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An oriented smooth closed curve partitions the plane into a number of
regions. To every point not on the curve the rotation number is assigned, that
is, the number of complete turns that the curve makes about this point. The
rotation number is an integer: its sign indicates whether the total rotation
is counter-clock or clock-wise.
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Figure 1: On the left: rotation numbers of a specific curve. On the right,
“the wall-crossing” formula: the rotation number about the points left of the
curve is 1 greater than that right of it.

Being an integer, the rotation number does not change if the point and the
curve change continuously, unless the point crosses the curve or – depending
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on the point of view – the curve passes through the point, in which case the
rotation number changes, generically by one, according to the rule in Figure
1.

For a curve γ and a point x not on γ, denote the corresponding rotation
number by rγ(x). Let f(t), t ∈ R, be a smooth periodic function, and
consider the curve γ(t) = (f ′(t), f(t)); such curves are called holonomic. We
assume that γ is immersed, that is, the velocity vector γ′(t) never vanishes.1

Claim 1. For every point x not on this curve, one has rγ(x) ≥ 0.

In particular, the curve depicted in Figure 1 cannot have a parameteri-
zation (f ′(t), f(t)) for any periodic function f .

Claim 1 is the simplest case of a theorem of C. Loewner that, in the
full generality, we will formulate later. To whet the reader’s appetite and to
motivate the general theorem, we present, with proofs, its first two particular
cases as Claims 1 and 2. A “business-minded” reader might want to go
straight to the general formulation of Loewner’s theorem and its proof below.

Let us prove Claim 1. Since the components of the curve are f ′ and f , we
label the abscissa and ordinate axes in our coordinate systems accordingly,
see e.g. Figure 2.

We start with a general remark that will be used more than once: the
result is true for a curve if and only if it is true for its image under an
orientation preserving affine map.

Let us investigate how a holonomic curve may intersect a horizontal line
{f = c}. Assuming that this intersection is transverse, that is, f ′ 6= 0 at the
intersection point, there are two possibilities depicted in Figure 2.

On the right hand side in Figure 2 we consider the horizontal ray given by
{f ′ > 0, f = c}. We notice that the curve γ = (f ′, f) necessarily intersects
this ray “going upwards”, as indicated. More precisely, if this ray is oriented
to the right, the curve γ = (f ′, f) must intersect this ray from the right
side to the left, and not the other way around. The reason simply is that, if
f ′(t) > 0, then the value of f is growing near t, i.e., the second coordinate f of
the curve γ = (f ′, f) is growing. By the same token, if the ray {f ′ < 0, f = c}
is oriented to the left, the curve γ = (f ′, f) again must intersect this ray from
the right side to the left.

1As a matter of fact, throughout we will (mostly implicitly) assume further non-
degeneracy assumptions, all of which hold after small perturbations of the data involved.
We leave it to the careful reader to spell these assumptions out.
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Figure 2: Left: intersections of the graph of f(t) with the horizontal line
{f = c}. Right: intersections of the respective holonomic curve with the
horizontal line {f = c}.

Since the curve γ is periodic, it is contained inside a bounded region and
therefore the rotation number around points far away from the origin is zero.
Start with an arbitrary point x = (0, b) /∈ γ on the vertical axis. Moving the
point out horizontally to the right repeatedly drops the rotation number by
1 until it eventually becomes zero. It follows that rγ(x) ≥ 0 for all points in
the right half-plane.

Likewise, moving the point x = (0, b) horizontally to the left yields the
same result for points in the left half-plane. This finishes the proof.

It is worth mentioning another geometric fact: an immersed holonomic
curve intersects the vertical axis in the orthogonal direction. Indeed, these
points correspond to the critical points of the function f , and the orientation
of γ at the local minima is to the right, and at the local maxima to the left
(since γ′ = (f ′′, f ′), the second derivative generically does not vanish at the
critical points), see Figure 3.

Now we present the second simplest particular case of Loewner’s theorem;
this result and its proof below are due to G. Bol [3], see also [6].

As before, let f(t) be a periodic function, and now consider the curve
γ(t) = (f ′′(t) − f(t), f ′(t)) (not to be confused with the curve discussed
above).

Claim 2. For every point x not on this curve, one has rγ(x) ≥ 0.

Proof. Let x = (a, b) /∈ γ be a point, and assume that b ≤ 0. We compute the
rotation number rγ(x) by counting, with sign, the number of intersections of
the curve γ with the horizontal ray {(a+ s, b) | s > 0}.

3



Figure 3: Local extrema and the intersections of a holonomic curve with the
vertical coordinate axis.

