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Dual billiards
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Introduction

Given a smooth strictly convex curve γ in the plane, one defines the dual
billiard as the map from the exterior of γ into itself. Namely, let γ be a curve,
and let χ be a point outside γ. There exist two tangent lines to γ passing
through x. Choose one of them, say, the right one from the viewpoint of x,
and reflect χ in the point of tangency to obtain a new point Tx (see Fig. 1).(I )

The map Τ is called the dual billiard map, and the curve γ is called the dual
billiard curve.

This survey is an expanded version of my talk at the conference "Billiards
Polygonaux" (ENS de Lyon, October 1992). Several aspects of the dual
billiard problem are discussed here. I have benefited from discussions with
many mathematicians. I am grateful to all of them, and, in particular, to
M. Audin, M. Berger, Ya. Eliashberg, D . Fuchs, E. Ghys, A. G ivental,
M. G romov, E. G utkin, P. Iglesias, R. de la Llave, J. Moser, V. Ovsienko, and
L. Polterovich. I am indebted to I. Monroe for his beautiful computer pictures.
Finally, I am grateful to IHES for their hospitality.
( 1) All the figures are placed at the end of the article.
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§1. Bisecting property

We start with the following elementary observation [1]. Suppose that a
convex curve δ is given in the plane. We fix c > 0 and consider the one 
parameter family F of straight lines that cut off from <5 segments of area c
(see Fig. 2). We denote the envelope of this family by y. (It is not assumed
that γ is smooth; it may have cusps, as shown in Fig. 3. However, γ is a front,
that is, its tangent line is defined at each point and it has no inflection
points.)

Lemma 1.1. Let I £ F. Then the segment of I determined by the two points of
intersection with δ is bisected by the point of tangency to γ (see Fig. 4).

Proof. Assume the contrary, Ο A > OB (see Fig. 5). Consider a sufficiently
close segment A'B' from the same family, and let Ο' = ΑΒΠΑ'Β'. Then
O'A> O'B. Central symmetry in O' sends the "triangle" BO'B' inside
AO'A'. On the other hand, area {BO'B') =  a.re&(AO'A'). We arrive at a
contradiction. This completes the proof.

The following two corollaries are consequences of Lemma 1.1.

Corollary 1.2. The dual billiard map is area preserving.

Proof. The shaded areas in Fig. 6 are equal.
Corollary 1.3. Let δ be a convex curve. Then there exists a one parameter
family of curves y such that δ is invariant under the dual billiard map
corresponding to y.

These curves are the envelopes of families of lines F with different values
of c.

N ote that there is a similar method of recovering a billiard curve γ from its
caustic: if y is the set of points χ such that the sum of the lengths of the
tangent segments from χ to δ and the arc of δ between the tangency points is
fixed (see Fig. 7), then a billiard trajectory, tangent to δ, remains tangent to δ
after reflection in y [2].

§2. Generating function and periodic points

The domain A, where the dual billiard map acts, is the exterior of a
curve γ, that is, a semi infinite cylinder. Let us orient γ in the counterclockwise
direction and parametrize it by the angle made by the tangent ray with some
fixed direction. Then a point Ρ outside y has two coordinates: (a, r), where the
latter is the length of the tangent segment from Ρ to y (see Fig. 8). Let
T(a,r) =  (β,Β). We define by S the function such that S(oc,j3) is equal to the
area of the curvilinear triangle made by the tangent lines from Ρ to y and the
arc of y from α to β.

Lemma 2.1. r2/ 2 =  QS(aJ)/ da;R2/ 2 =  
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The proof is realized by direct computation.
N ow let ω be the standard area form dx A dy in the plane.

Lemma 2.2. ω =  rdr A da.

The proof is again realized by direct computation.
It follows from Lemmas 2.1, 2.2 that Ξ(ιχ,β) is a generating function of the

dual billiard map T. Namely, if k = ^du., then dk =  ω and T*k k = dS. In
particular, we see that Τ is area preserving.

Τ is also a twist map of the cylinder A, that is, each vector tangent to the
"vertical" direction α =  const is rotated by Τ to the left (see Fig. 9). Hence Τ
is an area preserving twist map of an annulus, and one can apply a known
technique to its study. In particular, Τ has periodic orbits of all periods and
rotation numbers. We give a simple argument to prove this property.

Lemma 2.3. For any « ^ 3 there exists an η periodic orbit of T.

Proof. Let us consider convex fc gons circumscribed about y for k ^ n. Imagine
the sides of a polygon are walls, which can rotate around y. We pump gas
into the domain outside y. The gas tends to assume the maximal area, and the
equilibrium condition reads as follows: the momenta of the forces acting on
each side are equal (see Fig. 10). Hence the sides are bisected by the points of
tangency with y. Therefore, the circumscribed fc gon of least area is a Γ orbit.
If k < n, one decreases the area by cutting off a triangle.

Similarly one constructs periodic orbits with other rotation numbers (see
Fig. 11). N ote that in the case of billiards one should replace "circumscribed
polygons of least area" by "inscribed polygons of greatest perimeter".

§3. Several modifications of the dual billiard map

If the curve y is a front, the dual billiard map becomes a multivalued area 
preserving map, that is, a symplectic relation (see Fig. 12).

Let A be a positive real number. For χ outside y we define by Τχ(χ) the
point of the (right) tangent line to y passing through x, such that the point of
tangency divides the segment (Τλ(χ),χ) in the ratio λ (see Fig. 13).

Lemma 3.1. Τχ is conformal symplectic: Τ*λω = λ2ω.

The proof follows from Lemmas 2.1, 2.2.

