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Abstract. In a 1975 article George Mackey examined analogies between the
representations of a semisimple Lie group and those of its Cartan motion group.

Alain Connes later pointed out that the analogies observed by Mackey harmo-

nize very well with the Connes-Kasparov conjecture in C∗-algebra K-theory.
Motivated by Connes’ observation, the present author analyzed the reduced

C∗-algebra of a complex semisimple group in a way that led to a new confir-

mation of the Connes-Kasparov conjecture for such groups, while at the same
time exhibiting a natural bijection between the tempered duals of the group

and its Cartan motion group. The purpose of this article is examine the same

issues algebraically rather than C∗-algebraically, and so obtain a Mackey-type
bijection between the admissible dual of a complex semisimple group and that

of its motion group.

1. Introduction

My title pays homage to the article of Mackey [Mac75] that I mentioned in
my abstract. Mackey examined the concept from mathematical physics of the con-
traction of a Lie group to a Lie subgroup [IW53], and argued that the irreducible
unitary representations of a semisimple group G should correspond to the irre-
ducible representations of its contraction to a maximal compact subgroup K. The
contraction is by definition the group

Gc = K n Lie(G)/Lie(K).

In the context of semisimple groups this is also called the Cartan motion group
associated to G.

Mackey didn’t specify what the correspondence between the unitary duals of G
and Gc ought to be, but it is clear from the text of his paper that he had in mind a
measure-theoretic equivalence. In interesting contrast to this, Connes later pointed
out that the Connes-Kasparov conjecture in C∗-algebra K-theory suggests that
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the duals of G and Gc ought to correspond with one another K-theoretically. See
[BCH94, p. 263]. Connes used the reduced duals of G and Gc, or equivalently, in
representation-theoretic language, their tempered duals. This is broadly consistent
with Mackey’s view, if “measure” is taken to mean “Plancherel measure.”

Nevertheless there is an interesting tension between the two ideas since of course
measure-theoretic correspondences need not preserve K-theory, nor vice versa. Be-
cause of this, the two views together might suggest to an optimistic mind that the
reduced duals of G and Gc ought to correspond to one another not only measure-
theoretically and K-theoretically, but exactly.

In a recent paper [Hig08] I examined this idea in the case where G is a con-
nected complex semisimple group. The classification of irreducible tempered repre-
sentations was completed around the time of Mackey’s work, and I pointed out that
with the classification in hand it is rather easy to construct a simple and natural
bijection between the reduced duals of G and Gc.

The bijection takes care of Mackey’s correspondence, but to go further and
understand Connes’ K-theoretic equivalence an additional idea is needed. This
is Vogan’s concept of minimal K-type, introduced in [Vog79]. The K-types of a
representation of G are its nonzero K-isotypical components. The usual highest
weight theory partially orders the K-types, and it turns out that the irreducible
representations of a complex semisimple group have unique minimal K-types. It
follows that the tempered dual is partitioned into locally closed subsets according
to minimal K-type. As locally closed subsets of the reduced duals, the minimal
K-type components correspond to subquotients of the reduced C∗-algebras of G
and Gc. I showed in [Hig08] that these subquotients are Morita equivalent to one
another. So the reduced C∗-algebras of G and Gc are assembled from the same
components (which are abelian C∗-algebras by a multiplicity one result) using the
operations of Morita equivalence, C∗-algebra extension and direct limit.

The C∗-algebra analysis can be taken an important step further. The motion
group Gc fits into a smooth one-parameter family {Gt} of Lie groups in which all the
other fibers apart from G0 = Gc are copies of G. This is a sort of deformation from
Gc to G; it is an instance of the deformation to the normal cone construction from
geometry. The corresponding reduced C∗-algebras C∗λ(Gt) form a continuous field,
and the main theorem from [Hig08] is that this continuous field is assembled from
constant fields by Morita equivalences, extensions and a direct limit. This certainly
places the reduced duals of G and Gc in bijection with one another. Moreover it
leads immediately to a new proof of the Connes-Kasparov conjecture for G (the
original is due to Penington and Plymen [PP83]). So it unifies the perspectives of
Mackey and Connes.

Two of my students have studied extensions of [Hig08]: Chris George detailed
a natural bijection between the reduced duals of G = SL(n,R) and its motion
group [Geo09], while John Skukalek extended all the results of my paper to finite
extensions of complex semisimple groups [Sku10]. These and other calculations
make it clear that the Mackey/Connes phenomenon, including the minimal K-type
explanation for it that I have just sketched, is rather general. But my aim here
is to return to the case of connected complex semisimple groups in an effort to
understand the phenomenon a bit more fundamentally.

I shall analyze the admissible dual of G, comprised of equivalence classes of
irreducible (g,K)-modules, rather than the tempered dual, and I shall work with



COMPLEX SEMISIMPLE GROUPS AND THEIR MOTION GROUPS 3

convolution algebras of compactly supported distributions rather than with C∗-
algebras. But the conclusions will be more or less the same and moreover the
arguments will be in some ways more direct (for example the representation theories
of G and Gc will be derived from scratch). This is because the deformation from Gc

to G, which is fundamental to the whole story, has a very simple algebraic origin.
The convolution algebra of G that I shall be using is filtered by the usual concept
of order of a distribution, and the deformation {Gt} is a geometric counterpart
of the standard algebraic deformation from the associated graded algebra to the
algebra itself. I shall show that this algebraic deformation is assembled from trivial
deformations essentially as in the C∗-algebra case, with the theory of minimal K-
types playing the same role.

To get a sense of what is involved, consider the case of the trivial minimal
K-type. This is the smallest possible K-type, so every representation that includes
it automatically includes it as a minimal K-type. The problem is therefore to
understand all the irreducible representations of a complex semisimple group G
that contain the trivial representation of K, and to relate this space to the same for
the motion group Gc. The associated subquotient is actually a subalgebra of the
convolution algebra in this case (because the trivial K-type is the smallest possible
K-type). It is the algebra of K-bi-invariant distributions on G that are supported
on K, and it is isomorphic to the center of the enveloping algebra of g. The Harish-
Chandra isomorphism theorem computes the center of U(g), and in fact it identifies
the center with its associated graded algebra. So Harish-Chandra’s theorem plays
the role of a rigidity theorem, trivializing the algebraic deformation, as required.

For higher minimal K-types, algebras of the form

(1.1) R(g, σ) ∼=
[
U(g)⊗ End(Vσ)op

]K
come into play. Here Vσ is the representation space of a finite-dimensional irre-
ducible representation σ of K. The algebra (1.1), which incidentally has been stud-
ied in detail for other reasons by Kirillov [Kir01], corresponds to the open subset
of the dual consisting of all representations that contain the K-type σ. The alge-
bra that corresponds to the representations with minimal K-type σ is a quotient
of (1.1). A crucial theorem of Vogan [Vog79], reproduced here as Theorem 5.7,
identifies the quotient as the image of a generalized Harish-Chandra homomorphism

GHCσ : R(g, σ) −→ U(h).

Here h is a Cartan subalgebra of g. A generalization of Harish-Chandra’s theorem
(proved using essentially the same methods as in the classical case) computes the
image and identifies it with an associated graded counterpart, and this trivializes
the deformation associated to the minimal K-type σ.

Here is the grand conclusion: the order filtration on the Hecke algebra of a
complex semisimple group determines an algebraic deformation, the special fiber
of which is the Hecke algebra for the Cartan motion group of G. This deformation
is assembled from constant deformations, each associated to a minimal K-type. In
particular the admissible duals of G and Gc decompose into components according
to minimal K-type, and these components for G and Gc are isomorphic to one
another as affine varieties.

The main result includes in particular a calculation of the admissible dual of a
complex semisimple group. This problem has quite a long history, beginning with
Berezin [Ber62]. It was solved in full for the first time by Zhelobenko [Zhe74] and
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then solved in other ways in [Duf75, Enr81, BG80], among others. Certainly
Vogan’s more general classification results [Vog79] (for real as well as complex
groups) cover everything that is done here, and I will borrow heavily from his
approach. I do not claim any originality as far as the classification is concerned,
but the conceptual interpretation of the classification in terms of the Cartan motion
group is new, I believe, and I hope that the idea of viewing the classification problem
for representations as a sort of deformation (or rigidity) problem will prove to be of
some value. In any case I think it is interesting to reflect on the somewhat unlikely
origins of this point of view in measure theory and topological K-theory.

Here is an outline of the paper. Section 2 reviews basic ideas concerning Hecke
algebras and (g,K)-modules and Section 3 introduces the Harish-Chandra homo-
morphisms that we shall use throughout. Sections 4 and 5 mostly follow Vogan’s
work in [Vog79] and analyze minimal K-type representations in terms of Lie al-
gebra cohomology. Sections 6, 7 and 8 draw everything together by introducing
the Cartan motion group Gc and setting the results of the previous sections in the
context of the deformation from Gc to G. Finally Section 9 touches upon some of
the many open issues in this area.

2. Hecke Algebras

Let G be a Lie group and let K be a compact subgroup of G. I shall review the
construction of the Hecke algebra R(g,K) whose (nondegenerate) modules corre-
spond to (g,K)-modules. Then I shall examine certain subalgebras R(g, σ) whose
irreducible modules correspond to irreducible (g,K)-modules with a given non-zero
isotypical summand. These will be the focus of attention for the rest of the paper.

Hecke Algebra of a Compact Group. First, consider the compact group
K by itself. The theory here is simple and well known.

2.1. Definition. Let Z be a complex linear representation of the compact
group K. A vector z ∈ Z is K-finite if the set { kz : k ∈ K } spans a finite-
dimensional subspace of Z, and if the map k 7→ kz is continuous (this requirement
makes sense since its range lies in a finite-dimensional vector space).

2.2. Remark. To be consistent with the definition, when dealing with finite-
dimensional representations of K I shall always assume that they are continuous
(and therefore smooth).

The K-finite terminology applies in the obvious way to functions that are de-
fined on spaces on which the group K acts, and we make the following definition.

2.3. Definition. Fix a Haar measure on K. The Hecke algebra R(K) of a
compact Lie group K is the convolution algebra of complex-valued functions on K
that are K-finite for the right translation action of K on itself.

The elements of R(K) are easy to characterize: they are precisely the matrix
coefficient functions of (continuous) finite-dimensional representations of K. They
are K-finite for both the right and left translation actions of K on itself.

