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Let G be a Lie group and let K be a Lie subgroup. The
contraction of G to K is

G0 = K n Lie(G)/Lie(K ).

If G is real reductive with maximal compact K and Cartan
decomposition g = k⊕ p, then

G0 = K n p = Cartan motion group.

Mackey proposed (early 1970’s) that in this case the irreducible
representations of G ought to “resemble” those of G0, and he
examined the evidence, for and against.



Some Pictures

The tempered dual of SL(2,R) is on the left, and the unitary
dual of its motion group is on the right.

̂SL(2,R)tempered K̂ n p =
(
tϕ∈p̂K̂ϕ

)/
K



Returning to Mackey, his conclusions were a bit tentative . . .

. . . and they seem to have been greeted with some skepticism.

But, despite this, a few years ago I decided to re-examine
Mackey’s idea for reasons having to do with topological
K -theory and index theory.



Deformation to the Normal Cone

The contraction G0 is the normal bundle
of K in G, so it is a first-order
approximation of G near K .
The geometers tell us there is an
associated smooth family of groups
{Gt}t∈R with Gt = G unless t = 0.

This family easy to describe infinitesimally. The sheaf of smooth
g-valued functions f (t) with f (0) ∈ k is locally free. So it is the
sheaf of sections of a smooth bundle of Lie algebras gt with

gt =

{
g t 6= 0
g0 t = 0



Baum-Connes-Kasparov Isomorphism

Let G be a connected Lie group with maximal compact
subgroup K .

There is an associated continuous field of reduced group
C∗-algebras {C∗r (Gt)}t∈R (same groups Gt as before).

Alain Connes observed that the Baum-Connes-Kasparov
isomorphism for G is equivalent to the assertion that the sheaf
of topological K -theory groups {K∗(C∗r (Gt))}t∈R is constant.

This is related to Mackey’s idea, because the reduced
C∗-algebra of G is a proxy for the algebra of continuous
functions (vanishing at infinity) on the reduced/tempered dual.

So the BCK isomorphism (which is verified in all cases) says
that the duals have the same algebraic-topological invariants.



A Very Simple Calculation

Let G be complex with minimal parabolic subgroup MAN.
Mackey’s computation of the unitary dual of G0 = K n p says
that:

Ĝ0 =
( ⊔
ϕ∈p̂

K̂ϕ
)/

K

=
( ⊔
ϕ∈â

K̂ϕ
)/

W

=
( ⊔
ϕ∈â

M̂/Wϕ

)/
W

=
(
â× M̂

)/
W

= Ĝtempered

So there is a “Mackey bijection” in this case.



An Improved(?) Perspective

The irreducible representations with a given minimal K -type (in
the sense of Vogan) constitute a locally closed set in the dual,
and determine a subquotient C∗-algebra of the (reduced) group
C∗-algebra.

Theorem
Assume that G is complex. The continuous field {C∗r (Gt)}t∈R is
assembled from constant fields by extensions and Morita
equivalences.

• This handles the Mackey and Baum-Connes-Kasparov
issues together.

• Some of my students have done supporting calculations
(John Skukalek, Chris George).

• There is a similar result for admissible irreducible
representations (more on admissible representations soon).



Pictures, Again

The tempered dual of SL(2,C) is on the left, and the unitary
dual of its motion group is on the right.



A Not-So-Simple Calculation

This is due to Alexandre Afgoustidis, a PhD student in
mathematical biology . . .

which is an interesting story in itself . . .

Some preliminaries. Any bijection

K̂ n p ←→ Ĝtempered

will associate to the irreducible representations of K (on the
left) a distinguished class of tempered irreducible
representations of G (on the right)

David Vogan has identified such a distinguished class—the
tempered irreducible representations with real infinitesimal
character; the association with K̂ is through minimal K -type.