Corollary 3.2. Let k\ ,...,kk be positive real numbers such that k\  •  ... •  kk = 1,
k ^ 3. Then there exists a point χ outside γ such that 7V, ο . . . ο Txk(x) — χ.

This statement is proved in [3]. (I am grateful to B. G runbaum for this
reference.)

It is interesting to ask, for which curves y and values k the map Τλ has
periodic points. F or example, is it true that if y is not an ellipse, then
Per Τχ φ 0 for all k sufficiently close to 1?
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N ow let α be an angle between 0 and π/ 2, and let χ be a point outside y.
Consider a ray xy,y G  y, which makes the angle α with y. We define by Tx(x)
the point of the ray reflected in y (as if it were a mirror) at the same distance
from y (see Fig. 14). It is obvious that T° is a dual billiard map and Τπ/ 2 is
the identity.

Lemma 3.3. Ta is area preserving.

We shall prove a more general result in the last section.

§4. Duality between billiards and dual billiards

We observed a certain duality between billiards and dual billiards, arising
with interchange of length and area. To explain this duality, let us change the
metric. Namely, let us consider both problems on the sphere. In this case one
has projective duality: to any pole there corresponds its oriented equator.

Lemma 4.1. Billiards and dual billiards are projectively dual.

Proof. The billiard map acts on oriented lines: to any ray there corresponds
the reflected one. Consider the moment of reflection in y (see Fig. 15). The
dual configuration consists of a tangent line to the dual curve y* and two
points A and Β on it. A property of projective duality is that the angle
between oriented lines a and b is equal (up to a constant factor) to the
distance between the dual points A and B. Therefore, the rule of angles for
the billiards translates to the equality AL = LB.

In particular, we see why the area appears in the dual billiard problem as
the generating function. Closed billiard trajectories are extrema of the length
functional on inscribed polygons. Therefore, closed dual billiard trajectories are
extrema of the "sum of the angles" functional on circumscribed polygons. By
the G auss Bonnet theorem this sum is equal (up to a constant) to the area of
a polygon. However, in the limit case, when the curvature vanishes, the two
problems become different: dual billiards are invariant under affine
transformations of the plane, while billiards admit a smaller group of
isometries.

§5. A theorem of Poncelet and dual billiards

A celebrated theorem of Poncelet is the following statement. Given two
nested ellipses in the plane, one picks a point on the outer one, draws the
tangent line to the inner one, finds its intersection with the outer one and
takes it as the new initial point (see Fig. 16). The claim is that if some point
returns to its original position after a number of iterations, then so does every
point after the same number of iterations. We refer to [2], [4] for the classical
and modern proof of this statement. Here we give another proof of the
Poncelet theorem.
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Let us regard the interior of an ellipse Γ as the Klein model of the
hyperbolic plane. The distance between points χ and y is equal to
| log[jc,.y, 6, a]|, where [ ] is the cross ratio, and a and b are the points of the
intersections of the line xy with Γ (see Fig. 17). Lines in the Klein model are
the usual lines in the plane. For a convex curve γ inside Γ, let us consider the
dual billiard map Τ of its exterior in the hyperbolic metric, that is, assume
that tangent segments have equal hyperbolic lengths. As in §1, Γ is area 
preserving. (Of course, the area is assumed to be hyperbolic.)

Let γ be an ellipse too. Then γ and Γ define a pencil of ellipses, which pass
through the four points (complex, in the case under consideration) of
intersection of γ and Γ. These ellipses foliate the annulus between γ and Γ.

Lemma 5.1. Τ preserves each ellipse of the pencil.

Proof. Applying a Γ preserving projective transformation, that is, an isometry,
we make γ concentric with Γ. Take this centre as the origin in M2. The pencil
consists of conies

<7Α =  {*|(ΛΑ(Χ) ,*)> =  1},

where Αχ = A + XE, and A and Ε are self adjoint operators M.2 —> (R2)*. We
assume that Co =  γ. Let /  be the tangent line to γ at a point x, and u a
tangent vector at x. We parametrize /  as χ + tu, t 6 M.

The points of intersection /  Π Q satisfy the equation

{(A + XE)(x + tu), χ +  tti) =  1.

Since (Ax, x) =  1 and (Ax, u) = 0, we obtain
1 1 =  2 ( &c , z )

ii <2 (Ex,u) '
where t\  and ti are the roots. In particular, t\ ' + 1 j 1 does not depend on λ.

Intersection of the line /  with the ellipses Cx defines an involution on /  (see
Fig. 18). It follows that this involution is projective, and, therefore, preserves
distances. Hence T(Cx) = Q .

The curves Cx (trivially) form a Lagrangian foliation. A general fact about
Lagrangian foliations is that their leaves carry a canonical affine structure
(see [5]). Let f be a Lagrangian foliation, F" a leaf of it, and V" a
transversal disk to it such that F passes through its centre 0. Given a function
f, constant on leaves, its symplectic gradient jgr ad / is tangent to the leaves.
If/  and g are two such functions, then sgrad/  and sgradg commute. We
consider such functions as functions on V and observe that sgrad/  on F
depends only on the value of df at 0. Hence we obtain a locally free action of
the additive group T^V = R" on F. Thus, the affine structure is defined.

Applying this construction to the case under consideration, we identify each
curve Cx with T l=R1/ Z1. The dual billiard map preserves the symplectic
form and each curve Cx. Hence Τ is an affine transformation on Q .
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Moreover, Τ has degree one, so it is a shift of T 1. In particular, if some point
is periodic, then all points of the same curve are periodic with the same
period. F rom here the Poncelet theorem follows for the ellipses Co and Q .