Suppose that the curve intersects this ray in downward direction, that is,
moving the point outwards along the ray increases the rotation number by 1
(as opposed to the situation in the proof of Claim 1).

This poses not a problem, since we will show below that, if we move
further along the ray {(a + s, b) | s > 0} to the right, i.e., with growing s,
then there necessarily is another intersection point with γ and this is pointing
upwards, see Figure 4. More precisely, the next intersection point, according
to the curve parameter t, of the curve with this ray will be both to the right
and up-crossing. At this point, the rotation number drops by 1.

Therefore, when computing the rotation number, every downward inter-
section of γ with {(a + s, b) | s > 0} is eventually followed by an upward
intersection canceling the previous change in rotation number and hence, for
s large enough, one has 0 = rγ(a+ s, b) ≤ rγ(a, b), as we needed to prove.

Thus, let γ intersect the horizontal ray {(a + s, b) | s > 0} at a point
γ(t1) in downward direction. Since γ is a closed curve it needs to intersect
the horizontal line {(a+ s, b) | s ∈ R} in at least one more point. Let t2 > t1
be the smallest parameter with γ(t2) ∈ {(a + s, b) | s ∈ R}. We will show
that γ(t2) actually lies to the right of γ(t1), and it is an upward intersection,
as is shown in Figure 4 on the left.

Consider the auxiliary function g(t) = f(t) − bt. We note that γ(t) =
(f ′′(t)− f(t), f ′(t)) intersects the line {(a+ s, b) | s ∈ R} in t = τ if and only
if g′(τ) = 0, i.e., the intersections are precisely extrema of g. Moreover, the
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Figure 4: Left: a downward intersection of the curve γ(t) with the horizontal
ray is followed by an upward intersection farther on the right. Right: an
impossible situation.

curve intersects this ray in the downward direction at t = τ if and only if g
has a strict local maximum in τ and in upward direction if and only if g has
a strict local minimum in τ .

By assumption g has a local maximum in t1 and, again by assumption,
the next extremum of g is in t2. Thus, this needs to be a local minimum.
Let us collect this information: g′(t1) = g′(t2) = 0, g′′(t1) < 0, g′′(t2) > 0
and g(t2) < g(t1). Combining this with t2 > t1 and b ≤ 0, we conclude

f ′′(t2)− f(t2) = g′′(t2)− g(t2)− bt2 > g′′(t1)− g(t1)− bt1 = f ′′(t1)− f(t1).

This is exactly saying that γ(t2) lies on the ray {(a+s, b) | s > 0} to the right
of γ(t1). So, indeed every downward intersection of γ with {(a+s, b) | s > 0}
is eventually followed by an upward intersection.

To finish the proof, note that if x = (a, b) with b ≥ 0, then the same
argument works for the horizontal leftward ray {(a+ s, b) | s < 0}.

See Figure 5 for curves illustrating Claims 1 and 2.

Loewner’s theorem

Let us now present Loewner’s full theorem and its (slightly modified) proof
taken from [7]. Consider a pair of real, monic polynomials

p(x) =
n∏
i=1

(x− ai), q(x) =
n−1∏
i=1

(x− bi), (1)
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Figure 5: The curves (f ′(t), f(t)) and (f ′′(t)−f(t), f ′(t)), where f(t) are ran-
dom trigonometric polynomials of degree 10, drawn by a computer program
created by Richard Schwartz.

of degrees n and n − 1, respectively. Assume that for both polynomials all
roots are real and interlaced: a1 < b1 < a2 < b2 < . . . < bn−1 < an. We point
out that, in particular, all roots are simple. Moreover, we also allow the case
n = 1, i.e., p(x) = x− a and q(x) = 1.

Turn the polynomials p and q into differential operators p̂ and q̂ acting
on smooth periodic functions by replacing the variable x by the derivative
d
dt

. That is, (x− a) acts on f as ( d
dt
− a)f = f ′ − af . Thus, from a smooth

periodic function f(t), we obtain two new functions

F (t) = p̂
(
f(t)

)
, G(t) = q̂

(
f(t)

)
which we combine into a curve γ(t) = (F (t), G(t)).

Let us consider two examples. First, if p(x) = x, q(x) = 1, then

p̂(f(t)) =
d

dt
f(t) = f ′(t), q̂(f(t)) = 1 · f(t) = f(t),

and γ = (f ′, f). As the second example, choose p(x) = x2 − 1, q(x) = x,
then

p̂(f(t)) = f ′′(t)− f(t), q̂(f(t)) = f ′(t),

and γ = (f ′′ − f, f ′). This way we recover our two examples from above.
Coming back to the situation of general polynomials as in (1), we consider

the curve γ(t) = (F (t), G(t)) and let x be a point not on γ.
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Theorem 1 (Loewner). For every periodic function f(t), one has rγ(x) ≥ 0.