2.4. Definition. A linear representation of K on a complex vector space Z is
locally finite if every vector in Z is K-finite, or equivalently, if it is a direct sum of
(continuous) finite-dimensional representations.
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If Z is a locally finite representation of K, then the formula

fz =
∫
K

f(k) kz dk

equips W with the structure of a left R(K)-module (the integral makes sense be-
cause the integrand assumes continuously-varying values in a finite-dimensional
vector space).

2.5. Definition. Let σ : K → Aut(Vσ) be a finite-dimensional and irreducible
representation of K. The isotypical projection associated to σ is the K-finite func-
tion

pσ(k) =
dim(Vσ)
vol(K)

Trace
(
σ(k−1) : Vσ → Vσ

)
.

The function pσ is a central idempotent in R(K). The isotypical projections
corresponding to inequivalent irreducible representations are orthogonal to one an-
other: the product of any two such is zero.

If Z is a locally finite representation of K, then Z decomposes as a direct sum
of (locally finite) subrepresentations

Z =
⊕
σ

pσZ

(the sum is over representatives of the equivalence classes of finite-dimensional and
irreducible representations). The subrepresentation pσZ is the σ-isotypical compo-
nent of Z; it can alternately be characterized as the range of the K-equivariant
evaluation homomorphism

(2.1) HomK(Vσ, Z)⊗ Vσ −→ Z.

In fact (2.1) is an isomorphism onto pσZ, so that a locally finite representation has
a canonical isotypical decomposition

Z ∼=
⊕
σ∈ bK

HomK(Vσ, Z)⊗ Vσ.

Considered as an R(K)-module, Z is non-degenerate in the sense that

R(K)Z = Z.

This is clear from the fact that the pσ are idempotents. Conversely, if Z is a
nondegenerate left R(K)-module, then the formula

k · (fz) = (λ(k)f)z,

involving the left-regular representation λ of K onR(K), gives rise to a well-defined
locally finite representation of K on Z. In this way the category of locally finite
representations of K becomes isomorphic to the category of nondegenerate left
R(K)-modules.

Of course the algebraic structure of the Hecke algebra R(K) is very simple.
The isotypical decomposition

R(K) =
⊕
σ

pσR(K)

of the left regular representation is an algebra isomorphism. Moreover the action
of R(K) on the representation space Vσ induces an algebra isomorphism

(2.2) pσR(K)
∼=−→ End(Vσ)
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and we arrive at the isomorphism

(2.3) R(K)
∼=−→
⊕
σ

End(Vσ).

Hecke Algebra of a Noncompact Group. The noncompact case is a bit
more complicated. The appropriate Hecke algebra was defined by Flath [Fla79]
and is examined carefully in Chapter I of the book of Knapp and Vogan [KV95],
to which we refer the reader for details in what follows.1

Although it is possible to give the basic definitions analytically, using distribu-
tions as in my introduction, I shall instead take a more algebraic approach that is
better suited to the rest of the paper.

2.6. Definition. Denote by g the Lie algebra of G and by gC its complexifi-
cation. A (g,K)-module is a complex vector space Z that is simultaneously and
compatibly a complex gC-module and a locally finite representation of K. The
compatibility conditions are that
(a) the complex-linear map gC −→ End(Z) be K-equivariant, and
(b) its restriction to kC be the infinitesimal form of the K-action.

If Z is a (g,K)-module, then there are action maps

U(gC)⊗ Z −→ Z and R(K)⊗ Z −→ Z,

and they combine to form an action map

(2.4) R(g,K)⊗ Z −→ Z

where R(g,K) is the vector space

(2.5) R(g,K) = U(gC)⊗U(kC) R(K).

The formula for (2.4) is the obvious one:

(S ⊗ T ) · z = S · (T · z).
The vector space R(g,K) is naturally a left U(gC)-module. In addition the adjoint
action of K on U(gC) and the left regular representation of K on R(K) combine to
give a left action of K on R(g,K). So it carries the structure of a (g,K)-module,
and there is therefore an action map

(2.6) R(g,K)⊗R(g,K) −→ R(g,K).

This is an associative product. It is compatible with the natural left U(gC)- and
right R(K)-module structures on R(g,K).

2.7. Definition. The Hecke algebra R(g,K) is the associative algebra given
by (2.5) and (2.6).

The action map (2.4) gives each (g,K)-module a non-degenerate R(g,K)-
module structure. Suppose conversely that Z is a nondegenerate R(g,K)-module.
The Hecke algebra R(K) is a subalgabra of R(g,K), and the R(K)-module struc-
ture on Z that is obtained by restriction is again nondegenerate. So Z carries a
locally finite representation of K. In addition the formula

(2.7) S · (T · z) = (S · T ) · z,

1My notation differs a bit from [KV95], which uses (gC, K) where I use (g, K).
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where S ∈ U(gC), T ∈ R(g,K) and z ∈ Z, provides Z with a compatible gC-module
structure and hence a (g,K)-module structure.

2.8. Theorem. The functor that associates to each nondegenerate left R(g,K)-
module the (g,K)-module above is an isomorphism of categories. �

Spherical Hecke Algebras. Fix an irreducible and finite-dimensional rep-
resentation σ of K and let pσ ∈ R(K) be its isotypical projection. The adjoint
actions of the compact group K on U(gC) and on R(K) induce an action of K on
the Hecke algebra R(g,K) by algebra automorphisms. This is the action used in
the following definition (compare [God52, Sec. 3] or Warner [War72, Chap. 4]).

2.9. Definition. The σ-spherical Hecke algebra is the subalgebra

R(g, σ) = R(g,K)K ∩ R(g,K)pσ

= R(g,K)K ∩ pσR(g,K)pσ

of the K-fixed part of the Hecke algebra R(g,K).

If Z is a (g,K)-module, then the space HomK(Vσ, Z) carries a nondegener-
ate left action of R(g, σ), arising from the left R(g,K)-action on Z. Of course
HomK(Vσ, Z) is zero if the σ-isotypical component of Z is zero. However:

2.10. Proposition. The correspondence

W 7→ HomK(Vσ,W )

induces a bijection from equivalence classes of irreducible (g,K)-modules with non-
zero σ-isotypical component to equivalence classes of irreducible R(g, σ)-modules.

To prove the proposition, consider the algebra

A(g, σ) = pσR(g, σ)pσ.

If the matrix algebra End(Vσ) is realized as R(K)pσ, as in (2.2), then End(Vσ) and
R(g, σ) are commuting subalgebras of A(g, σ). Indeed, R(g, σ) is the commutant
of End(Vσ) in A(g, σ). Multiplication gives an algebra homomorphism

(2.8) R(g, σ)⊗ End(Vσ) −→ A(g, σ).

and it is a general fact about commutants of matrix algebras that:

2.11. Lemma. The algebra homomorphism (2.8) is an isomorphism.

Proof. See [War72, Proposition 4.5.1.8] or [Jac64, p. 118]. �

Proof of Proposition 2.10. Because of the lemma, R(g, σ) and A(g, σ)
have isomorphic module categories via the operation of tensoring with Vσ. The
evaluation map (2.1) gives an isomorphism

HomK(Vσ, Z)⊗ Vσ ∼= pσZ

and so it suffices to prove that the functor Z 7→ pσZ gives rise to a bijection between
equivalence classes of irreducible R(g, σ)-modules with pσZ 6= 0 and equivalence
classes of irreducible A(g, σ)-modules.

This is again a general fact. Suppose given a ring R with an idempotent p and
a subring defined by A = pR p. The functor Z 7→ pZ maps irreducible R-modules
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with pZ 6= 0 to irreducible A-modules. In the reverse direction, given an irreducible
A-module M , form the R-module

Z = R p⊗AM.

This need not be irreducible, but denote by Z ′ the submodule consisting of all z ∈ Z
such that pR z = {0}. Then Z/Z ′ is an irreducible R-module. The correspondence
M 7→ Z/Z ′ is inverse to Z 7→ pZ on irreducible modules. �

The product on R(g, σ) is a bit easier to describe than the product on R(g,K).
First, since R(K)pσ ∼= End(Vσ), it follows that

R(g, σ) =
[
U(gC)⊗U(kC) R(K)pσ]K ∼=

[
U(gC)⊗U(kC) End(Vσ)]K

Second, the tensor product on the right-hand side carries an algebra structure given
by the formula

(2.9) (S1 ⊗ T1) · (S2 ⊗ T2) = S1S2 ⊗ T2T1

where Sj ∈ U(gC) and Tj ∈ End(Vσ) for j = 1, 2. This is a well-defined and
associative product on the K-fixed part of U(gC)⊗U(kC) End(Vσ).

2.12. Lemma. The linear isomorphism[
U(gC)⊗U(kC) End(Vσ)

]K ∼=−→ R(g, σ)

described above is an algebra isomorphism for the product (2.9) on the left-hand
side.

Proof. Let S ⊗ T ∈ R(g,K), as in (2.5). If X ∈ R(g,K)K , then

T ·X = X · T,
and moreover the right action of T is the obvious one from (2.5). Now use the
natural left U(gC)-module structure on R(g,K) to write S ⊗ T = S · T . We find
from (2.7) that

S · T ·X = S ·X · T
as required. �

Complex Semisimple Groups. Assume now that G is a complex Lie group.
Denote by J : g→ g the complex structure on g, that is, the operator of multiplica-
tion by

√
−1. Denote by ḡ the complex conjugate of g. This complex Lie algebra is

identical to g as a real Lie algebra, but it is given the complex structure −J instead
of J .

The complexification gC = g ⊗R C is a complex Lie algebra with respect to
scalar multiplication on the second tensor factor; the fact that g is itself a complex
Lie algebra is ignored here. However the complex structure on g causes gC to
decompose as a direct sum of two ideals: the complex-linear embeddings

j : g −→ gC and ̄ : ḡ −→ gC

defined by the formulas

j(X) = 1
2

(
X − iJX

)
and ̄(X) = 1

2

(
X + iJX

)
(in which X and JX are shorthand for X ⊗ 1 and JX ⊗ 1) have commuting ranges
and induce an isomorphism

(2.10) (j, ̄) : g⊕ ḡ −→ gC.
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Now let G be a connected complex semisimple group and let K be a maximal
compact subgroup of G. Then

(2.11) g = k⊕ Jk

(the right-hand side is a direct sum of real vector spaces only). The Cartan invo-
lution θ : g → g is the real Lie algebra involution defined by complex conjugation
relative to the decomposition (2.11):

θ : X + JY 7→ X − JY,
where X,Y ∈ k. This is a conjugate-linear automorphism of the complex Lie algebra
g, or equivalently it is an isomorphism

θ : g
∼=−→ ḡ

of complex Lie algebras.
From here on we shall use the identification

(2.12) (j, ̄ ◦ θ) : g⊕ g
∼=−→ gC.