We add the following remark. Consider three nested ellipses y1 c y2 C Γ
from the same pencil, and let T\  and T2 be (hyperbolic) dual billiard maps
with respect to yi and y2, respectively.

Lemma 5.2. Tx ο T2 = T2 ο Τχ (see Fig. 19).

Proof. Consider an ellipse C from the pencil, lying between y2 and Γ. The
above argument shows that both T\  and T2 are shifts in the affine
parametrization of C. Therefore, they commute.

One can prove a similar result on commutativity for elliptic billiards as well
(see [6]).

§6. Integrability

The dual billiard is called integrable if the domain outside the curve y is
foliated by Γ invariant curves. An obvious example is an ellipse: Γ invariant
curves are ellipses homothetic to it.

Conjecture 6.1. If Τ is integrable, then y is an ellipse.

This is an analogue of Birkhoffs conjecture that the only integrable
billiards are elliptic. This old conjecture has not been proved yet; however, see
[7] for an important partial result.

Integrability of the dual billiard map implies that there exists a curve δ
consisting of 3 periodic points. It follows that one can rotate the inscribed
triangle of extremal area inside δ. One is tempted to think that this is possible
only when δ is an ellipse. However, as I learned from M. Berger, there are
plenty of curves, other than ellipses, with this property.

Another case of integrability was discussed in the previous section.

Conjecture 6.2. Let y be a smooth strictly convex curve in the plane. Suppose
that there exists a foliation of its neighbourhood by closed curves yt, such that
for any line I tangent to y, its points of intersection with the curves yt define a
projective involution on I {the projective structure is induced from the plane).
Then y is an ellipse and y, are ellipses of the same pencil.

Another interesting question: when do dual billiard maps commute?(1)

Conjecture 6.3. Let y^ and y2 be two smooth strictly convex curves, Τχ and T2

the corresponding dual billiard maps. Suppose that Τχ ο T2 = T2 ο Τχ in the
domain where both maps are defined. Then yx and y2 are concentric ellipses.

( 1 ) Conjecture 6.3 is proved in [8].
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§7. Affine parametrization and explicit formulae

Since the dual billiard map is affine invariant, it is natural to use the affine
parametrization of curves in studying it. Let y be a smooth convex plane
curve. We fix a point χ 6 γ, and let Μ be a tangent vector to γ at x. Consider
a nearby point of the curve x\  = χ +  ε«  f Ο(ε2), where ε is small. Then the
area Α(ε, u) of the segment bounded by γ and the chord joining χ and x\  is of
the third order in ε (see Fig. 20). Hence B(x, u) :— UmA(e, Η)/ε3 is a cubic

ε »0
form on the tangent bundle Ty, and the 1 form y/ B is called an element of
affine length. Its integral over y is called the affine length of y. By the very
definition, it is invariant under area preserving affine transformations. Also,
by definition, affine length has degree of homogeneity 2/3, that is, if one
applies a dilation with coefficient k, then the affine length is multiplied
by k2'\

In other words, γ is parametrized by a parameter t so that \ [y,y]\  = 1; here
dots mean derivatives with respect to t and [,] means the vector product. The
parameter t is called the affine parameter on y, and the function |[y,y]| the
affine curvature [9].

Let t be the affine parameter on the dual billiard curve y. Given a point χ
outside y, there exist unique t and r > 0 such that χ = y(t) + r •  y(t). We use /
and r as coordinates in the exterior of y.

Lemma 7.1. The standard area form is equal to rdrAdt. The dual billiard map
Τ near γ is given by the formula

T(t} r) =  (< +  IT   |K(i) r3   ^ / < '(< ) r 4 +  O(r5) , r +  ^ # ' ( t ) r 4 +  O(r

where K(t) is the affine curvature of y at t.

The proof is a straightforward computation.

§8. Area spectrum

Let Τ be an exact symplectomorphism of an exact symplectic manifold
(M,dX), that is, Τ*λ — λ = dS for some function S. Let σ =  {xu ... ,xn} be a

periodic orbit of T. We define L(a) = \ ^5(χ ( · ) . If one changes λ to

J = k + df then S = S+foT fi and L(a) remains the same. If the
function S, defined up to an additive constant, is normalized in a natural way,
then L(a) becomes a symplectic invariant of the orbit σ (see [10]).

Applied to the billiard problem, this construction yields the set of lengths
of periodic trajectories, the length spectrum. We apply it to dual billiards and
introduce the notion of area spectrum.

The area spectrum of a dual billiard curve is the set of areas of polygons,
obtained by joining consecutive points of periodic orbits of the dual billiard map.
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If the polygon is self intersecting, then the area is computed with the
corresponding multiplicity (see Fig. 11).

It is established in [11] that the length spectrum of a smooth convex
billiard has a nice asymptotic expansion in a vicinity of the billiard curve. We
extend this result to strictly convex smooth dual billiards. Let An denote the
area of a simple « gon, whose consecutive vertices form an η periodic orbit.

Theorem 8.1. An has the following asymptotic expansion:
a \  a·) a;

Αη ~ α 0 +   τ +  ϊ +  · · +  2 7 +  · · · ,η2 η 4 π 2·
where «ο =  (area bounded by y) and a\  = ^ (affine length of y) .

