a
weight +1 action of G, rather than a weight −1 action as before. As for the
fixed-set stable complex structure on M−a, it is the opposite of the stable
complex structureM−a receives as a reduced manifold ofM.

We have the following theorem:

9.1 Theorem. Assume given a continuous equivariant map f : M → X. The
multiplicity of the trivial representation in the class

Rgeom.(M,E, f) ∈ Kgeom.(X/G)⊗Z R(G)

is the K-homology class of the triple (M0, E0, f0), where M0 is as above, E0 is the
line bundle on M0 obtained from E, and f0 : M0 → X/G is the continuous map
induced from f.

To make the theorem plausible, it should be noted that geometric cy-
cles that are related by a bordism (see [BD82, BHS07]) determine the same
geometric K-homology class. The theorem is proved using this and es-
sentially the same fixed-point techniques used in the previous section (so
there is nothing new in the approach).

Theorem 9.1 is related to the usual statement of quantization commutes
with reduction in the following way. If the action of G is free throughout
the region a ≤ µ ≤ a, then M0 can be constructed more simply as a fiber
bundle

M0 = (µ−1[0]× CP1)/G
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over the reduced manifold M0, with complex projective fibers. Now it
is built into Baum’s geometric theory that if one cycle is a bundle over
the other with CP1 fibers (with a compact structure group preserving the
complex structure on the projective space), then the two cycles determine
the same cohomology class [BD82, BHS07]. So in this instance we can
replace (M0, E0, f0) in the above theorem with (M0, E0, f0), and so recover
the usual quantization commutes with reduction result.

A final remark: if we make further assumptions about the freeness of
the G-action on sufficiently many level sets (or pass to orbifolds), then
we can calculate all the multiplicities in Rgeom.(M,E, f) geometrically by
shifting the construction above to other n ∈ Z. We obtain a sort of “Fourier
series”

Rgeom.(M,E, f) =
∑
n∈Z

(Mn, En, fn)⊗ zn

in the group Kgeom.(X/G)⊗Z R(G).

10 Orbifolds

As we move from G = U(1) to other groups it will become helpful to drop
the hypothesis that G act freely on µ−1[0], and assume only that the action
is locally free. The reason is that we shall work inductively on the rank of
G, and it is much easier to keep track of local freeness during the inductive
stages than it is to keep track of freeness.

To accommodate the change we shall of course work with orbifolds.
The following simplified version of the general definition is the most con-
venient for our purposes (compare [Ver96]).

10.1 Definition. An orbifold structure on a locally compact Hausdorff space
M is a triple

M̂ = (H, P, q)

consisting of a compact Lie groupH, a smooth manifold P that is equipped
with a locally free action of H, and a homeomorphism q : P/H→M.

We shall also use the term orbifold, meaning a space with an orbifold
structure. The dimension of an orbifold M̂ is the dimension of P minus the
dimension of H.
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10.2 Definition. Two orbifold structures (H1, P1, q1) and (H2, P2, q2) on the
same spaceM are equivalent if there is a third orbifold structure of the form
(H1 ×H2, P, q) and a commuting diagram
(10.1) P

p2

  

p1

~~
q

��

P1

q1   

P2

q2~~
M

in which

(a) the individual actions ofH1 and H2 on the manifold P are free, not just
locally free,

(b) the maps p1 and p2 are H1-equivariant and H2-equivariant, respec-
tively, and

(c) these maps identify P1 and P2 with the quotient manifolds P/H2 and
P/H1, respectively.

10.3 Example. If M̂ = (H, P, q) is an orbifold structure on M, and if the
action of H on P is free, not just locally free, then the map q : P → M

identifies M with the smooth manifold H/P, and M̂ is equivalent to the
trivial orbifold structure ({e},M, id) onM.

10.4 Definition. The orbifold K-theory of an orbifold structure M̂ = (H, P, q)
is the equivariant K-theory group

K̂(M̂) = KH(P).