The diagonal copy of g in g ⊕ g is mapped in this way onto the Lie subalgebra
kC ⊆ gC. Accordingly, a (g,K)-module becomes a (g⊕g)-module with the property
that it decomposes into finite-dimensional representations of the diagonal copy of
g (each of which exponentiates to a holomorphic representation of G).

It is occasionally helpful to write the first and second summands of (2.12) as g1

and g2, and the diagonal as g unadorned. With this notation, g1 ⊕ g2 decomposes
as a semidirect product

(2.13) g1 ⊕ g2 = g1 o g

This gives an isomorphism

U(g1) o U(g)
∼=−→ U(g⊕ g)

that, combined with Lemma 2.12, determines an isomorphism of algebras[
U(g1)⊗ End(Vσ)op

]K ∼=−→ R(g, σ)

in which the tensor product is now over C. The superscript op denotes the opposite
algebra, in accordance with the multiplication law (2.9). To summarize:

2.13. Proposition. The complex-linear embedding j : g → gC induces an iso-
morphism [

U(g)⊗ End(Vσ)op
]K ∼=−→ R(g, σ)

of associative algebras. �

2.14. Remark. The algebras appearing on the left-hand side in Proposition 2.13
have been studied by Kirillov in [Kir00] and [Kir01] for purposes different than
ours. He calls them quantum family algebras. He has also studied the classical
family algebras, for which the enveloping algebra U(g) is replaced by the symmetric
algebra Sym(g). We shall encounter these too, in Section 6.

When doing calculations it is often simpler to compute with U(g1⊕g2)K rather
than with R(g, σ). There is a natural homomorphism from one to the other,

(2.14) U(g1 ⊕ g2)K −→ R(g, σ)

given by the formula T 7→ T · pσ.
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2.15. Lemma. The algebra homomorphism

U(gC)K −→ R(g, σ)

given by the formula T 7→ T · pσ is surjective.

Proof. Use (2.13) and Proposition 2.13. Since K is connected then the rep-
resentation σ, viewed as a homomorphism from U(kC) into End(Vσ), is surjective.
The lemma follows. �

3. Harish-Chandra Homomorphisms

Throughout this section (and indeed the rest of the paper)G will be a connected
complex semisimple Lie group with maximal compact subgroup K. My aim is to
define the generalized Harish-Chandra homomorphisms

GHCσ : R(g, σ) −→ U(h)

that I mentioned in the introduction. Later I shall analyze these in enough detail to
determine the irreducible representations of G, and at the same time relate them,
following Mackey and Connes, to the irreducible representations of the Cartan
motion group Gc.

Classical Harish-Chandra Homomorphism. I shall begin by recalling the
classical construction of Harish-Chandra [HC51]; see for example [KV95, Sec.
IV.7] or [Dix96, Sec. 7.4] for expositions that take approaches that are appropriate
to our concerns here.

I need to review a few basic concepts from semisimple Lie algebra theory, as
follows (see for example Serre’s short text [Ser01] for further details). Denote by h
a Cartan subalgebra of g. A root for the pair (g, h) is a non-zero functional α ∈ h∗

for which the space

gα =
{
X ∈ g : [H,X] = α(H)X, ∀H ∈ h

}
is nonzero. It is possible to partition the set of all roots into positive and negative
roots, in such a way that α is positive if and only if −α is negative, and so that if
α1 and α2 are positive roots, then α1 + α2 is also a positive root, if it is a root at
all. There is more than one way to do this, but fix one. The direct sum

(3.1) n+ =
⊕
α>0

gα

indexed by the set of positive roots, is a Lie subalgebra of g. So is its opposite,

n− =
⊕
α<0

gα,

indexed by the negative roots, and h normalizes both. There is a vector space direct
sum decomposition

g = n− ⊕ h⊕ n+

in which the summands are subalgebras but not ideals.
Now denote by Z(g) the center of the enveloping algebra U(g). Harish-Chandra

defined a homomorphism
hc : Z(g) −→ U(h)
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as follows. By the Poincaré-Birkhoff-Witt theorem, there is a vector space direct
sum decomposition

(3.2) U(g) ∼=
(
U(n−)⊗U(h)

)
⊕
(
U(g)n+

)
in which the first summand is included into U(g) by the obvious multiplication
map. There is an associated linear projection operator

(3.3) U(g) −→ U(n−)⊗U(h)

onto the first summand of (3.2).

3.1. Lemma. The restriction of the projection (3.3) to the commutant of h in
U(g) is an algebra homomorphism whose image lies in U(h). �

3.2. Definition. The Harish-Chandra homomorphism

hc : Z(g) −→ U(h)

is the restriction of the projection (3.3) to Z(g).

3.3. Remark. The Harish-Chandra homomorphism depends on the choice of
a system of positive roots, which determines n± and hence the direct sum decom-
position (3.2). It is conventional to remove this dependency by incorporating a
“ρ-shift” into the definition of hc. But it seems better not to do so here.

The Harish-Chandra homomorphism can be characterized using representation
theory, as follows. Let V be a finite-dimensional, complex-linear, irreducible irre-
ducible representation of g. There is, up to scalar multiplication, a unique highest
weight vector, characterized by the condition n+vhighest = 0. It is an eigenvector
for the action on h, so that there is a highest weight2 φ ∈ h∗ with

Hvhighest = φ(H)vhighest ∀H ∈ h.

From now on I shall write vhighest = vφ. In fact I shall write V = Vφ, since
the highest weight determines the representation. The action of Z(g) on V is
determined by the highest weight as follows:

(3.4) Sv = hc(S)(φ)v ∀v ∈ V ∀S ∈ Z(g).

Here U(h) has been identified with the algebra of polynomials on the complex dual
vector space h∗, allowing the element hc(S) to be evaluated at φ ∈ h∗.

A crucial feature of the Harish-Chandra homomorphism is its symmetry. Let
W be the Weyl group of (g, h) (see for example [Ser01, Chap. 5]) and define as
usual

(3.5) ρ = 1
2

∑
α>0

α.

This is the half-sum of the positive roots. Define a ρ-shifted affine action of W on
h∗ by

(3.6) w ·ρ φ = w(φ+ ρ)− ρ
There is an induced action on the algebra of polynomials, and hence on U(h).

3.4. Theorem (Harish-Chandra). The range of the Harish-Chandra homomor-
phism lies within the W -invariant part of U(h) for the ρ-shifted action (3.6).

2In the current Lie algebra context the term “weight” is a synonym for “complex-linear
functional on h”.



12 NIGEL HIGSON

See [HC51]. Many proofs are possible. Most involve calculating the action of
Z(g) on representations of one sort or another (for example principal series, Verma
modules, cohomology spaces, etc) and then finding equivalences between spaces on
which Z(g) acts as φ and w(φ + ρ) − ρ. An argument along these lines will be
sketched in Section 4.

3.5. Remark. Harish-Chandra famously proved that in addition the Harish-
Chandra homomorphism maps Z(g) onto the W -invariant part of U(h). I shall
examine this issue in Section 7.

Generalized Harish-Chandra Homomorphisms. Fix an irreducible finite-
dimensional representation Vσ of K with highest weight σ ∈ h∗. I want to define
the generalized Harish-Chandra homomorphism

(3.7) GHCσ : R(g, σ) −→ U(h).

Rather than give an algebraic formula for it (which is possible but not very enlight-
ening) I shall define the homomorphism (3.7) in representation-theoretic terms.

First, recall some standard terminology:

3.6. Definition. A weight φ ∈ h∗ is positive if it is a nonnegative linear
combination of positive roots. This notion of positivity determines a partial order
on the real linear span of the roots. A weight φ is dominant if it is positive and if
φ ≥ w(φ) for every element w of the Weyl group.

A weight is the highest weight of an irreducible finite-dimensional representa-
tion of K if and only if it is dominant and (analytically) integral in the sense that
it exponentiates to a character of the maximal torus of K with Lie algebra h ∩ k.

3.7. Definition. Let φ1 and φ2 be dominant integral weights. Denote by
Wφ1,φ2 the tensor product representation

Wφ1,φ2 = Vφ1 ⊗ V ∗φ2

of g⊕ g. Here Vφ1 is the irreducible finite-dimensional representation with highest
weight φ1, and V ∗φ2

is the contragredient of Vφ2 .

3.8. Lemma. Under the restriction to the diagonal g ⊆ g⊕g the representation
Wσ+φ,φ includes the representation Vσ with multiplicity one. Moreover if Vτ is
included in Wσ+φ,φ, then τ ≥ σ.

Proof. The multiplicity of Vτ in Wσ+φ,φ is equal to

dim HomK(Vτ , Vσ+φ ⊗ V ∗φ ),

and this may be calculated using the adjunctions

HomK(Vτ , Vσ+φ ⊗ V ∗φ ) ∼= HomK(Vτ ⊗ Vφ, Vσ+φ)
∼= HomK(Vσ+φ, Vτ ⊗ Vφ)∗

as follows. Suppose that τ = σ. Since Vσ ⊗ Vφ has a unique highest weight vector
of weight σ+φ, up to scalar multiplication, there is a unique inclusion of Vσ+φ into
Vσ ⊗ Vφ up to scalar multiplication. If Vσ+φ includes into Vτ ⊗ Vφ, then of course
there must be a (σ+φ)-weight vector in the tensor product. But the weights of the
tensor product are all less than or equal to τ + φ, which is the sum of the highest
weights of the factors. So σ ≤ τ , as required. �
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The Hecke algebraR(g, σ) acts on the space HomK(Vσ,Wσ+φ,φ), and since that
space is one-dimensional the action is via some character of the algebra R(g, σ). I
can therefore (just about) make the following definition:

3.9. Definition. Define the homomorphism

GHCσ : R(g, σ) −→ U(h).

by the requirement that R(g, σ) act through the character

R(g, σ) GHCσ−−−−→ U(h)
σ + φ−−−−→ C

on HomK(Vσ,Wσ+φ,φ) (the last arrow is evaluation at σ + φ ∈ h∗).