Proof. We give only an outline of the proof; for more details see [11], [12].
The main idea is that, modulo flat functions, the dual billiard map Τ is
integrable in a neighbourhood of y. More specifically, in a neighbourhood of γ
there exists a smooth function f(t,r) that is even in r and such that
T~l oexp igrad ( / 3 ( / 2 ) is a smooth map, which fixes y to infinite order. The
existence of such a function /  is a general fact, which holds in a much more
general situation (see [13]). In particular, the Taylor expansion o f/ is uniquely
determined along y. The appearance of the exponent 3/2 is due to the fact that
Τ has a square root type singularity on y.

Now let us apply a dilation to make the affine length of y equal to 1. We
consider Τ as integrable (up to flat functions) and choose new variables u(t, r),
o(t,r) in such a way that

and T(u,t;) =
where φ is smooth. Let 0 ( "2  " i ) be the generating function of T. Then
φ'(φ(^β)) =  . Hence φ'(χ) = Σ^χ11 (again, on the level of Taylor series),
and φ(χ) = ^ f l ^ i + l , where a, =  α,·/ (2ΐ+  1).

If σ is an « periodic orbit with the rotation number 1, then

which is the desired asymptotics. Obviously, OQ is the area bounded by y. To
find a\  we use the formulae from the previous section.

Let
_2

v. =  t + fei(i)r +  62(i)r2 +  · •  · , υ = — +  C l( i) r 3 +  · •  · ·

The equality dohdu = rdrhdt implies that b'^t) +  3ci(i) =  0. Since υ(ί, r) is a
Γ invariant function, we use the formulae of Lemma 7.1 to obtain c\  — 0.
Consequently, c\  =  const, hence b\  = const, therefore b\  = 0 , and c\  =  0. Thus,
ο = | +  0( r 4) , and u = t + const · r +  O(r2). It follows that φ(φ) = 2r + O(r3) ,
and therefore φ(χ) = 2\ / 2x +  (^(x2). Since φ'{ψ{χ))=χλ, we see that
φ'(χ) = £ +  0(x3) and φ(χ) = const +  $ +  O(x4). Hence ^   1/24.
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If y does not have unit affine length, we apply an appropriate dilation to
conclude that

a\  = — (affine length of y)3.

Here the degree of homogeneity of 2/3 was used.
It is worth mentioning that there is an isoperimetric inequality for convex

curves in affine geometry, which is opposite to the usual one (see [14]):

(affine length)3 < 8π2 Area,

and equality holds only for ellipses. It follows that a\  ^ yao in the asymptotic
expansion of An, and one can recognize ellipses by their asymptotic expansion.

We conclude this section with a problem. It is well known that the length
spectrum of a convex domain is closely related to the spectrum of the Laplace
operator in this domain with the Dirichlet boundary conditions. Is the area
spectrum related to any operators in a similar way? N ote that if these
operators exist, they have to be affine invariant.

§9. Invariant curves

A natural question to ask about the dual billiard map is whether its orbits
can escape to infinity or "fall" on the dual billiard curve. If the curve y is
sufficiently smooth ( C 7 is enough), then the negative answer is given in the
framework of the KAM theory. This idea is due to Moser [15], [16].

First consider Τ near y. The formulae from §7 show that the map Γ is a
small perturbation of an integrable map 7 (ί, r) =  (t + 2r, r) if r is small.
To has a foliation by invariant curves r =  const, and it follows from the KAM
theory that the perturbed map Τ also has invariant curves arbitrarily close
to y. These curves separate the orbits from y.

Consider the situation at infinity. We parametrize y by the angular
parameter as in §2, and let ρ =  1/2. Then Γ is a map of the annulus
(αηκχ12π,ρ ^ 0 ) .

Lemma 9.1. There exists ε > 0 such that if ρ < ε, then

T(a,p) =  ( o +  τ  f{a)p + g(a,p)p\p+ h(a,p)p2),

where the functions j"(a), g(<x,p) and h(<x,p) are smooth. The function f {a) is
strictly positive.

Proof. Let T(a,p) — (αι,ρ, ) , and let d be the length of the segment joining the
points α and αϊ (see Fig. 21). By the triangle inequality,

r   rx d

If ε is sufficiently small, then r > 2d and px   ρ < 2dp2 < cp2, where c is a
constant.
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Now let a,\  — α, + π y, where γ =f(tx)p+g(a,p)p2. We claim t h a t / ( a ) is
non zero. By the cosine theorem,

If ε is small enough, there exists a positive constant b such that d2 ^ b.
Therefore,

b<f2(a)+pu(p,a)

for some function u. H ence/ (a) is non zero.
We conclude that the map T2 is of the form

Γ2(α , ρ) =  (β +  φ(α)ρ +  Ο(ρ2), ρ + φ(α)ρ7 + Ο(ρ3)).

Now we again change coordinates to prove that T2 is a small perturbation of
an integrable map.

Lemma 9.2. There exist coordinates in the annulus

x(a, p) =  a(a) + O(p), y(a,p) =  b(a)p + O(p2),

such that T2 is of the form

Proof. To satisfy the relation x\   x =  y + O(y1), we put a = b/ <p. (We recall
that φ has no zeros.) Then the equality y\  =  y + O(y3) is rewritten as the
equality b\ j/  +  b'q> = 0, whose solution is b = exp(   $ψ/φ).

Now it is clear that T2 is a small perturbation of the map
(x,y) ι—•  (x + y,y), and by KAM theory it has invariant curves sufficiently far
away from γ (cf. [17] for the case of ordinary billiards). These curves prevent
orbits from escaping at infinity.

Let us remark that this argument is valid only for sufficiently smooth dual
billiard curves. The situation with arbitrary curves is not clear.

§10. Dual billiard map at infinity

If a point χ is very distant from γ,  then the lines (JC, Tx) and (Tx, T2x) are
almost parallel. This observation makes it possible to describe, in the first
approximation, the dynamics far away from y.