Proof. The proof is by induction on the degree n of the polynomial p. The
initial step n = 1 is provided by Claim 1 in the following sense.

If p(x) = x − a and q(x) = 1, then γ = (f ′ − af, f). The curve γ is the
image of the curve (f ′, f) under the orientation preserving linear transfor-
mation (x, y) 7→ (x−ay, y) of R2. Hence both curves have the same rotation
number and Claim 1 indeed provides the initial step n = 1.

The inductive step is based on the next lemma.

Lemma 1. Divide p(x) by q(x) with remainder:

p(x) = (x− c)q(x)− r(x). (2)

Then the pair of polynomials (q(x), r(x)) has only real roots, and these roots
are interlaced.

In particular, the degree of r(x) is n−2, and not smaller, as a priori could
be the case.

Proof. The degree of r is at most n− 2, and it suffices to show that r(x) has
a root between any two consecutive roots bi and bi+1 of q(x).

Since the roots of p(x) are simple, the signs of p(bi) and p(bi+1) are op-
posite. It follows from (2) that the signs of r(bi) and r(bi+1) are opposite as
well, therefore r(x) has a root between bi and bi+1.

As before, we turn the polynomial r(x) into a differential operator r̂
and set H(t) = r̂(f(t)). We consider the curves Γ(t) = (F (t), G(t)) and
γ(t) = (G(t), H(t)).

Fix a point x /∈ Γ. The induction step consists of deforming the curve
Γ(t) =: Γ0 through curves Γs(t), s ∈ [0, 1], inside R2 in such a way that,
whenever Γs moves through the point x, the rotation number of Γs about x
drops by 1, proving that rΓ(x) ≥ rΓ1(x).

Equation (2) allows us to express the function F in terms of G and H:

F (t) = G′(t)− cG(t)−H(t).

Deform the curve Γ(t) as follows, where s is the parameter of the deformation:

Γs(t) := ((1− s)G′(t)− cG(t)−H(t), G(t)), 0 ≤ s ≤ 1. (3)
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We have Γ0(t) = Γ(t), and Γ1(t) = (−cG(t) − H(t), G(t)), a curve which is
the image of the curve γ(t) = (G(t), H(t)) under an orientation preserving
linear transformation.

By the induction assumption, γ(t), and hence Γ1 as well, satisfies the
assertion of Theorem 1. It remains to see how the rotation number about
the point x changes in the process of deformation.

The rotation number rΓs(x) changes by ±1 whenever s passes through a
value σ with x ∈ Γσ, say x = Γσ(τ). By the wall-crossing formula, the sign of
the change of rΓs(x) equals the sign of the determinant made by the tangent

vector Γ′σ(τ) of the curve and the velocity vector dΓs(τ)
ds

∣∣∣
s=σ

of the “moving

point”, i.e., the curve s 7→ Γs(τ). It follows from (3) that this determinant is

det

(
Γ′σ(τ),

dΓs(τ)

ds

∣∣∣
s=σ

)
=

(
? −G′(τ)

G′(τ) 0

)
= (G′(τ))2.

Since the determinant is positive, one has rΓ(x) ≥ rγ(x), as needed.

An instructive exercise is to check that the above argument provides an
alternative proof of Claim 2, deducing it from Claim 1.

We conclude with a brief description of the context. Loewner’s theorem is
closely related to Loewner’s conjecture that, in turn, is closely related to the
Carathéodory conjecture that a smooth closed simply connected surface in
R3 has at least two distinct umbilic points, that is, points where the principal
curvatures are equal (both conjectures are still open, in spite of numerous
attempts on the proofs). See, e.g., [8] for a survey of the Carathéodory
conjecture.

The Loewner conjecture concerns the indices of isolated zeros of the pla-
nar vector fields whose two components are the real and imaginary parts
of the function (∂x + i∂y)

nH(x, y), where H(x, y) is a smooth function and
∂x + i∂y is the Cauchy-Riemann operator. The conjecture states that this
index does not exceed n, see [9].

Loewner’s conjecture implies that of Carathédory. Claim 2 was part of
Bol’s treatment of the Carathéodory conjecture in [3].

For biographical information about Loewner, we refer to the St. Andrews
MacTutor site [11].
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Figure 6: Charles Loewner (1893–1968).
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