To make this a real definition it must be checked that if S ∈ R(g, σ), then
GHCσ(S)(σ+φ), as defined above, is indeed a polynomial in φ. But this is straight-
forward (and in any case, in a moment I shall give an explicit formula for GHCσ in
terms of the isomorphism in Proposition 2.13).

It will require some preparation to even state the most important properties of
the generalized Harish-Chandra homomorphism. But I can at least record here its
symmetry properties. Define

(3.8) Wσ = {w ∈W |w(σ) = σ }.
I shall prove the following result in the next section (like the corresponding result
for the classical Harish-Chandra homomorphism, there are several ways to prove
it; the one I’ll give is not the simplest, perhaps, but it arises while developing ideas
that will be crucial for something else).

3.10. Theorem. The range of the generalized Harish-Chandra homomorphism

GHCσ : R(g, σ) −→ U(h)

lies within the Wσ-invariant part of U(h) for the ρ-shifted action (3.6) of Wσ on
U(h).

To finish this section, here is a formula for the generalized Harish-Chandra
homomorphism. It involves the coproduct map

∆: U(g) −→ U(g)⊗ U(g),

which is of course the algebra homomorphism defined on generators X ∈ g by

∆(X) = X ⊗ 1 + 1⊗X.
Sweedler’s standard notation for the coproduct is

∆(S) =
∑

S(1) ⊗ S(2).

The summation index is suppressed.
Let vσ be a highest weight vector in Vσ and let vσ ∈ V ∗σ be the dual vector of

weight −σ, normalized so that 〈vσ, vσ〉 = 1. Define vφ ∈ Vφ and vφ ∈ V ∗φ similarly.

3.11. Lemma. The character associated to the action of the algebra

R(g, σ) ∼=
[
U(g)⊗ End(Vσ)op

]K
on HomK(Vσ,Wσ+φ,φ) is given by the formula

(3.9) S ⊗ T 7→
∑
〈vσ, S(1)Tvσ〉〈vφ, S(2)vφ〉,

where ∆(S) =
∑
S(1) ⊗ S(2).
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Proof. As was noted in Lemma 3.8, there is (up to scale) a unique nonzero
K-equivariant map Vσ ⊗Vφ → Vσ+φ. Denote by v1·v2 the image under this map of
a tensor v1⊗ v2. The unique (up to scale) embedding of Vσ into Vσ+φ⊗ V ∗φ is then
given by the formula

(3.10) v 7→
∑
µ

v·vµ ⊗ vµ,

where the sum is over a basis {vµ} for Vφ (for simplicity take it to be a basis of
weight vectors) and the dual basis {vµ}. The formula is obtained by calculating on
the image in Vσ+φ ⊗ V ∗φ of vσ ∈ Vσ. �

It follows that the generalized Harish-Chandra homomorphism is given by

(3.11) GHCσ : S ⊗ T 7→
∑
〈vσ, S(1)Tvσ〉Proj(S(2)),

where Proj : U(g)→ U(h) is the composition

U(g) −→ U(n−)⊗ U(h) −→ U(h)

of the projection associated to (3.2) with the projection onto U(h) with kernel
n−U(n−)⊗ U(h).

4. Kostant’s Theorem

My aim in this section and the next is to analyze the generalized Harish-
Chandra homomorphism in more detail. The main goal, which will be reached
by the end of the next section, is the following theorem (some supporting defini-
tions will be given in the next section, but their meanings are easy to guess now).

4.1. Theorem. Let G be a connected complex semisimple group G with maximal
compact subgroup K.
(a) Every irreducible (g,K)-module has a unique minimal K-type.
(b) The irreducible (g,K)-modules with minimal K-type σ correspond, via Proposi-

tion 2.10, to the irreducible R(g,K) modules that factor through the generalized
Harish-Chandra homomorphism GHCσ. �

The theorem is due to Vogan [Vog79]. The proof will involve techniques from
Lie algebra cohomology, most notably Kostant’s theorem. The main purpose of
this section is to cover the necessary preliminaries, but using them I shall at the
end of the section prove Theorem 3.10.

Let a be a finite-dimensional Lie algebra and let Z be an a-module. The
Lie algebra cohomology groups Hp(a, Z) may be computed from the Chevalley-
Eilenberg complex

(4.1) Z −→ ∧1a∗ ⊗ Z −→ ∧2a∗ ⊗ Z −→ · · · −→ ∧da∗ ⊗ Z
where d is the vector space dimension of a.

For the purposes of this paper it is probably simplest to define the differential
in (4.1) by forming the crossed product algebra

V(a) = U(a) n
(
∧∗a

)
,

equipping it with the order −1 differential that is zero on U(a) and maps X ∈ ∧1a
to X ∈ U(a), and then invoking the natural isomorphisms

(4.2) ∧∗a⊗ Z ∼= Hom(∧∗a∗, Z) ∼= HomU(a)(V(a), Z)
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to define the differential on ∧∗a⊗ Z. See for example [CE56, p. 287]. This makes
it straightforward to check that the various constructions below are cochain maps.

In any case, in degree zero the differential in (4.1) is

(4.3) z 7→
∑
ωj ⊗Xjz,

with {Xj} a basis for a and {ωj} the corresponding dual basis for a∗. So H0(a, Z)
is the space of a-invariants in Z, as it ought to be.

If Z carries a module structure (for some ring) that commutes with the action
of a, then the differentials in (4.1) are compatible with the module structure on
cochain spaces given by r · (ω ⊗ z) = ω ⊗ r · z. The cohomology spaces therefore
inherit a module structure.

Suppose for example that Z is a (g,K)-module, and consider only the locally
finite action of g on Z through the diagonal embedding of g into g⊕ g. The action
of [U(g) ⊗ U(g)]K on Z commutes with this g-action. In particular the action of
the spherical Hecke algebra R(g, σ) commutes with g.

In particular the [U(g) ⊗ U(g)]K-action on Z commutes with the subalgebra
n+ ⊆ g, and so the cohomology spaces Hp(n+, Z), formed from the complex

(4.4) Z −→ ∧1n∗+ ⊗ Z −→ ∧2n∗+ ⊗ Z −→ · · · −→ ∧dn∗+ ⊗ Z

are naturally [U(g)⊗ U(g)]K- and R(g, σ)-modules.
The Lie algebra h, and hence U(h), acts on each of the spaces ∧pn∗+ ⊗ Z in

(4.4) through the product of the coadjoint action on ∧pn∗+ and the given action on
Z. Once again the differentials are equivariant, and so there is an induced action
on the cohomology spaces Hp(n+, Z). This allows us to consider the weight spaces

Hp(n+, Z)ψ ⊆ Hp(n+, Z)

associated to various ψ ∈ h∗.
According to (4.3) the bottom cohomology group H0(n+, Z) is the space of

highest weight vectors in Z. If σ is a dominant integral weight, and if vσ ∈ Vσ is a
highest weight vector, then we obtain an isomorphism

HomK(Vσ, Z)
∼=−→ H0(n+, Z)σ

by mapping the intertwiner T ∈ HomK(Vσ, Z) to the σ-highest weight vector Tvσ ∈
Z. This is an isomorphism of R(g, σ)-modules and of course it helps explain our
interest in cohomology since we are aiming to classify irreducible (g,K)-modules
through the R(g, σ)-modules HomK(Vσ, Z).

Before venturing further with (g,K)-modules, however, I shall review Kostant’s
theorem, which calculates the cohomology H∗(n+, Vτ ) of the finite-dimensional ir-
reducible representations of g.

4.2. Definition. If w is an element of the Weyl group W , then denote by |w|
the number of positive roots that w−1 maps to negative roots (recall, for example
from [Ser01, Chap. 5], that W acts as a group of permutations on the set of all
roots).

4.3. Definition. If ψ ∈ h∗, then denote by Cφ the one-dimensional represen-
tation of h determined by ψ.
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The famous Weyl character formula is the identity

(4.5) Vτ − ∧1n∗+ ⊗ Vτ + ∧2n∗+ ⊗ Vτ + · · ·+ (−1)n∧dn∗+ ⊗ Vτ

=
∑
w∈W

(−1)|w|Cw(τ+ρ)−ρ

in the Grothendieck ring of finite-dimensional representations of h.3 The spaces on
the left-hand side of (4.5) are precisely those that appear in the complex (4.4) for
Z = Vτ . So, by the usual Euler characteristic principle, (4.5) is equivalent to

(4.6)
d∑
p=0

(−1)pHp(n+, Vτ ) =
∑
w∈W

(−1)|w|Cw(τ+ρ)−ρ.

Kostant’s theorem refines (4.6) to a formula for each of the spaces Hp(n+, Vτ )
individually:

4.4. Theorem (Kostant [Kos61]). If Vτ is an irreducible finite-dimensional
representation of g with highest weight τ , then as an h-module,

Hp(n+, Vτ ) ∼=
⊕
|w|=p

Cw(τ+ρ)−ρ.

For an exposition see [KV95, Sec. IV.9]. The proof of the theorem can be
broken into two steps, both of which are useful for quite a bit more. The first and
simplest is this:

4.5. Lemma. Let Vτ be the irreducible finite-dimensional representation of g
with highest weight τ . Let w ∈ W and let p = |w|. The (w(τ + ρ) − ρ)-weight
component of the Chevalley-Eilenberg complex

Vτ −→ ∧1n∗+ ⊗ Vτ −→ ∧2n∗+ ⊗ Vτ −→ · · · −→ ∧dn∗+ ⊗ Vτ
is zero in all degrees except p, where it has dimension one.

This means that any vector of weight (w(τ +ρ)−ρ) in the Chevalley-Eilenberg
complex must lie in degree p and is necessarily a cocycle; moreover unless it is zero
it cannot be a coboundary. So it represents the generator in degree p cohomology
that is guaranteed to exist by Kostant’s theorem.

The proof of Lemma 4.5 quickly reduces to a simple combinatorial calculation.
I shall need that calculation for other purposes and it appears below as Lemma 4.18.