Let γ be a strictly convex smooth closed curve, oriented counterclockwise.
We fix a positive direction in the plane. Let x(a) e γ be the point at which the
tangent direction makes the angle α with the fixed direction. We define o(cc) by
the vector χ(α +  π)   x(a) (see Fig. 22). By replacing tangent lines by
supporting ones, we extend the definition of υ(α) first to strictly convex (but
not necessarily smooth) curves. Then υ(α) becomes a continuous vector valued
function on the circle, odd in a. Now we extend the definition of u(a) to all
convex curves. Let /  be a straight segment of γ, and let α be its direction.
Then o(a — ε) and υ(α +  ε) are defined for small ε, and at a the function υ(α)
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has a discontinuity of the first kind (see Fig. 23). The situation is similar if
γ has two parallel straight segments.

We take an auxiliary plane, and let Ο be the origin of the polar coordinate
system {a,r). Consider a homogeneous (under homotheties) vector field υ(α) at
a point (oc,r), maybe with discontinuities of the first kind.

Lemma 10.1. Integral curves of the field υ(α) are closed, homothetic, and
centrally symmetric with respect to O. Their corners correspond to straight
segments of y, and their straight segments correspond to corners of γ.

Proof. Let p(a) be the supporting function of y. A direct computation, which
we omit, shows that integral curves of y are defined in polar coordinates by

r(a) =  const fp(a +  τ/ 2) +  p(a   τ/ 2).

In other words, an integral curve γ*, well defined up to a dilation, is
obtained from y in two sets: symmetrization, that is, replacing ρ (α) by
p(oc + π/ 2) + p(cc — π/ 2), and polar dualization, that is, replacing ρ (a.)
by l/ p(a). In a more invariant way, polar duality sends a point other than 0
to an affine line in the dual space, consisting of those linear functionals whose
value is 1 at the given point. From this the claim about lines and corners
follows.

Corollary 10.2. If γ is centrally symmetric, then, up to a dilation, γ*** = y* and
7** = y 

F or example, if y is a square, then y* is also a square, rotated through π/ 4;
if y is a triangle, then y* is an affine regular hexagon; if y is a curve of
constant width, then y* is a circle; if γ is a semicircle, then y* is a curve
consisting of arcs of two confocal parabolas which intersect at a right angle
(see Fig. 24).

N ow pick a point χ outside y, and let d be the distance from χ to y. Let Ο
be a point inside y. Consider a segment S = {χ — χο,χι, •  •  •  ,xn} of the orbit of
χ under T2 such that

Angle(x0,O,Xi) + ... + Angle(x«_i, O,xn) < 2π,

but

Angle(x0, O,x{) + ... + Angle(xn_i, O, xn) + Angle(xn, O, xn_i) > In.

Let Yd be the dilation with centre Ο and coefficient \ / d, and let y*d be the
curve from the previous lemma with centre O, passing through

Theorem 10.3. The distance between Td(S) and y*d tends to zero as d—> oo.

The proof consists in an estimate of the deviation of the orbit from y* at
an iteration of the map T2, and we omit it (see [18]).

The theorem shows that the !T2 invariant curves at infinity, constructed in
the previous section, are "almost" homothetic to y*. Moreover, consider a
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continuous motion along curves y* with velocity υ(α) at a point (a, r). This
motion is called a limit motion. It is the first approximation to the dynamics
of the map T2 far away from y.

Lemma 10.4. The limit motion satisfies the Kepler law: the area swept by the
radius vector of a point is directly proportional to the time.

Proof. Let

where, as before, p(a) is the supporting function of y. It is easy to see that

If (oi(t),r(t)) are the polar coordinates of a moving point, then its velocity is
given by

By Lemma 10.1, r(a) =  const/ / (a) along an orbit. Collecting all these facts
together, we find that ά =  c/ 2(a) . Hence, d(Area)/ dt = r2u. = c.

§11. Polygonal dual billiards

If the dual billiard curve y contains a straight segment /, then the dual
billiard map Τ or its inverse are not defined on the extension of /. In such a
case we remove this line, as well as its forward and backward orbits under T.
In the remaining set of full measure the dual billiard map is well defined.

Let y be a polygon, and A its exterior. We denote the set of removed
points by Ao, the set of periodic points by Af, and the set of points with
infinite orbits by A^. It is obvious that Af is open, AO0 = AQ—AQ, and
Af = A — AQ.

The first question one asks about polygonal dual billiards is whether all its
orbits are bounded. The following necessary condition was found in [19] [21].
Given a polygon y, consider y* with the limit motion described in the previous
section. Let y* have η sides, and let t\ ,...,tn be the times it takes a point to
cross the sides of y*. Since y* is defined up to a dilation, the numbers tt are
defined up to a common factor.

Theorem 11.1 [19] [21]. If (h : ... : tn) £ Q P ""1 , then all orbits of the dual
billiard map are bounded.

In particular, lattice polygons and regular polygons have this property.

Corollary 11.2. If the dual billiard is a lattice polygon, then all orbits are finite.

Proof. The group generated by reflections in vertices is discrete. So is each
orbit. Since each orbit is also bounded, it is finite.
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F or polygons that do not satisfy the above criterion, and, more generally,
for dual billiard curves with straight segments, it is not known whether orbits
can escape to infinity. There is strong computer evidence that it can happen
for a dual billiard curve that is a semicircle. Consider Fig. 25. The black set is
the set of points of discontinuity of the map T. Its complement contains big
white "islands", surrounding periodic orbits of odd periods and bounded by
curves invariant under an appropriate iteration of T. There is, however,
another white set consisting of smaller regions. Apparently, they consist of
points that spiral away to infinity under T. Fig. 26 shows one such orbit
escaping to infinity (see [18] for details).