A Not-So-Simple Calculation, Continued

Now given G = KAN let

ϕ ∈ â and σ ∈ K̂ϕ

be “Mackey data” determining a irreducible unitary
representation of the motion group.
• Form the Levi subgroup Lϕ with maximal compact Kϕ.
• Let πσ be the tempered irreducible representation of Lϕ

associated by Vogan to σ.

Theorem (Afgoustidis)
The representation IndG

Pϕ
πσ ⊗ ϕ is irreducible, and the

correspondence

(ϕ, σ) 7−→ IndG
Pϕ
πσ ⊗ ϕ

determines a bijection from the unitary dual of G0 to the
tempered dual of G.
Mackey would be pleased, I think.



Prospects

So calculations show that Mackey was right . . . although
perhaps not in the way he anticipated.

But what is going on? As Joseph Bernstein has commented,
“you only have a formula; you don’t know what it calculates!”

The main issue (perhaps): It is apparently difficult to “contract”
a representation of G to a representation of G0.

There are interesting constructions of Eyal Subag, generalized
by Afgoustidis, but no general picture.



Families of Representations

The Hecke algebra of G is the convolution algebra of (K -finite)
distributions on G that are supported on K . Its modules are
(g,K )-modules.

The Hecke algebra is filtered by order (of distributions) and

assoc. gr. R(g,K ) = R(g0,K ).

This is a variation on the deformation-to-the-normal-cone
relation between G0 and G (Rees construction).

By the associated graded construction, filtered modules over
R(g,K ) determine (graded) modules over R(g0,K ). This
applies, for example to families of irreducible (g,K )-modules,
for example the universal principal series.

In summary (suitable) families of representations of G
determine families of representations of G0.



Harish-Chandra/Duflo Homomorphisms

If τ ∈ K̂ , then there is a Hecke algebra R(g, τ) of τ -spherical
distributions. And if G is complex, then

R(g, τ) = [U(g)⊗ End(Vτ )op]K

and
R(g0, σ) = [S(g)⊗ End(Vτ )op]K

(the quantum and classical family algebras of Kirillov).

If τ is the trivial representation of K , then (in the complex case)

R(g, τ) = Z(g) (center of the enveloping algebra)

R(g0, τ) = S(g)K (invariant part of the symmetric algebra)

In this case (only) there is a cohomological proof of the Mackey
bijection due to Alekseev and Meinrenken.



Algebraic Families of Harish-Chandra Pairs

(Joint work with Eyal Subag and Joseph Bernstein.)

Let (g,K ) be any Harish-Chandra pair.

The deformation to the normal cone construction gives an
algbraic family of Harish-Chandra pairs over CP1 = C∞,
constant on the complement of {0}.

Another view of the same family. We can glue the family of
(gz ,K ) with gz = kC ⊕ pC and

[X ,Y ]z = z2 [X ,Y ] (X ,Y ∈ pC, z ∈ C)

to the constant family over C∞ \ {0} to get the same thing.

Problem. Relation between generically irreducible families of
Harish-Chandra modules and Mackey’s bijection?



Algebraic Families of Harish-Chandra Pairs, Cont’d

Another, related, family. We can glue together the families given
by

[X ,Y ]z = z [X ,Y ] (X ,Y ∈ pC, z ∈ C∞ \ {∞})

and

[X ,Y ]w =
1
w

[X ,Y ] (X ,Y ∈ pC, w ∈ C∞ \ {0}).

to obtain a family over C∞ with special fibers at 0 and∞.

Over R, this family connects G to its compact real form.

One more family (more rigid). For SL(2,R) we can glue

[X ,Y ]z = z [X ,Y ] (X ,Y ∈ pC, z ∈ C∞ \ {∞})

and the constant family over C∞ \ {0}.



Conclusion

• There is an actual bijection between the tempered dual of a
real reductive group and the unitary dual of its motion group.

• It is compatible with minimal K -type, and variation of
continuous parameters, and extends Vogan’s bijection.

• There is as yet no satisfactory (to me) conceptual
explanation of it.

• It’s natural to guess that the bijection is really about families
of representations, but I can’t say how.



Thank you for your time!