Equivalences between orbifold structures determine isomorphisms be-
tween orbifoldK-theory groups via pullbacks, as in the following diagram:

KH1×H2(P)

KH1(P1)

p∗1
∼=

88

KH2(P2).

p∗2
∼=

ff

We define stable complex orbifolds as follows:

10.5 Definition. A stable complex structure on an orbifold M̂ = (H, P, q)
is an H-equivariant stable complex structure on the quotient bundle TP/h,
where h denotes the subbundle of TP tangent to the action of H.
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Next, it is easy to generalize all of these definitions to the equivari-
ant context, in which a compact group G acts on M. For instance in a G-
equivariant orbifold structure M̂ = (H, P, q) on a G-spaceM, the manifold
P is required to carry a smoothG-action commuting with theH-action and
the map q is required to beG-equivariant. In addition, thenG-equivariant
K-theory of M̂ is the G×H-equivariant K-theory of P, and a G-equivariant
stable complex structure is a G×H-equivariant stable complex structure
on TP/h.

We shall also use concepts such as bordism (of orbifold structures in-
volving the same group H) and smooth maps between orbifolds (again,
in the simplest situations involving the same group H) without further
explanation.

We shall need suitable quantization maps

(10.2) Q : K̂G(M̂) −→ R(G)

in the orbifold context. A geometric definition (in terms of Bott period-
icity, wrong-way maps, and so on) does not appear to be known. How-
ever a quantization map (10.2) is easy to define using transversally elliptic
operators [Ati74]: the stable complex structure on M̂ = (H, P, q) deter-
mines a G×H equivariant and H-transversally elliptic Dolbeault operator
on P. Restricting to the H-invariant sections we obtain a Fredholm opera-
tor with index in R(G). More generally, coupling with classes in the group
K̂(M̂) = KG×H(P) gives us the quantization map that we need.

In any case we shall assume given quantization maps (10.2) with the
following properties (that are routine to verify from the analytic defini-
tion):

(a) R(G)-Linearity and Independence of Presentation. The quantization map
is R(G)-linear and compatible with the isomorphisms in (10.1).

(b) Compatibility with Wrong-Way Maps. If ι : M̂1 → M̂2 is a G-equivariant
embedding, then the following diagram is commutative:

K̂G(M̂1)
QG // R(G)

K̂G(M̂2)

ι∗

OO

QG

// R(G).

=

OO
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(c) Bordism-Invariance. If (M̂, α) is bordant to (M̂ ′, α ′), then Q(M̂, α) =

Q(M̂ ′, α ′).

(d) Trivial Action. If G = G2×G1, and if G1 fixes the manifold P in an
orbifold structure (P,H, q) pointwise, then the diagram

K̂G2×G1(M̂)
QG2×G1 // R(G2×G1)

K̂G2(M̂)⊗ R(G1)

OO

QG2⊗1
// R(G2)⊗Z R(G1)

OO

is commutative (compare (4.1)).

At the very end of the paper we shall use one additional property, bor-
rowed from the theory of the analytic index. We shall only formulate it in
the context we need, though it holds more generally.

(e) Multiplicative Axiom. Let F be a stable complex G-manifold, let β ∈
KG(F), and assume that

Q(F, β) = 1 ∈ R(G).
Let M̂ = (G, P, q) be any stable complex orbifold and let α ∈ K̂(M̂).
If we form the locally compact space

W = P ×G F
and the orbifold structure

Ŵ = (G, P × F, q),
then

Q(Ŵ, α · β) = Q(M̂, α).

This is a mild generalization (to orbifolds) of the multiplicative property
of the index used by Atiyah and Singer (compare [AS68b, Axiom B3], and
compare [BHS07] for a more modern proof which adapts easily to the
present circumstances).

11 Fixed-Point Formulas for Orbifolds

Unless otherwise indicated, we shall assume that the Lie groups (G, H, etc.) oc-
curring in this section are compact, connected and abelian (that is, they are tori).
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Our aim is formulate and prove fixed point formula in the orbifold con-
text, and then use it to generalize Theorems 5.5 and 5.6.

The orbifold fixed point formula isn’t a completely straightforward
generalization of the manifold case, mostly because if M̂ = (H, P, q) is a
G-equivariant orbifold structure on M, then there is a difference between
fixed by G in M and being fixed by G in P: G-fixed points in M do not
necessarily lift to G-fixed points in P. In what follows we shall indicate
how to handle this point. At the same time we shall work in a slightly
more general context than that of Section 7 by studying the fixed set of a
subtorus T ⊆ G rather than the fixed set of G itself.