The second step in the proof of Kostant’s theorem is to show that all other
weight components of the Chevalley-Eilenberg complex are acyclic. This is a con-
sequence of the following result, which calculates the Z(g)-module structure of any
cohomology space Hp(n+, Z).

4.6. Theorem (Casselman and Osborne). Let Z be any g-module. The U(h)-
and Z(g)-module actions on Hp(n+, Z) are compatible via the Harish-Chandra ho-
momorphism: if x ∈ Hp(n+, Z), then

S · x = hc(S) · x
for every S ∈ Z(g).

3The Grothendieck ring is an integral domain, so one can equivalently express the h-module

Vτ as a quotient of the right-hand side of (4.5) by
P

(−1)p ∧p n∗+. This is the customary presen-

tation of Weyl’s formula.
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See [CO75]; for an exposition see [KV95, Sec. IV.10]. The Casselman-Osborne
theorem and the easy part of Kostant’s theorem imply that the image of the Harish-
Chandra homomorphism must lie in U(h)W . Harish-Chandra’s theorem that the
image is all of U(h)W implies that no other weight space can occur in cohomology,
and this completes the proof of Kostant’s theorem.

My aim in the remainder of the section is to provide a cohomological description
of the generalized Harish-Chandra homomorphism along the lines of the Casselman-
Osborne theorem. I shall use it in the next section to prove Theorem 4.1; I shall
use it here to prove that the image of GHCσ lies in U(h)Wσ , more or less along the
lines just sketched for the classical Harish-Chandra homomorphism.

Vogan’s version of the Casselman-Osborne theorem is a bit more complicated
than the original. Use the direct sum decomposition4

U(g) = U(h)⊗U(n−) ⊕ n+U(g).

to define a linear projection map

(4.7) U(g)⊗ U(g) −→
(
U(h)⊗U(n−)

)
⊗
(
U(h)⊗U(n−)

)
.

4.7. Lemma. The restriction of the projection (4.7) to the commutant of h in
U(g) ⊗ U(g) is an algebra homomorphism. The image of the restriction lies in
U(h)⊗ U(h). �

4.8. Definition. If ψ ∈ h∗ is any weight, then denote by

Shiftψ : U(h)→ U(h)

the algebra homomorphism extending the map H 7→ H +ψ(H)I from h into U(h).

In Vogan’s theorem the following map replaces the Harish-Chandra homomor-
phism on Z(g).

4.9. Definition. The homomorphism

GHC :
[
U(g)⊗ U(g)

]K −→ U(h)⊗ U(h)

is the restriction of the projection (4.7) to the K-invariant part of U(g) ⊗ U(g),
followed by Shift2ρ⊗Shift2ρ.

Now let Z be any (g⊕ g)-module. Vogan defines a certain homomorphism

(4.8) δ : ∧d n∗ ⊗Hp(n, Z) −→ Hp+d(n⊕n, Z)

and proves the following:

4.10. Proposition (Vogan). If x is any element of ∧dn∗ ⊗Hp(n, Z), then

δ(S · x) = GHC(S) · δ(x)

for every S ∈ [U(g)⊗ U(g)]K .

The homomorphism δ in (4.8) is obtained from a cochain map between Chev-
alley-Eilenberg complexes. To describe it I shall write n in place of n+, and I shall

4This is not the same as the direct sum decomposition (3.2), but it is the convenient one to
use here. However the price for using it is the later appearance of a “shift” in Definition 4.9.
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label the first and second coordinate copies in n⊕ n as n1 and n2. I shall reserve n
for the diagonal copy in the direct sum. The map of complexes is then as follows:

(4.9) ∧dn∗1 ⊗ Z //

δ

��

∧1n∗ ⊗ ∧dn∗1 ⊗ Z //

δ

��

∧2n∗ ⊗ ∧dn∗1 ⊗ Z //

δ

��
∧d(n∗1⊕n∗2)⊗ Z // ∧1+d(n∗1⊕n∗2)⊗ Z // ∧2+d(n∗1⊕n∗2)⊗ Z // .

The top row is the Chevalley-Eilenberg complex for the n-cohomology of ∧dn∗1⊗Z.
The bottom row is the Chevalley-Eilenberg complex for the (n1⊕n2)-cohomology
of Z shifted in degree by d.

The vertical maps δ are tensor products of the identity on Z with embeddings

(4.10) ∧pn∗ ⊗ ∧dn∗1 ⊆ ∧p+d(n∗1⊕n∗2)

that are defined as follows. The direct sum n1⊕n2 is the internal direct sum of the
diagonal n with n1. This induces an isomorphism

(4.11) ⊕p+q=n ∧p n⊗ ∧qn1
∼= ∧n(n1 ⊕ n2)

in the usual way, and therefore projections

∧p+q(n1 ⊕ n2) −→ ∧pn⊗ ∧qn1.

The embeddings (4.10) are adjoint to these projections.
The homomorphisms δ give a map between complexes, making possible the

following definition:

4.11. Definition (Compare Vogan [Vog79, p. 12]). Denote by

δ : ∧d n∗ ⊗Hp(n, Z) −→ Hp+d(n⊕n, Z)

or equivalently

(4.12) δ : Hp(n,∧dn∗ ⊗ Z) −→ Hp+d(n1⊕n2, Z),

the homomorphism between cohomology spaces defined by (4.9).

Proof of Proposition 4.10. This is proved by first directly calculating in
the top-degree case, where p = d, using the formulas

Hd(n, Z) ∼= ∧dn∗ ⊗ Z/nZ

and
H2d(n1⊕n2, Z) ∼= ∧2d(n∗1⊕n∗2)⊗ Z/(n1⊕n2)Z.

The shift that is built into the definition of GHC is there to cancel out the action
of h ⊕ h on ∧2d(n∗1⊕n∗2), so that the top degree case of the proposition is the
assertion that the action of [U(g)⊗U(g)]K on Z/nZ corresponds, through the map
in Lemma 4.7, to the action of U(h)⊗U(h) on Z/(n1⊕n2)Z. The proof is completed
by a standard cohomological dimension-shifting argument. See [Vog79, Theorem
3.5] for details. �

My next aim is to relate the homomorphism GHC to the generalized Harish-
Chandra homomorphism GHCσ.
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4.12. Definition. Denote by [U(h)⊗U(h)]σ the quotient of the algebra U(h)⊗
U(h) by the ideal generated by the elements

(H,H)− (σ − 2ρ)(H)I ∀H ∈ h.

In addition, denote by

GHCσ :
[
U(g)⊗ U(g)

]K −→ [
U(h)⊗ U(h)

]
σ

the composition of GHC with the projection to the quotient.

4.13. Lemma. If Z is any (g⊕g)-module, then the action of the algebra U(h)⊗
U(h) on the weight space

Hd(n⊕ n, Z)σ−2ρ

factors through the quotient [U(h)⊗ U(h)]σ−2ρ. �

Proof. The element (H,H) belongs to the diagonal copy of h, which by defi-
nition acts via the character σ − 2ρ on any (σ − 2ρ)-weight space. �

4.14. Definition. Denote by

Π:
[
U(h)⊗ U(h)

]
σ
−→ U(h)

the algebra homomorphism that extends the map

(H1, H2) 7→ H1 −H2 + (σ − 2ρ)(H2)I

from h⊕ h into U(h).

4.15. Lemma. The algebra homomorphism Π above is an isomorphism.

Proof. The map extending H 7→ (H, 0) is an inverse. �

With these definitions, the homomorphisms GHCσ and GHCσ are related as
follows:

4.16. Proposition. The diagram

(4.13)
[
U(g)⊗ U(g)

]K GHCσ //

��

[
U(h)⊗ U(h)

]
σ

Π∼=
��

R(g, σ)
GHCσ

// U(h)

is commutative.

Let φ be a dominant integral weight. If we compose the diagram (4.13) with
the evaluation map

U(h)
σ+φ // C,

then the route around the bottom of the extended diagram gives the action of
[U(g)⊗U(g)]K on the space H0(n,Wσ+φ,φ)σ, as in Section 3. The proposition will
be proved by calculating enough about the map

(4.14) δ : ∧d n∗1 ⊗Hp(n,Wσ+φ,φ)σ −→ Hp+d(n1⊕n2,Wσ+φ,φ)σ−2ρ

to show that
(a) it is non-zero (and therefore injective, since the domain is one-dimensional);

and
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(b) the action of [U(h)⊗U(h)]σ on the image of (4.14) is given by the composition
of the map Π with evaluation at σ+φ. Equivalently, the action of U(h)⊗U(h)
on the image is given by evaluation at the weight (σ + φ,−σ − 2ρ).

The proof will then follow from Proposition 4.10.
The unique-up-to-scale σ-highest weight vector in Wσ+φ,φ is

(4.15) wσ =
∑
µ

vσ·vµ ⊗ vµ,

as in (3.10), so the left-hand side of (4.14) consists of scalar multiples of

η ⊗ wσ =
∑
µ

η ⊗
(
vσ·vµ ⊗ vµ

)
,

where
η = η1 ∧ · · · ∧ ηd

and where {ηj} is a basis for n∗. For convenience use a basis of weight vectors for
the coadjoint representation of h on n∗; the weights are precisely the negative roots
which we can list as −αj according to the indexing of the basis.

To compute δ(η⊗wσ) (initially at the cochain level) it is necessary to calculate
the image of η under the embedding

∧dn∗1 −→ ∧d(n∗1 ⊕ n∗2).

in (4.10). The embedding is induced from the projection

n1 ⊕ n2 −→ n1, (X1, X2) 7→ X1 −X2,

and as a result,

η 7→ (η1,−η1) ∧ · · · ∧ (ηd,−ηd) ∈ ∧d(n∗1 ⊕ n∗2).

The image of η in ∧d(n∗1 ⊕ n∗2) therefore decomposes as a sum of 2d terms, indexed
by partitions

I t J = {1, . . . , d}.
The term indexed by a given I t J has weight (−αI ,−αJ) ∈ h∗ ⊕ h∗, where αI , αJ
are the sums of the positive roots indexed by I and J .

This and (3.10) show that δ(η ⊗ wσ) decomposes as a sum of nonzero terms
with weights

(4.16) (−αI + σ + µ,−αJ − µ)

in h∗ ⊕ h∗, where µ ranges over the weights of Vφ.