§12. Affine regular pentagon

The first non trivial regular polygon, with respect to the dual billiard
problem, is an (affine) regular pentagon: triangles and squares, as well as
regular hexagons, are lattice polygons. In this section we consider this case in
detail.

Consider the computer picture (see Fig. 27). White regions that look
somewhat like circles are regular decagons and pentagons, which consist of
periodic orbits of the set Af. The black web is the set Ao U  Aoo consisting of
points of discontinuity of T. It is self similar, as one can see on a blow up
(a thousand times), shown below. The set of infinite orbits A^  has countably
many components, which resemble necklaces (see Fig. 27, on the right). The
orbit of a point of such a component is dense in it. These "necklaces" bound
jT invariant domains. We shall look only at the first such invariant domain
(see Fig. 28); we still call it A. The dynamics outside the first invariant domain
repeats the one inside it. This is a general property of polygons, satisfying the
criterion of the previous section, and we will not discuss it here (see [12], [21]).

The domain outside the pentagon consists of 5 exterior angles (see Fig. 29).
We identify them under rotation about the centre of the pentagon and call Τ
the induced map in the invariant domain shown in Fig. 30. Let U and V be
the points on the bisector ON  such that the rotation about U through 3π/ 5
sends the point Κ to M, and the rotation about V through π/ 5 sends Μ to K.
We denote these rotations by w and o.

Lemma 12.1. The map T, restricted to AOKL, is equal to u, and restricted to
ALMN it is equal to υ.

The proof is seen from the picture.
Let A' be a component of A — Ao with non void interior.

Lemma 12.2. Each point of X is periodic, and all points, except possibly one,
have the same period.

Proof. Since X is of positive measure, some iteration Tn(X) intersects X. Since
X is a component, Tn(X) =  X. The map T", restricted to X, is either a
parallel translation (if η is even), and then it is the identity, or it is a central
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symmetry (if η is odd). In the former case all points have the same period,
and in the latter the period of the centre of symmetry is half that of the other
points.

We further factorize the map, considering its action on components of
A — AQ. Call the set of components A and the induced map T. To a point of
A there corresponds its itinerary: this is a word in the letters u and υ, infinite
in both directions, which shows which of the two rotations the point
undergoes for consecutive iterations of T.

Lemma 12.3. Itineraries of distinct points in A are distinct.

Proof. If χ and y in A — AQ belong to distinct components, then AQ separates
them. This implies that at some step η the points Tnx and T"y are separated
by the extension of one side of the pentagon. At this step they reflect in
distinct vertices.

We denote by Γ the composition of the dilation with centre Ο that sends V
to U and the symmetry in the line UV. Then Γ decreases distances by a factor
of λ =  (y/ 5 — 2), and it sends Ν to Νι, Μ to K\ , Κ to M\ , and so on (see
Fig. 30). The following observation is crucial for our description.

Lemma 12.4. If χ e AOKL, then Γ ο Τ(χ) = Τ1 ο Γ (χ); and if y ζ ALMN, then
Γ ο Τ( y) = Γ 3 ο r(y). More specifically:

Tu(x) = uuvuvuuT(x), Tv(y) =  uuuT(y).

The proof is seen from the picture.
In particular, in terms of itineraries, Γ acts as a substitution:

u —f uuvuvuu, ν —> uuu.

Consider Fig. 30 again. One sees two periodic domains in it: a big
/•  invariant regular decagon and two big regular pentagons, interchanged by T.
Their itineraries are periodic words with periods u and uo. We apply all
possible combinations of Γ and Τ to them to obtain new invariant domains,
which again are regular decagons and pentagons. They are periodic by
Lemma 12.4. We call the former ones periodic domains of the first kind, and
the latter periodic domains of the second kind. Let σ be a periodic orbit. We
define rank σ as the least η for which there exists χ G σ such that Γ~"(χ) is
still inside the quadrilateral OKNM. Periodic orbits of rank zero are exactly
the big decagon and the two big pentagons.

Lemma 12.5. All T periodic orbits are obtained from those of rank zero by
applying all possible combinations of Γ and T.

Proof. Let σ be a periodic orbit of rank n, and χ its point inside 0K\N\M\
such that Γ~"(χ) e OKNM. Then, by Lemma 12.4, Γ  1 (χ) is a periodic orbit
of rank (n — 1). The proof is completed by induction.
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Lemma 12.6. For all η the map Τ is transitive on periodic domains of rank η of
the first kind, and of the second kind too.

The proof follows from Lemma 12.5.
N ow we establish the main results on the dynamics of the map T.

Theorem 12.7. The set of infinite orbits A^ has Hausdorff dimension
log6/ log( \ / 5 +  2). Each infinite orbit is dense in A^.

Proof. It follows from Lemma 12.5 that A^  is Γ invariant. Therefore, general
results on the Hausdorff dimension of self similar sets can be applied
(see [22]). More specifically, let B\  and B2 be the parts of A^  in AOKL and
ALMN, respectively. Let α be the Hausdorff dimension in question, and b\
and i>2 the α measures of B\  and B2, respectively. Since B2 consists of two
parts Α similar to B\ , and B\  consists of five parts Α similar to B\  and
three parts Α similar to B2 (as follows from Lemmas 12.4 and 12.5), we have

6, =  5λ°'61 +  3λα62, 62 =  2λα61.