11.1 Lemma. Let M̂ = (H, P, q) be a G-equivariant orbifold structure, and let
T ⊆ G be a subtorus. If F is the fixed set of T in M, then the set q−1[F] ⊆ P is
a disjoint union of a locally finite collection of smooth, closed submanifolds of P,
each of which is the fixed-point manifold of a torus L < G×H that projects onto
T with finite kernel.

Proof. Let g ∈ T be a topological generator. For each point p ∈ q−1[F] there
exists h ∈ H such that the element (g, h) ∈ G×H fixes p. The connected
component of the identity in the subgroup of G×H generated by (g, h) is
a torus that projects onto T ⊆ G with finite kernel. Let’s call this a good
torus. The fixed-point set of any good torus in G×H is a smooth closed
submanifold of P that is contained in q−1[F], and the union of all such
fixed-point subsets is q−1[F]. The fixed-point sets for different good tori
in G×H are disjoint, because if a point was fixed by two different good
tori it would be fixed by the torus generated by the pair, and this would
contain a circle subgroup of H, contrary to the assumption that the action
of H on P is locally free. Finally, there are only finitely many distinct good
tori with nonempty fixed-point sets that meet any given compact set in P.
So q−1[F] is a locally finite disjoint union of smooth, closed submanifolds
of P, as required.

11.2 Corollary. The data F̂ = (H,q−1[F], q) is aG-equivariant orbifold structure
on F.

11.3 Definition. Let M̂ = (H, P, q) be a G-equivariant orbifold structure
on a G-space M, and let g ∈ G. The localized K-theory group K̂(M̂)g is
defined by

K̂G(M̂)g = K̂G(M̂)⊗R(G) R(G)g.
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11.4 Theorem. Assume that g ∈ G generates a torus T ⊆ G, and denote by
F ⊆M the T -fixed set inM. The restriction map

K̂G(M̂)g −→ K̂G(F̂)g
in localized K-theory is an isomorphism.

Proof. The standard argument, which uses the cohomological properties
of the K-theory functor, can be adapted to the current situation.

It suffices to show that the localized group K̂G(M̂ \ F)g is zero. Cover
M \ F by G-invariant open sets U such that q−1[U] has the form

q−1[U] ∼= (G×H)×Γ V,
where Γ is the isotropy group of a point in q−1[U] and V is some Γ -space
(here we are making an exception to our general rule: Γ need not be con-
nected). There is an induction isomorphism

K̂G(Û) ∼= KΓ(V).

The ring R(G) acts on the right-hand side through the projection map from
Γ to G and the associated homomorphism from R(G) to R(Γ).

The image of Γ in G cannot contain the generator g ∈ T , and so there is
a character of G that is trivial on the image of Γ but nontrivial on g. From
this it follows that

R(Γ)⊗R(G) R(G)g = 0
and of course it follows in turn that

K̂G(Û)g = KΓ(V)g = 0.

So K̂G(M̂ \ F)g is zero by a Mayer-Vietoris argument.

Assume now that M̂ = (H, P, q) is equipped with a G-equivariant, sta-
ble complex structure. Let us continue to denote by g a generator of a
torus T ⊆ G, and by F ⊆ M the fixed set of g. Denote by N̂F the orb-
ifold normal bundle, that is, the normal bundle to q−1[F] in P. The proof of
Lemma 4.1 shows that the normal bundle has a G×H-invariant complex
structure, and we denote by

λ(N̂F) ∈ K̂G(F̂)
the class from Definition 7.3.

11.5 Theorem. Let M̂ = (H, P, q) be a G-equivariant, stable complex orbifold.
Assume that g ∈ G generates a torus T ⊆ G, and denote by F ⊆ M the T -fixed
set inM. The class

λ(N̂F) ∈ K̂G(F̂)
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becomes invertible when viewed as an element of the localized ring KG(F̂)g.

We need a small algebraic computation:

11.6 Lemma. Let f : Γ → G be a homomorphism between compact abelian Lie
groups (Γ need not be connected), and assume that f has finite kernel. Let L be the
connected component of the identity in Γ and let g ∈ G be a topological generator
of the image of L. If ϕ : Γ → U(1) is any character that is nontrivial on L, then
the element (1−ϕ) ∈ R(Γ) is invertible in the localized ring R(Γ)⊗R(G) R(G)g.