Proof of Proposition 4.16. The weights in h∗ ⊕ h∗ that occur as weights
of Hd(n⊕ n,Wσ+φ,φ) may by computed from Kostant’s theorem. Writing

(4.17) Hd(n⊕ n,Wσ+φ,φ) ∼=
⊕
p+q=d

Hp(n, Vσ+φ)⊗Hq(n, V ∗φ ).

and considering just the summand (p, q) = (0, d) we find that (σ + φ,−φ − 2ρ)
occurs. This is because

(4.18) V ∗φ
∼= V−w0(φ),
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where w0 is the longest element5 of W . Thus

Hd(n, V ∗φ ) = Cw0(−w0(φ)+ρ)−ρ = C−φ−2ρ.

It suffices to show that the composition of (4.14) with the projection onto this
(σ + φ,−σ − 2ρ)-weight space is nonzero.

Now, in the decomposition of δ(η ⊗ wσ) into nonzero vectors with weights as
in (4.16), the weight (σ+φ,−φ−2ρ) occurs in a unique term. So it follows from
Lemma 4.5 that the projection of δ(η ⊗ wσ) onto the (0, d)-summand in (4.17) is
nonzero, as required. �

An elaboration of the preceding argument proves that the image of the gener-
alized Harish-Chandra homomorphism

GHCσ : R(g, σ) −→ U(h)

lies within the Wσ-invariants.

4.17. Lemma. Assume that w ∈ W and w(σ) = σ. There is a unique term in
(4.16) having weight

(w(σ + φ+ ρ)− ρ,−w(φ+ ρ)− ρ)

The extremal case w = e that we used in the proof of Proposition 4.16 is easy;
the general case requires a little calculation:

4.18. Lemma. Let γ be a sum of distinct positive roots and let w ∈W . Then

(4.19) w−1(γ) + ρ− w−1(ρ) ≥ 0

with equality if and only if γ is the sum of those positive roots that w−1 transforms
to negative roots.

Proof. The term ρ − w−1(ρ) is the sum of all those positive roots that w−1

converts to negative roots. After the application of w−1, some of the positive roots
in the sum γ may be transformed to negative roots, but of course only those that
occur both in the sum and in ρ−w−1(ρ). So the negative roots in the first term of
the expression

w−1(γ) + (ρ− w−1(ρ))
are canceled out against positive roots in the second term, and overall the expression
is a sum of positive roots. �

Proof of Lemma 4.17. We are to consider the equations
−αI + σ + µ = w(σ + φ+ ρ)− ρ
−αJ − µ = −w(φ+ ρ)− ρ.

Using w(σ) = σ the first equation rearranges to

w−1(µ)− φ = ρ− w−1(ρ) + w−1(αI).

But
w−1(µ)− φ ≤ 0

since w−1(µ) is a weight of Vφ and φ is the highest weight, while

0 ≤ ρ− w−1(ρ) + w−1(αI),

5This is the unique element of length d. It is an involution and carries every positive root to
a negative root.
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with equality if and only if αI is the sum of the roots that w−1 transforms from
positive to negative, as in Lemma 4.18. We find therefore that the first equation
is solved exactly when αI is this sum and when µ = w(φ). And in this case the
second equation is solved too. Finally αI cannot be expressed in any other way as
a sum of distinct positive weights, so the lemma is proved. �

Proof of Theorem 3.10. Let w ∈Wσ and let p = |w|. Then

|w|+ |ww0| = d.

Using this, (4.18), the Künneth formula (4.17) and the easy part of Kostant’s
theorem, we find that the weight(

w(σ + φ+ ρ)− ρ,−w(φ+ ρ)− ρ
)
=
(
w(σ + φ+ ρ)− ρ, ww0(−w0(φ) + ρ)− ρ

)
occurs as a weight of the cohomology space Hd(n ⊕ n,Wσ+φ,φ). By Lemma 4.17
and Lemma 4.5 the projection of δ(η ⊗ wσ) onto this weight space is nonzero. We
find that U(h)⊗ U(h) acts on the image of δ through the weight(

w(σ + φ+ ρ)− ρ,−w(φ+ ρ)− ρ
)

From the commutative diagram it follows that R(g, σ) acts through the generalized
Harish-Chandra homorphism GHCσ and evaluation at the weight (w(σ + ρ) − ρ).
This being so for all w ∈ Wσ and all dominant integral φ it follows that the range
of GHCσ lies in U(h)Wσ , as required. �

5. Minimal K-Types

In the following definition we shall identity finite-dimensional irreducible rep-
resentations of K with their highest weights, and carry over to representations the
given order on weights.

5.1. Definition (Compare [Vog79] or [Vog81]). Let Z be a (g,K)-module.
A finite-dimensional irreducible representation σ of K is a K-type of a (g,K)-
module Z if the σ-isotypical component of Z is nonzero. A minimal K-type is a
K-type that is minimal in the ordering on weights determined by our fixed choice
of positive roots. If σ is a minimal K-type of Z, then we shall call Z a σ-minimal
(g,K)-module.

5.2. Remark. Actually Vogan used a different definition, but for complex
semisimple groups the one above seems more natural (in any case for complex
semisimple groups it is equivalent to Vogan’s definition).

5.3. Example. The representations Wσ+φ,φ = Vσ+φ ⊗ V ∗φ are all σ-minimal.

5.4. Definition. Call an irreducible R(g, σ)-module minimal if it corresponds
under the bijection of Proposition 2.10 to an irreducible σ-minimal (g,K)-module.

5.5. Definition. Let F : R → S be a homomorphism between rings, and let
M be an R-module. We shall say that M factors through the homomorphism F if
the action of R on M factors through F .
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5.6. Lemma. Let M be an irreducible R(g, σ)-module. If M factors through the
generalized Harish-Chandra homomorphism

GHCσ : R(g, σ) −→ U(h),

then the irreducible (g,K)-module associated to M contains only K-types τ with
τ ≥ σ. In particular, it is σ-minimal and moreover σ is its unique minimal K-type.

Proof. Let τ be a dominant integral weight and let pτ ∈ R(K) be the corre-
sponding isotypical projection. Define a two-sided ideal Jτ ⊆ R(g, σ) by

Jτ = R(g, σ) ∩ R(g,K)pτ R(g,K).

Let M be an irreducible R(g, σ)-module and let Z be the corresponding irreducible
(g,K)-module. Then

Zτ = 0 ⇔ Jτ ·M = 0.

Let φ ∈ h∗ be dominant and integral. The irreducible module associated to the
character

(5.1) R(g, σ) GHCσ−−−−→ U(h)
eval. at σ + φ−−−−−−−−−→ C

is Wσ+φ,φ, and since Wσ+φ,φ contains only K-types τ ≥ σ, we find that the char-
acter (5.1) maps Jτ to zero unless τ ≥ σ. This being so for all φ, it follows that
the GHCσ maps Jτ to zero unless τ ≥ σ. �

Vogan proved the converse, which is much deeper:

5.7. Theorem (Vogan [Vog79]). Every minimal irreducible R(g, σ)-module
factors through the generalized Harish-Chandra homomorphism GHCσ.

Compare [Vog79, Sections 3 and 4]. I shall present Vogan’s proof, which is a
little involved, partly because it is central to my argument and partly because the
complex semisimple case I am considering is so much simpler than the real case
considered by Vogan that it might be a helpful introduction to the general case.

Theorem 5.7 is a consequence of Proposition 4.10, Lemma 4.13 and the following
result:

5.8. Theorem (Vogan). If Z is a σ-minimal (g,K)-module, then the map

δ : H0(n, Z)σ ⊗ ∧dn∗1 −→ Hd(n⊕ n, Z)σ−2ρ

is injective.

5.9. Remark. Of course I checked this by hand for Z = Wσ+φ,φ in the previous
section.

Theorem 5.8 is proved by partially calculating Hd(n ⊕ n, Z)σ−2ρ using the
Leray-Serre spectral sequence. The Chevalley-Eilenberg complex that computes
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H∗(n⊕ n, Z) decomposes into a double complex

(5.2) ...
...

∧0n∗ ⊗ ∧2n∗1 ⊗ Z //

OO

∧1n∗ ⊗ ∧2n∗1 ⊗ Z //

OO

· · ·

∧0n∗ ⊗ ∧1n∗1 ⊗ Z //

OO

∧1n∗ ⊗ ∧1n∗1 ⊗ Z //

OO

· · ·

∧0n∗ ⊗ ∧0n∗1 ⊗ Z //

OO

∧1n∗ ⊗ ∧0n∗1 ⊗ Z //

OO

· · ·

as a result of the decomposition (4.11). The rows compute the cohomology spaces
Hp(n,∧qn∗2⊗Z); the exact form of the columns is not important. There are in any
case finitely many rows and columns. We are interested in the top row, so let us
redraw (5.2) as follows:

(5.3) ∧0n∗ ⊗ ∧dn∗1 ⊗ Z // ∧1n∗ ⊗ ∧dn∗1 ⊗ Z // · · ·

∧0n∗ ⊗ ∧d−1n∗1 ⊗ Z //

OO

∧1n∗ ⊗ ∧d−1n∗1 ⊗ Z //

OO

· · ·

∧0n∗ ⊗ ∧d−2n∗1 ⊗ Z //

OO

∧1n∗ ⊗ ∧d−2n∗1 ⊗ Z //

OO

· · ·

...

OO

...

OO

The (σ − 2ρ)-eigenspace

(5.4) H0(n,∧dn∗ ⊗ Z)σ−2ρ = H0(n, Z)σ ⊗ ∧dn∗

appears in the top left position of (5.3) after taking the cohomology of the rows.
The map of (5.4) into Hd(n⊕ n, Z) that is implicit from (5.3) is precisely the map
that we are trying to show is injective.

Consider the row-filtration spectral sequence of the double complex (5.2), or
more precisely the (σ − 2ρ)-part of double complex (5.2). This is

Ep,q1 = Hp(n,∧qn∗1 ⊗ Z)σ−2ρ ⇒ Hp+q(n1 ⊕ n2, Z)σ−2ρ.

The map
H0(n,∧dn∗ ⊗ Z)σ−2ρ −→ Hd(n⊕ n, Z)σ−2ρ

that Theorem 5.8 asserts to be injective factors as the composition

H0(n,∧dn∗1⊗Z)σ−2ρ = E0,d
1 → E0,d

2 → · · · → E0,d
d → Hd(n⊕n, Z)σ−2ρ.