H ence λα = 1/6 and α =  log6/ log(\ / 5 +  2).
To prove the second assertion let us assume that x,y e A^. We want to

show that for any ε > 0 there exists a number η such that T"(x) is ε close
to y. F or Ν big enough there exist periodic domains X and Υ of rank Ν and
of the same kind, such that d ia m J f< 8/ 2 , d i a m y< e / 2 , dist (x,Z ) < ε/ 2,
dist(j>, Y) < ε/ 2. If the number η is chosen in such a way that T"X — Υ
(it exists by Lemma 12.6), then the itineraries of X and χ coincide in all orders
of iteration from 0 to n. Therefore, T"x is ε close to y.

N ext we find explicit formulae for the periods of Γ periodic orbits in A.

Theorem 12.8. The period of a periodic orbit of rank η of the first kind is equal
to i ( 8 . 6 n  ' +  (  1) ), and of the second kind to 2(6" +  (  1) ""1) .

Proof. Let an and bn be the number of M'S and D'S in the itinerary of a
periodic point of rank n. By Lemma 12.4, they satisfy the relations

=  5an +  36n, 6 n + i =  2an .

F or orbits of the first kind we have a\  = 1 and b\  = 0, and for the second
kind a\  = b\  = 1. Solving the recurrences, we obtain

6" 4  (—11n+ 1

* 9
. =  | ( β—* +  (  1)")

for orbits of the first kind, and
_ 9  6 w ~ 1 + 2 (  l ) n _

an — , 6n _, 6n _

for orbits of the second kind. Adding an and bn, we complete the proof.
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Itineraries of points provide a symbolic description of the dynamics of Τ
in Ax. Namely, one considers the closure of the set of shifts of the sequence

. . . UUVUVUUltUVliVtiUUUUUVUVUUUUUUUVUVUUUUVUVUU . . .

in the space of sequences in u and υ. This sequence is invariant under the
substitution

Γ: u > +  uuvuvuu, υ < ¥ uuu,

and Τ acts as a shift: T(an) = a'n, where a'n — an+\ . The above sequence is
non invariant, though the fraction of symbols u in it is equal to 3/4.

§13. Higher dimensional dual billiards

In this section we discuss higher dimensional dual billiard maps. As a
motivation, consider higher dimensional billiards. Let Γ" c M"+ 1 be a
hypersurface in a Euclidean space. Reflection in Γ defines a transformation of
the space of rays N2n in R n + 1. This space is equipped with a canonical
symplectic structure (rays are geodesies, that is, extremals of a variational
problem; the space of extremals is always symplectic [5]), and the billiard
transformation preserves this structure. To Γ there corresponds a hypersurface
Σ C N, consisting of rays tangent to Σ . Characteristic curves of Σ (that is,
integral curves of the kernel of the symplectic structure, restricted to Σ) consist
of rays tangent to Γ along geodesic lines on it [5]. Let a ray r hit Γ at a
point x, and let r\  be the reflected ray. The rays r and r\  generate a
2 plane, and the rays in this plane that pass through χ form a line in N. This
line is tangent to Σ and has the characteristic direction at the point of
tangency. Also the angle of incidence is equal to the angle of reflection for the
rays r and r\ .

Translating this to the language of dual billiards, we give the following
definition. Let Μ2n~1 c M.2" be a smooth hypersurface (or even a front) in a
linear symplectic space, and let ω be the symplectic form. We say that points
x and y are in the dual billiard relation with respect to Μ if the line xy is
tangent to Μ at some point z, has a characteristic direction there, and
xz =  zy. We denote this relation by T.

Similarly one defines Ta, where α is an angle (compare §3). Namely, let us
identify R2" with C . We say that χ and y are in the relation T" if there exists
ζ e Μ such that

~zx =  exp(ta)n, ~zy =  exp(—ia)n

where η is some normal vector to Μ at z.

Lemma 13.1. Τ and Ta are symplectic relations.

Proof. Consider the graph Τ: G c M2" x R2", where the product space has a
symplectic structure ω ι θα>2, where the ω,· are the linear symplectic structures
in the factors. We want to prove that G is a Lagrangian submanifold.
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Let x,y be Darboux coordinates in the first copy of R2n, that is, ω\  =  dxAdy,
and let x,y be D arboux coordinates in the second copy. Consider the
cotangent bundle r*R 2 n with space coordinates qi,q2 and impulse coordinates
P\ ,Pi (here #,,/7, are vectors in R"). Then the linear map

χ +  y + V _ _
ϊι =  —— , 92 =  —j  , pi = y y, pi = x x

is a sym plectom orph ism of T*M.2" in relat ion t o the Liouville symplectic
st ructure in (R 2" χ R2",cwi θ ω 2 ) . T h e graph G C T *R 2 " is th en defined as
follows:

G =  {(q,p) € T*R 2 n | 9 6 M , p g AnnTqM).

Hence, G is the conormal bundle of Μ C R 2 " an d , therefore, a Lagran gian
man ifold.

Similarly, th e grap h G a of T« in T *R 2 " is given by

ι r*TO 2 n * ^s ^ e e n ( i ' P o m t °f a n o r m a l vector η to M;
>PJ ^ j s ^ c o v e c t o r c o t a ( n , • ) at q.

H en ce G a is the graph of th e differential of th e fu n c t io n / ( a ) in R 2",

/ ( a ) =  c o t a •  distance2(q,Μ),
an d, therefore, a Lagran gian m an ifold t o o .