Proof. There is someN > 0 such that ϕN vanishes of the kernel of f. There
is then a characterψ : G→ U(1) such thatψ◦f = φN. Indeed, by Frobenius
reciprocity, any constituent of the induced representation IndGΓ/ker(f)ϕ

N will
do. Now we can write

((1−ϕ)⊗ 1
)−1

= (1+ϕ+ · · ·+ϕN−1)⊗ (1−ψ)−1,

as required (the element (1−ψ) cannot vanish on g because φ, and hence
φN, is nontrivial on L).

Proof of Theorem 11.5. It suffices to prove that the restriction of λ(N̂F) to
any G×H orbit O ⊆ q−1[F] is invertible in the localized equivariant K-
theory of that orbit. If Γ is the isotropy group of the orbit, then

KG×H(O) ∼= R(Γ)

and the restriction of λ(N̂F) takes the form

e(N̂F)
∣∣∣
O
=
∏

(1−ϕj)

where the characters ϕj : Γ → U(1) are the Γ -weights of the restriction of
the normal bundle to O. If L is the connected component of the identity in
Γ , then L is a good torus in the sense of the proof of Lemma 11.1, and the
characters φj are nontrivial even when restricted to L. The invertibility of
this product follows from Lemma 11.6.

With these preliminaries in place, we obtain the following fixed point
formula to orbifolds, exactly as in the manifold case (and as in the mani-
fold case, we shall adjust our notation a bit in the formulation of the theo-
rem below).

11.7 Theorem. Let M̂ = (H, P, q) be a G-equivariant, even-dimensional stable
complex orbifold, and let g ∈ G be a topological generator of a torus T ⊆ G. If
α ∈ K̂G(M̂), then

Q(M̂, α) =
∑

Q(F̂, λ(N̂F)−1 · ι∗α) ∈ R(G)g.
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for every α ∈ K̂G(M̂), where the sum is over the components of the T -fixed set in
M.

Now we can formulate and prove our orbifold extensions of Theo-
rems 5.5 and 5.6. Let

M̂ = (H, P, q)

be a G-equivariant, even-dimensional, stable complex orbifold. Assume
that G decomposes as a product

G = G1 × T,
with T ∼= U(1). Let Ê be a G×H equivariant smooth Hermitian line bundle
on P, with connection, and let

µ : P −→ R
be the moment map associated to the T -action by Kostant’s formula. It is
of course a smooth, (G×H)-invariant function. We want to examine the
quantization

QG(M̂, Ê) ∈ R(G),

and in particular the multiplicity

QG(M̂, Ê)0 ∈ R(G2),
of the trivial representation of T . To this end, we construct the bordism of
stable complex G-orbifolds

(11.1) M̂ ∼ M̂≤a t b≤M̂

as in Section 6.8

11.8 Lemma. QG(b≤M̂, Ê)0 = 0.

This may be proved using the method described in Section 8, but first
we need to make note of one further property of quantization in the orb-
ifold case, to be added to the list at the end of Section 10:

(f) Change of Groups. If ϕ : J → G×H is a homomorphism of tori, then
the homomorphism from J×H to G×H determined by φ and mul-
tiplication in H induces a K-theory map from K̂G(M̂) to K̂J(M̂). In

8Note that even if M itself is a manifold, unless we explicitly hypothesize that the
action of T is free between µ=a and µ=b (rather than locally free, which is guaranteed)
the bordism will only be an orbifold bordism.
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addition φ and the projection from G×H to G induce a map from
R(G) to R(J). The following diagram commutes:

K̂G(M̂)
QG //

��

R(G)

��
K̂J(M̂)

QJ

// R(J).

As with the other properties in our list, this is straightforward to verify if
quantization is defined using the index of transversally elliptic operators.

Proof of Lemma 11.8. We shall use the fixed-point formula and calculate the
contribution of each component F of the T -fixed set inM. Let L ⊆ G×H be
the corresponding good torus (see the proof of Lemma 11.1) that fixes the
inverse image of F in P pointwise, and consider the multiplication map

J = G1 × L→ G×H
Because the associated homomorphism R(G)→ R(L) is injective, it suffices
to calculate the quantization map

QJ : K̂J(F̂)` −→ R(J)`,

where ` ∈ L is any lift of the topological generator g ∈ T . But if S ⊆ P is the
inverse image of F, then since L acts trivially on S there is an isomorphism

KJ(F̂) = KG1×H(S)⊗ R(L)
and we can argue exactly as in the proof of Lemmas 8.1 or the discussion
following it that

Q(F̂, λ(N̂F)−1 · Ê)0 = 0,

as required.