The last map in the sequence is injective (the double complex has only d rows, so
Ed = E∞), while the kernel of the map

E0,d
r −→ E0,d

r+1
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is the image of the level-r differential

dr : Er−1,d−r
r −→ E0,d

r .

This we shall prove to be zero for the simple reason that Er−1,d−r
r = 0 (and this

will suffice to prove Theorem 5.8):

5.10. Lemma. Let Z be a σ-minimal (g,K)-module. If p+ q < d, then

Hp(n,∧qn∗1 ⊗ Z)σ−2ρ = 0.

In other words Ep,q1 = 0 if p+ q < d.

Since the spaces Ep,qr for r ≥ 1 are subquotients of Ep,q1 , the lemma implies
that they too are zero in the range p+ q < d, as required.

The lemma is proved by decomposing Z as a direct sum of irreducible irre-
ducible g-representations Vµ and applying Kostant’s theorem to each summand.
The main step is as follows:

5.11. Lemma. Let Vµ be the irreducible finite-dimensional g-module with highest
weight µ and let β be a sum of q-distinct positive roots. Assume that

Hp(n,C−β ⊗ Vµ)σ−2ρ 6= 0.

If p+ q < d, then µ < σ.

Proof. Let p, q and β be as above. I need to show that if

(5.5) Hp(n, Vµ)σ+β−2ρ 6= 0

then µ < σ. According to Kostant’s theorem, (5.5) implies that

w(µ+ ρ)− ρ = σ + β − 2ρ

for some w ∈W with |w| = p. Rewrite this as

(5.6) µ+ w−1(2ρ− β) +
(
ρ− w−1(ρ)

)
= σ +

(
w−1(σ)− σ

)
.

The second term on the right-hand side is negative, so it can be dropped if (5.6) is
converted into an inequality. Applying Lemma 4.18 with γ = 2ρ− β gives

(5.7) µ < µ+ w−1(2ρ− β) +
(
ρ− w−1(ρ)

)
≤ σ,

as required. �

Proof of Lemma 5.10. The hypothesis is that Z decomposes as a direct sum
of finite-dimensional irreducible representations Vτ in such a way that there is no
τ < σ. So Lemma 5.11 shows that

Hp(n,C−β ⊗ Z)σ−2ρ = 0

for any β that is a sum of q distinct positive roots. But ∧qn∗1 is assembled as an
n-representation from a sequence of extensions

0 −→ Xk−1 −→ Xk −→ C−β −→ 0

for varying β, where X0 is some C−β too. So the lemma can be proved using the
long exact sequence in cohomology and induction. �
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6. Cartan Motion Group

Let G be a Lie group and let K be a Lie subgroup. The contraction of G to K
is the semidirect product Lie group

Gc = K n (g/k)

associated to the adjoint action of K on the quotient vector space g/k. The Lie
algebra of Gc is of course the semidirect product

gc = k n (g/k).

Its enveloping algebra may be obtained from the enveloping algebra of g by an
associated graded construction. Assign to U(gC) the increasing algebra filtration
for which elements have the maximal order subject to

X ∈ kC ⇒ order(X) = 0

Y ∈ gC ⇒ order(X) ≤ 1.

Then there is a unique algebra isomorphism

(6.1) ass. gr.U(gC)
∼=−→ U(gcC)

that is the identity on U(kC) in degree zero on the left-hand side and is the projection
from gC onto gC/kC in degree one.

Assume now that K is compact. There is a similar filtration on the Hecke
algebra R(g,K) (in which all of R(K) is assigned order zero) and a similar algebra
isomorphism

(6.2) ass. gr.R(g,K)
∼=−→ R(gc,K).

In terms of the presentation (2.5) of the Hecke algebra it is the tensor product
of (6.1) with the identity on R(K). The isomorphism restricts to spherical Hecke
algebras, giving

ass. gr.R(g, σ)
∼=−→ R(gc, σ).

For instance in the complex semisimple case that I shall restrict to from now on,
where K is a maximal compact subgroup and Gc is the Cartan motion group asso-
ciated to G, this amounts to[

Sym(g)⊗ End(Vσ)op
]K ∼=−→ R(gc, σ).

6.1. Remark. On the left-hand side above is Kirillov’s classical family algebra
from [Kir00].

The generalized Harish-Chandra homomorphism

GHCσ : R(g, σ) −→ U(h)

is filtration-preserving for the standard filtration on the range, as is clear from the
formula (3.11). This makes possible the following definition.

6.2. Definition. Denote by

GHCσ,c : R(gc, σ) −→ Sym(h)

the associated graded counterpart of the generalized Harish-Chandra homomor-
phism GHCσ from Definition 3.9.
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The steps taken in Sections 4 and 5 to analyze GHCσ can be repeated for GHCσ,c,
mostly by taking the associated graded versions of the constructions there. Here
are some details.

The complexified Lie algebra of Gc is isomorphic to the semidirect product
g0 o g, where g0 denotes the vector space underlying the complex Lie algebra g,
endowed with the trivial bracket. The enveloping algebra is of course

U(g0 o g) = U(g0) o U(g).

Define a homomorphism[
U(g0) o U(g)

]K −→ U(h0)⊗ U(h)

by restricting to K-invariants the projection[
U(g0) o U(g)

]K −→ (
U(h0)⊗U(n−0)

)
⊗
(
U(h)⊗U(n−)

)
essentially as in (4.7). The associated graded counterpart of the map in Defini-
tion 4.9 is obtained from this by composing with the map

I ⊗ Shift2ρ : U(h0)⊗ U(h) −→ U(h0)⊗ U(h).

The proof of Vogan’s Casselman-Osborne theorem carries over to gc. The assoc-
iated-graded counterpart of the diagram (4.13) certainly commutes since the orig-
inal diagram does.6 The associated-graded counterpart of the map Π in Defini-
tion 4.14, which is given by

(H0, H) 7→ H0 + (σ − 2ρ)(H)I

is of course still an isomorphism. Finally Lemma 5.6 implies its associated-graded
counterpart, and the spectral sequence proof of Theorem 5.8 carries over without
essential change to the associated graded case.

We arrive at the following result about the Cartan motion group Gc, which
exactly mirrors what happens for the group G itself.

6.3. Theorem. Let Gc be the Cartan motion group associated to a connected
complex semisimple group G with maximal compact subgroup K.

(a) Every irreducible (gc,K)-module has a unique minimal K-type.
(b) The irreducible (gc,K)-modules with minimal K-type σ correspond, via Propo-

sition 2.10, to the irreducible R(gc,K) modules that factor through the gener-
alized Harish-Chandra homomorphism GHCσ,c. �

6.4. Remark. The approach just given to the representation theory of Gc

through Lie algebra cohomology would not be efficient except for the fact that the
cohomological methods simultaneously deal with the more complicated case of G
itself. Rader [Rad88] takes a more direct approach using a generalization of the
Chevalley restriction theorem that we shall invoke in the next section. He analyzes
not the image of the generalized Harish-Chandra homomorphism, as we shall below,
but the complete algebra R(gc, σ).

6Actually the commutativity of the associated graded diagram is easier.
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7. Range of the Harish-Chandra Homomorphism

For brevity denote by

(7.1) Shiftρ : Sym(h) −→ U(h)

the composition of the canonical (symmetrization) isomorphism from Sym(h) to
U(h) with the shift automorphism of U(h) given by H 7→ H+ρ(H)I. It intertwines
the natural W -action on Sym(h) with the ρ-shifted action on U(h). I shall prove
the following result:

7.1. Theorem. The ranges of the Harish-Chandra homomorphisms

GHCσ,c : R(gc, σ) −→ Sym(h)

and
GHCσ : R(g, σ) −→ U(h)

are the algebras of Wσ-invariants in Sym(h) and U(h) under the natural and ρ-
shifted actions, respectively. In particular the ranges identify with one another
under the shift isomorphism (7.1).

Since the map GHCσ,c is the associated graded of GHCσ, it will suffice to show
that the range of the latter is U(h)Wσ . Note that by Theorem 3.10 we already know
that the range of GHCσ is contained within U(h)Wσ .

By Proposition 4.16, the range of GHCσ is the same as the range of the com-
position

(7.2)
[
U(g)⊗ U(g)

]K GHCσ //
[
U(h)⊗ U(h)

]
σ

Π // U(h).

Consider the related composition

(7.3)
[
Sym(g)⊗ Sym(g)

]K // Sym(h)⊗ Sym(h) // Sym(h),

in which the left-hand map is the tensor product of two copies of the projection

Sym(g) −→ Sym(h)

associated to the decomposition g ∼= n−⊕h⊕n+ and the right-hand map is induced
from

(H1, H2) 7→ H1 −H2 + σ(H2)I.
The range of (7.3) lies within the Wσ-invariants in Sym(h).

Consider also the diagram

(7.4)
[
U(g)⊗ U(g)

]K // U(h)

[
Sym(g)⊗ Sym(g)

]K //

OO

Sym(h)

Shiftρ

OO

in which the horizontal maps are (7.2) and (7.3), the left vertical map is symmetriza-
tion in each factor, and the right vertical map is the shift isomorphism (7.1). The
diagram does not commute, but all the algebras in it are filtered in the standard
way, all the maps are filtration preserving, and the diagram commutes to leading
filtration order. So to prove that the range of (7.2) is all of U(h)Wσ , and hence
prove Theorem 7.1, it suffices to prove the following result:



COMPLEX SEMISIMPLE GROUPS AND THEIR MOTION GROUPS 29

7.2. Theorem. The range of the homomorphism[
Sym(g)⊗ Sym(g)

]K −→ Sym(h)

in (7.3) and (7.4) is equal to the algebra of Wσ-invariants in Sym(h) for the natural
action of W .

This is a modest extension of the Chevalley restriction theorem, and I shall
prove it by modestly extending the standard proof of that theorem.

First it is helpful to change variables. Taking into account the K-equivariant
automorphism of Sym(g) ⊗ Sym(g) given by the map (X,Y ) 7→ (X + Y, Y ), it
suffices to prove the surjectivity of the map

(7.5)
[
Sym(g)⊗ Sym(g)

]K // [Sym(h)⊗ Sym(h)]W // Sym(h)Wσ ,

in which the left-hand map is as before but the right-hand map is induced from

(H1, H2) 7→ H1 + σ(H2)I.