As in the p lan a r case, strictly convex sm oo th closed hypersurfaces are of
part icu lar in terest . Let M 2 "~ ' c R 2" be such a hypersurface. I ts n a t u ra l
or ien tat ion (as a bo u n d ary) induces an or ien tat ion of characterist ic lines t o it,
which becom e characterist ic rays.

Lemma 13.2. For any χ outside Μ there exists a unique y £ Μ such that yx is
the characteristic ray to Μ at y.

Proof. Consider a map from Μ χ [Ο,οο) to the exterior of M: to (y,t) there
corresponds the point of the characteristic ray to Μ at y at a distance t
from y. This map is of degree one, so it acts onto.

To prove that the map defines a one to one correspondence, assume that
there exist points y, ζ e Μ such that χ is the intersection of the characteristic
rays passing through y and ζ (see Fig. 31). Then the vector Jy has the
outward direction at y and the inward one at z. Hence ω( 1y, yx) > 0 and
co(zy,z]c) < 0, by the definition of characteristic rays. On the other hand, we
have ~zx = ~zy + yx. Substituting this relation into the latter inequality, we
obtain a contradiction with the former inequality.

According to Lemma 13.2, the dual billiard relation becomes a well defined
map if Μ is strictly convex.

Theorem 13.3. Let Μ be a strictly convex smooth closed hypersurface. Then for
any odd prime k the dual billiard map Τ has k periodic orbits.
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Proof. We use the method developed in [4]. Consider the product
(R2n)k χ (R2n)k with the symplectic structure ω\θω\ . Let zi,...,zk be
coordinates in the first factor, and zT, ..., zj coordinates in the second factor
(z,z £  R2n). Consider two submanifolds

G* =  {Ji =  Tzi) and C = {z{ = Τζί+Ϊ},

where i = l,2,...,k, and k + 1 is understood to be equal to 1. We are
interested in the intersection Gk Π C.

As in Lemma 13.1, (R2n)k χ (R2n)k is symplectomorphic to (T*R2n)k. Let
qi,...,qk be space coordinates, and pi,...,Pk impulse coordinates, that is, let
q and ρ be ^ vectors. Then Gk is the conormal bundle of Mk = Μ χ . . . χ Μ
(k times) in (R 2")*. C is a linear subspace, and we claim that if k is odd, then
it is the graph of the differential of a function, and, in partcular, a Lagrangian
submanifold. It is easy to verify that this function has the form

Hence points of Gk Π C are critical points of Φ on Μk. Some of these
critical points correspond to "false" orbits (xi,...,xk) with χ, =  Γχ,_ι,
Xi+ι = T~lXi for some i, or to fixed points of Τ that belong to M. However,
true maxima (and minima) of φ are "honest" orbits of Τ (see [12] for details).
Finally, there could be multiple orbits, which are excluded by the condition
that k is prime.

We want to make several remarks on this theorem. Most probably, the
condition that k is an odd prime is an artifact of the proof. One can
generalize the result to k distinct oriented hypersurfaces (and even fronts)
M\,..., Mk: if k is odd, then there exists a set {χι,..., Xk} such that for each
i the vector XjXi+ι is tangent to A/,·, has the characteristic direction at the
point of tangency, and is bisected by it. Here k should be odd: think about an
even number of points, in which case the composition of symmetries in them
is a shift. In the same way one can prove the existence of periodic orbits
of Ta.

As another remark, let us note that in the planar case the functional φ
does not coincide with the area functional considered in §2. For example,
5 periodic orbits correspond to extrema of the functional on inscribed
pentagons shown in Fig. 32. Similarly, in the billiard problem there should
exist a functional, other than the perimeter, responsible for closed trajectories.

Let y : [0,1] —•  R 2n be a smooth closed curve, and q, : =  y(i/ (2N+ 1)),
i = 0, ...,2N, points of γ. One expects that the function φ^ο,  •  •  ,q2N) will
approximate the symplectic area of a film bounded by γ.

Lemma 13.4. </>(#ο, · · · ,qiN) —> Jo
 ω(7,7)^ί as TV—» oo.

The proof consists in an evaluation of the oscillating integral.
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As in the planar case, ellipsoids generate integrable dual billiard maps. U p
to a linear symplectic transformation, an ellipsoid is given by the formula
Σαί(*ϊ + yf) = 1, where x,y are Darboux coordinates. Let x,•  — r,cos a,·,
j , =  r, sin a,·.

Lemma 13.5. The dual billiard map Τ in polar coordinates is T(rt, a,·) =  (r,·,/?,·),
/?,· =  a,  +  cot(a,/ i), a«c? t is the root of

Hence the radii r\ ,..., rn are integrals. The proof is a straightforward
computation.

We conclude with three problems. First, the dual billiard map Τ near Μ is
a discretization of the characteristic flow on it. Is it true that there exists a
sequence of periodic orbits of T, which accumulates to a closed characteristic
line on M ?

Secondly, in the planar case the orbits of the dual billiard map are
bounded. In higher dimensions the KAM theory type argument does not work
any more for the well known reason that Lagrangian tori do not separate the
space. The situation seems to be even worse, because, apparently, Τ is not
close to an integrable map at infinity. On the other hand, Τ is well
approximated by the characteristic flow on a centrally symmetric hypersurface
M* constructed similarly to the curve y* of §10. The question we ask is,
therefore: are orbits still bounded for a smooth strictly convex closed
hypersurface?

Finally, let Μ be a convex polyhedron in R2". Then one can define the
dual billiard map, which will consist of reflections in even dimensional faces of
Μ (see [12] for details). What can be said about its dynamics in this case? In
particular, does there exist a criterion smaller to the one of §11.
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