Let us turn now to the second component in the bordism (11.1), namely
the orbifold M̂≤a. At this point we need to make the further assumption
concerning µ−1[0] ⊆ M, as we did in Section 8, that it is disjoint from the
T -fixed set. Then we can proceed as above and as in Section 8 to compute
Q(M̂≤a, Ê)0.

To formulate the final result denote by
µM : M −→ R

the map induced from µ : P → R. Then denote byMa the quotient topolog-
ical space µ−1

M [a] ⊆M by T . Then form the G1-equivariant stable complex
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orbifold structure
M̂a = (T ×H,µ−1[a], q)

constructed from µ−1[a] ⊆ P.

11.9 Theorem. If a ∈ R is any regular value of µ between 0 and 1, and if T acts
locally freely on µ−1

M [0], then
Q(M̂, Ê)0 = Q(M̂a, Êa) ∈ R(G1).

Similarly:

11.10 Theorem. If a ∈ R is any regular value of µ between 0 and 1, and if T
acts locally freely on µ−1

M [0], and if α̂ ∈ K̂G(M̂), then
Q(M̂, Êk · α̂)0 = Q(M̂a, Êa

k · α̂a) ∈ R(G1)
for all k� 0.

In both theorems, we can replace a ∈ R by 0 ∈ R, if 0 is a regular value
(but for our purposes the formulations above are better).

12 Quantization Formula for Torus Actions

Let G be a torus. Let M̂ = (H, P, q) be a smooth, G-equivariant, even-
dimensional, stable complex orbifold structure on a G-space M, with H a
torus. Let Ê be a G-equivariant, smooth Hermitian line bundle on M̂ (that
is, a G×H-equivariant Hermitian line bundle E on P). Let
(12.1) µ : P −→ g∗

be a Kostant moment map (associated to a G×H-equivariant connection
on E). Finally, assume that G acts without fixed points on µ−1[0].

It’s convenient not to assume that 0 ∈ g∗ is a regular value of µ, but in
any case every neighborhood of 0 ∈ g∗ contains a regular value a, and we
may form the reduced orbifold structure

M̂a = (G×H,µ−1[a], q)

on the locally compact space Ma = µ−1
M [a]/G, where, as in the previous

section, the map
µM : M −→ g∗

is obtained by factoring (12.1) through the quotient map q : P →M.
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We may also form the reduced orbifold line bundle Êa = E|µ−1[a] over
M̂a. More generally, if α̂ is any class in K̂G(M̂), then restricting to µ−1[a]
we obtain from it a class

α̂a ∈ K̂(M̂a).

We want to prove the following versions of the quantization commutes
with reduction theorem, in which QG(M̂, Ê)0 and QG(M̂, E

k ⊗ α)0 refer
to the multiplicities of the trivial representation of the full torus G in the
given quantizations (up to now we have been dealing with the trivial rep-
resentation of some circle subgroup).

12.1 Theorem. IfM is closed, then
QG(M̂, Ê)0 = Q(M̂a, Êa).

for all regular values a ∈ g∗ sufficiently close to 0.

12.2 Theorem. If α is any class in K̂G(M̂), then
QG(M̂, Ê

k ⊗ α̂)0 = Q(M̂a, Ê
k
a ⊗ α̂a).

for all regular values a ∈ g∗ sufficiently close to 0 and all sufficiently large k > 0.

The lower bound on k is independent of the particular choice of a. Of
course, if 0 ∈ g∗ is a regular value then we can simply take a = 0.

Proof of Theorem 12.1. IfG has dimension one, then the result is covered by
Theorem 11.9. We shall prove the theorem in general by induction on the
dimension of G, and the only real difficulty comes from having to carry
along the hypotheses that G act without fixed points on µ−1[0].

In order to handle this point we use the change of groups property of
quantization (see item (e) following Lemma 11.8) and argue as follows. If
G has dimension more than one, then we can find a finite covering

G1×G2 −→ G

by a product of tori such that if a point inM is fixed by eitherG1 orG2 then
in fact it is fixed byG (just chooseG1 andG2 so that they are not contained
in any of the finitely-many proper isotropy subgroups in G).