Equip g with an invariant and nondegenerate quadratic form and fix dual bases
{Xj} and {Xj} for g with respect to the form. If πφ is the finite-dimensional
representation of g with highest weight φ, then for every n the quantity

(7.6)
∑

Trace
(
πφ(Xj1 · · ·Xjn)

)
Xj1 · · ·Xjn ⊗ I

is a K-invariant element in Sym(g)⊗ Sym(g) (the sum is over all possible indices).
Under (7.5) the element (7.6) maps to

(7.7)
∑

Trace
(
πφ(Hj1 · · ·Hjn)

)
Hj1 · · ·Hjn ,

where {Hj} and {Hj} are now dual bases for h. Computing the trace with respect
to a basis of weight vectors for Vφ gives∑

Hj1 · · ·Hjn Trace
(
πφ(Hj1 · · ·Hjn)

)
=
∑

Hn
µ ,

where the right-hand sum is over the weights µ of Vφ and Hµ ∈ h is the vector
corresponding to µ ∈ h∗ under the quadratic form. Taking linear combinations of
these elements as the dominant integral weight φ varies gives the elements

(7.8)
∑
w∈W

Hn
w(φ).

The elements Hn
φ span the degree n component of Sym(h), and so the elements

(7.8) span the degree n component of Sym(h)W . As a result, the range of (7.5) at
least contains the algebra of W -invariants. For all this see [KV95, Sec. IV.7].

To prove surjectivity onto the Wσ-invariants, not just the W -invariants, con-
sider the following (K-equivariant) derivative operator on Sym(g)⊗ Sym(g):

(7.9) D(S ⊗ T ) =
∑

∂ηiS ⊗XiT.

Here {ηi} is the basis of g∗ dual to {Xi}, and ∂ηi is the directional derivative in the
ηi-direction (think of S as a polynomial on g∗). Under the map (7.5) the operator
D corresponds to the action of the directional derivative

(7.10) ∂µS =
∑

σ(Hi)∂ηiS

on Sym(h) (the sum is over a basis for h and dual basis for h∗).
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Applying (7.9) and (7.10) to the elements of (7.6) and (7.7) respectively, but
with n+ k in place of n, we find that the element

∂kσ
∑
w∈W

Hn+k
w(φ)

lies in the range of (7.5). But now

∂kσ
∑
w∈W

Hn+k
w(φ) =

∑(
n+k
n

)
σ(Hw(φ))k ·Hn

w(φ)

and for a Zariski-dense set of φ the coefficients

σ(Hw(φ))k = 〈w(φ), σ〉k

associated to Weyl group elements w in distinct Wσ-cosets are distinct. It follows
that the elements ∑

w∈Wσ

Hn
w(φ)

lie in the range, and these span the degree n component of Sym(h)Wσ , as required.
This completes the proof of the surjectivity of (7.5), and hence of Theorem 7.2.

8. Mackey Analogy

It is time to put everything together. Let G be a connected complex semisimple
group and let K be a maximal compact subgroup of G. Form the Hecke algebra
R(g,K) and consider the problem of classifying its irreducible modules.

Linearly order7 the irreducible representations of K in such a way that if τ
precedes σ in the usual weight ordering, then τ also precedes σ in the linear ordering.
Let

Pn = pσ1 + · · ·+ pσn ∈ R(K)
be the sum of the first n isotypical projections. If we set

Rn = PnR(g,K)Pn,

then the algebra R(g,K) is the increasing union of the algebras Rn.
The irreducible modules of Rn correspond to the irreducible modules Z of

R(g,K) for which PnZ 6= 0. That is, the irreducible modules of Rn are in bijec-
tion with the irreducible (g,K)-modules that contain at least one of the K-types
σ1, . . . , σn (see the proof of Proposition 2.10).

Consider now the ideal
Jn = Rn Pn−1Rn

and the quotient algebra
Qn = Rn /Jn.

Notice that

Jn =
(
Rn Pn−1

)(
Pn−1Rn

)
and Rn−1 =

(
Pn−1Rn

)(
Rn Pn−1

)
,

and this defines a sort of Morita equivalence between the ideal Jn and the unital
algebra Rn−1. So Rn is assembled by extensions and Morita equivalences from the
quotient algebras Qn.

7This linear ordering step is taken for simplicity only—it makes the subsequent constructions
a bit easier to follow. For the more complicated case of real groups it would be necessary to stay

with a partial ordering.



COMPLEX SEMISIMPLE GROUPS AND THEIR MOTION GROUPS 31

The irreducible modules of Qn are of course precisely the irreducible modules
of Rn in which Pn−1 acts as the zero operator. They correspond to the irreducible
(g,K)-modules that include the K-type σn but none of the K-types σ1, . . . , σn−1.
According to Lemma 5.6 and Theorem 5.7 these are precisely the (g,K)-modules
with minimal K-type σn.

Notice that Qn = pσnQnpσn and so by Lemma 2.11

Qn ∼= Sn ⊗ End(Vσn),

where Sn is the K-fixed part of Qn. So Rn is assembled by extensions and (still
more) Morita equivalences from the quotient algebras Sn.

The algebra Sn is the quotient of the spherical Hecke algebra R(g, σn) by the
intersection of R(g, σn) with the ideal in R(g,K) generated by Pn−1. The general-
ized Harish-Chandra homomorphism GHCσ factors as a composition of surjections

R(g, σn) // Sn // U(h)Wσ .

By Vogan’s theorem, every irreducible Sn-module factors through the second map.
In the C∗-algebra context considered in [Hig08] the counterpart of the second map
was therefore an isomorphism, since it induced an isomorphism on dual spaces. But
here the map will typically have a kernel, namely the Jacobson radical of Sn.

In any case, the admissible dual of G (that is, the space of irreducible (g,K)-
modules up to equivalence) decomposes as a disjoint union of the duals of the
algebras Qn or Sn (they are the same), and these consituent pieces may be con-
cretely computed as the ranges of the generalized Harish-Chandra homomorphisms
GHCσn , giving the answer h∗/Wσn , as we have seen.

The entire argument applies simultaneously to G and to its Cartan motion
group Gc. In fact the two can be wrapped into one8 by forming the usual Rees
algebra associated to the filtration on R(g,K). Recall this is the algebra of poly-
nomials

a0 + a1z + · · ·+ anz
n

with coefficients aj ∈ R(g,K) such that the order of aj is less than or equal to j.
Evaluation at a nonzero value λ ∈ C (that is, dividing by the ideal generated by
z−λ) yields R(g,K), whereas evaluation at zero yields R(gc,K). This deformation
is assembled from the analogous deformations associated to the algebras Qn, and
these in turn are trivial, up to their Jacobson radicals.

9. Concluding Remarks

There are two main parts of the argument just presented: (a) establishing the
connection between the generalized Harish-Chandra homomorphism GHCσ and σ-
minimal K-type representations; and (b) computing the range of the generalized
Harish-Chandra homomorphism. While they are both accessible to more or less
standard representation-theoretic techniques, it would be interesting to understand
them from a more geometric point of view. To my mind the connection, pointed out
by Connes, between the Mackey analogy and K-theory via the Connes-Kasparov
conjecture adds emphasis to this.

The contraction Gc of a Lie group G to a Lie subgroup K has the following
property: ifG acts on a manifold V and the subgroupK globally fixes a submanifold

8Admittedly this is for show more than anything else, at least as things stand at present.
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M , then the contraction naturally acts on the normal bundle of M in V (via
transformations that are fiberwise affine, not linear).

In the present context of complex semisimple groups it is natural to consider
the flag variety for gC, which is a product of two copies of the flag variety X ∼= G/B
for g (here B is a Borel subgroup of G). The group K acts diagonally on X ×X
and of course it fixes the diagonal globally. So the Cartan motion group acts on the
normal bundle (which is of course the tangent bundle of X). It is therefore natural
to attempt to analyze deformation from Gc to G in terms of the deformation to the
normal cone construction associated to the embedding of the diagonal into X ×X
(in index theory this is also called the tangent groupoid). It is easy to guess that
part (a) above ought to be reinterpreted as a description of how minimal K-type
representations (thought of say as D-modules) restrict to the diagonal and then
push forward again to X × X, while part (b) ought to be some sort of rigidity
principle for the infinitesimal neighborhood of the diagonal in X ×X.

Another interesting view on part (b) comes from the work of Alekseev and
Meinrenken [AM05], who gave a remarkable proof, using equivariant cohomology,
of the Duflo isomorphism theorem for quadratic Lie algebras (meaning Lie algebras
with an invariant, nondegenerate quadratic form). Consider the diagram

[Sym(g)⊗ End(Vσ)op]K //

GHCσ,c
��

[Sym(g)⊗ End(Vσ)op]K

GHCσ
��

Sym(h)
Shiftρ

∼= // U(h)

relating the generalized Harish-Chandra homomorphisms GHCσ and GHCσ,c. The
dotted arrow hasn’t been defined, but for σ = 0 the Duflo-Kirillov isomorphism can
be inserted there and the diagram commutes. It obviously follows that the images
of GHCσ and GHCσ,c are equal.

The simple, cohomological proof of this given by Alekseev and Meinrenken
offers hope that a generalization to σ 6= 0 may be found which would directly relate
the two generalized Harish-Chandra homomorphisms.

It should be noted, however, that rather than the dotted arrow being an algebra
homomorphism, the best one can hope for in general is a vector space isomorphism.
Moreover the explicit Duflo-Kirillov formula in the case σ = 0 leads quickly to
an explicit formula for spherical matrix coefficient functions on G, and since the
corresponding functions for σ 6= 0 look more complicated there are limits to how
simple and explicit the dotted arrow could be in general.

Finally, a comment about the case of real groups. Vogan treated these in
[Vog79]. The real case is much more complicated, but there is no reason in principle
why the Mackey analogy could not be developed for real groups along the lines given
for complex groups here. (I thank David for patiently explaining his work during
numerous discussions with me.) In the real case it is possible for a single irreducible
(g,K)-module to have several minimal K-types, and because of this it is probably
most natural to adjust the definition of the Harish-Chandra homomorphism so as
to treat an entire associate class of minimal K-types at once. The range will then
be a noncommutative (twisted) crossed product algebra involving the R-groups of
Vogan, Knapp and Zuckermann.
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