Now the fixed points of G only occur where µ assumes integral values
in g∗, and it is a simple matter to further adjust G1 and G2 so that in the
decomposition

g∗ ∼= g∗1 ⊕ g∗2
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neither of the axes g∗1 or g∗2 contains any of the finitely many g∗-integral
points in the range of µ (the number is finite by compactness).

By Theorem 11.9 again,

QG(M̂, Ê
k ⊗ α)0∈Ĝ1 = QG2(M̂a1 , Ê

k
a1
⊗ α̂a1) ∈ R(G2)

for all regular a1 ∈ g∗1 sufficiently close to zero, where the subscript on
the left hand side indicates the multiplicity of the trivial representation of
G1. Now apply the induction hypothesis to conclude the theorem, but for
all a = (a1, a2) sufficiently close to zero for which a1 and a2 are separately
regular values. However if a is any regular value sufficiently close to zero,
then we can find a neighborhood around a consisting entirely of regular
values, and within that neighborhood an element (a1, a2) to which our
argument applies. By bordism invariance

Q(M̂a, Ê
k
a ⊗ α̂a) = Q(M̂(a1,a2), Ê

k
(a1,a2)

⊗ α̂(a1,a2)),

and so the theorem is proved.

The proof of Theorem 12.2 is similar. The only additional point is that
for any given class α̂we can replaceM by an open and relatively compact
G-invariant subset that contains the support of α̂. The compactness allows
us to use the same argument as just given.

13 The Non-Abelian Case

In this final section we shall consider arbitrary connected and compact
groups. We begin by discussing reduction in the context of nonabelian
groups and stable complex manifolds, since it is slightly more complicated
than in the abelian case (which in effect we handled by writing a torus as
a product of circles).

Let G be a compact connected Lie group. Let M be a G-equivariant
stable complex manifold (or orbifold), assume that 0 ∈ g∗ is a regular value
of a moment map

µ : M −→ g∗

associated to a connection on an equivariant Hermitian line bundle, as
in the introduction, and assume that G acts locally freely on the inverse
image of 0. There is an exact sequence of vector bundles

0 −→ Tµ−1[0] −→ TM|µ−1[0] −→ g∗ −→ 0,
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where the quotient map sends a tangent vector X to the form Y 7→ X(µY),
and another exact sequence

0 −→ g −→ Tµ−1[0] −→ T̂M0 −→ 0,

where M0 = µ−1[0]/G. Choosing equivariant splittings of both we obtain
an isomorphism

T̂M0 ⊕ g⊕ g∗ ∼= TM|µ−1[0].

Equip the equivariant bundle g⊕g∗ with an equivariant complex structure
J that exchanges to the two summands, with 〈X, JX〉 > 0 for all X ∈ g (the
angle brackets denote the pairing between g and g∗). The above isomor-
phism then endows M̂0 with a stable complex structure, assuming M has
been given one.

We shall prove the following theorem, which is essentially due to Mein-
renken [Mei96].

13.1 Theorem. Assume that 0 ∈ R is a regular value of µ and thatG acts locally
freely on µ−1[0]. If M̂0 and Ê0 are the reduced stable complex orbifold and orbifold
line bundle, then

QG(M,E
k)0 = Q(M̂0, Ê

k
0)

for all sufficiently large k > 0.

We shall reduce the theorem to the abelian case, and the first step is
Lemma 13.2 below. See for example [CdSG99] for this approach (where it
is credited to Michele Vergne).

Fix a maximal torus T in G. Recall that the Weyl character formula
describes the restriction map
(13.1) R(G) −→ R(T)

as follows. A choice of positive roots determines a complex structure on
the vector space g/t that is invariant under the adjoint action of T , and
for which the weights of the associated complex T -representation our pre-
cisely the negative roots (this convention suits our purposes the best). The
characters of the irreducible representations of G, when restricted to T ,
take the form

(13.2) χ|T =

∑
(−1)det(w) exp(w(φ+ ρ) − ρ)

∆
.

Most of the detailed aspects of this formula are not relevant to us, but to
fix the notation:
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(a) φ : t→ u(1) is the highest (infinitesimal) weight of the representation.

(b) ρ : t→ u(1) is the half-sum of the positive roots.

(c) The exponentials are characters of T defined by
exp(ψ)(exp(X)) := exp(ψ(X)).

(d) The sum is over the Weyl group, and the signs are given by the sign
representation of the Weyl group.

(e) The denominator is the Euler class in KG(pt) = R(T) of (g/t)∗, thought
of as a T -equivariant vector bundle over a point. Thus
(13.3) ∆ = λ

(
(g/t)∗

)
= ∧∗(g/t) ∈ R(T).

All we need to extract from the character formula (13.2) is that since the
restriction map (13.1) is injective, the multiplicity of the trivial represen-
tation in any G-representation V is equal to the multiplicity of the trivial
representation of T in the virtual representation

V |T · ∆ ∈ R(T).
Hence:

13.2 Lemma. The multiplicity of the trivial representation of G in the quantiza-
tion QG(M,E) ∈ R(G) is equal to the multiplicity QT(M,E · ∆)0 of the trivial
weight of T in the quantization QT(M,E · ∆) ∈ R(T).

Our goal now is to compute the T -multiplicity QT(M,E · ∆)0 using the
results of the previous section. The first step is to decompose g∗ as
(13.4) g∗ = t∗ ⊕ (g/t)∗

(this is possible since t∗ is not only a quotient of g∗, but also embeds in g∗

as the linear functionals on g that vanish on all the root spaces). Denote by
µT : M −→ t∗ and µ : M −→ (g/t)∗

the two components of the moment map under the decomposition (13.4).
The first is the moment map for the T -action. We’ll use the second map
to pull back the Bott generator β of the complex vector space (g/t)∗ to M.
Since the map µ is obviously homotopic to the zero map, and since the
pullback of the Bott generator to M along this map is ∆ ∈ KT(M) (that
is, it is the trivial virtual vector bundle with fiber ∆ as described in (13.3)
above), we find that

∆ = µ∗(β) ∈ KT(M),
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and as a result
QT(M,E · ∆) = QT(M,E · µ∗(β)).

Next, since the Bott element is supported on {0} ⊆ (g/t)∗, the pull-
back class µ∗(β) is supported on µ−1[0] ⊆ M. So if B ⊆ (g/t)∗ is any
(T -invariant) open ball around 0 ∈ (g/t)∗, then the pullback of the Bott
element defines a class in KT(µ−1[B]).

Let us write
U = µ−1[B] ⊆M

(which is of course an open subset ofM).

13.3 Lemma. If k is any integer, then
QT(M,E

k · µ∗(β)) = QT(U,E
k · µ∗(β)).

Proof. This is just an instance of the excision property
QT(M, ι∗(α)) = QT(U,α),

where ι is the inclusion of U into M and α is any class in K(U). See prop-
erty (b) of the quantization map in the list at the end of Section 10.

13.4 Lemma. If the open ball B ⊆ (g/t)∗ is chosen to be sufficiently small, then
0 is a regular value of the T -moment map

µT : U −→ t∗

and T acts locally freely on the inverse image of zero.

Proof. This follows from the fact that µ−1
T [0] ∩ µ̄−1[0] = µ−1

G [0] and our as-
sumptions concerning regularity and locally free actions for G.

Now form the locally compact space
U0 = (U ∩ µ−1

T [0])/T

and the orbifold
Û0 = (T,U ∩ µ−1

T [0], q),

where q is the obvious projection mapping.

13.5 Lemma. If k is sufficiently large, then
Q(U,Ek · µ∗(β))0 = Q(Û0, E

k
0 · µ∗(β)0).

Proof. This follows from Theorem 12.2.
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It now remains to identify the quantization of the orbifold Û0 that ap-
pears in Lemma 13.5 to the quantization of the orbifold M̂0 = (G,µ−1

G [0], q)
that appears in Theorem 13.1.

The orbifold Û0 is a fiber bundle (with structure groupG) over M̂0 with
fiber G ×T B. The fiber is in turn a bundle over the complex flag variety
G/T with fiber the open ball B.

The K-theory class Ek ·µ∗(β) on Û0 is the fiber product of Ek0 on M̂0 with
the Thom class on G×T B. The latter class has G-equivariant quantization
(index) 1 ∈ R(G), so using the multiplicative property (f) of quantization
in the list at the end of Section 10 we find that

QT(Û0, E
k
0 · µ∗(β)0) = Q(M̂0, Ê

k
0).

This is precisely the relation we require, and Theorem 13.1 is proved.
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