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Abstract. We introduce and study a new class of dynamical systems, the projective
billiards, associated with a smooth closed convex plane curve equipped with a smooth
field of transverse directions. Projective billiards include the usual billiards along with
the dual, or outer, billiards.

1. Introduction and main results
Given a closed smooth convex plane curveγ , the (usual) billiard transformation is a
transformation of the set of oriented lines (or rays) intersectingγ which is defined by the
law of geometrical optics: the angle of incidence equals that of reflection—see Figure 1.

FIGURE 1.

One also defines the billiard flow on the set of tangent vectors to the plane with
footpoints insideγ : a vector moves freely along a straight line until it hits the curve;
then it instantaneously changes according to the same law of equal angles, and the motion
continues—see Figure 1 again. The billiard dynamics is a much studied subject, rich
with beautiful results—see, for example, the surveys [ChGZ, T1].

The billiard transformation is defined in metric terms (equal angles), and, in particular,
it is not equivariant under projective transformations of the plane. Here we start the study
of a wider class of billiards calledprojective billiards, free from this shortcoming. The
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way we see the relation between the projective billiards and the usual ones is expressed
by the following ‘equation’:

Usual Billiards

Projective Billiards
= Euclidean Geometry

Projective Geometry
.

To define projective billiards we need an extra structure on the billiard curve. Letγ be
a closed smooth strictly convex plane curve equipped with a smooth field of transverse
directionsn. Define the projective billiard transformationT of the set of rays intersecting
γ . Let an incoming rayr meetγ at point X; then r, the tangent line toγ at X, the
outgoing rayT (r) and the transverse linen at X constitute a harmonic quadruple of
lines—see Figure 2.

FIGURE 2.

A harmonic quadruple of lines are four lines whose cross-ratio equals−1. The cross-
ratio of four lines through a point is the only projective invariant of such lines; it is
defined as the cross-ratio of their four intersection points with a fifth line (and does not
depend on the choice of this auxiliary line)—see Figure 3. In particular, a ray tangent to
γ remains intact, while a ray, whose direction is that of the transversal at its intersection
point with γ , changes its direction under the projective billiard transformation.

By the very definition, the projective billiard transformationT is equivariant under
projective transformations of the plane. Namely, ifA is such a transformation andT ′ is
the projective billiard transformation, associated with the curveA(γ ) equipped with the
field A(n), thenA ◦ T = T ′ ◦ A.

If the transverse field consists of normals toγ then the incoming and outgoing rays
make equal angles withγ (to see this, let the auxiliary line be parallel to the tangent line
of γ ; then the fourth point of intersection with this line goes to infinity, and the second
one must bisect the segment made by the first and the third—see Figure 4). Thus the
billiard transformation is a particular case of the projective billiard one.

We also define the projective billiard flow on the set of tangent vectors to the plane
with footpoints insideγ . Again, a vectoru moves freely until it hitsγ at pointX. There



Introducing projective billiards 959

FIGURE 3.

FIGURE 4.

u is decomposed into the tangential and transverse components (using the transversal to
γ at X), andu is instantaneously replaced by a new vectorv with the same tangential
and the opposite transverse components. After this the motion continues as before—see
Figure 5.

This definition agrees with the previous one: ifr andR are the rays generated byu
andv, thenT (r) = R (to see this, consider the auxiliary line parallel to the transverse
direction in Figure 5). LetL2 be the set of rays intersectingγ , and letM3 be the set of
inward vectors with footpoints onγ . ThenL is diffeomorphic to an annulus, andM has
a natural projectionπ to L: a vector goes to the ray it generates. We thus have defined
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FIGURE 5.

a transformationF of M, namelyF(u) = v in Figure 5; and we haveπ ◦ F = T ◦ π .
What makes the study of (usual) billiards fruitful and interesting is the existence of

an area form in the set of raysL invariant under the billiard transformation. This is the
unique, up to a constant factor, form in the set of rays invariant under the motions of the
Euclidean plane. It is convenient to introduce coordinates inL: the angle parameterα
is the angle made by a ray with a fixed direction, and the real parameterp is the signed
distance from an origin to the ray—see Figure 6. Then the invariant form isdp ∧ dα.

FIGURE 6.

One of the most interesting problems on projective billiards is when the projective
billiard transformationT : L → L has an invariant form. We want this form to exist at
least in a vicinity of the boundary, i.e. on the set of rays that make small angles with
γ , and to be smooth up to the boundary. Our first result provides a criterion for the
existence of such a form.

THEOREM A. T has an invariant area form if and only if there exists a sectioni : L → M

of the projectionπ : M → L which commutes with the projective billiard maps:
F ◦ i = i ◦ T . If the section exists then the invariant form is given by the formula
|i(α, p)|3 dα ∧ dp.

An obvious example in which such a section exists is that of the usual billiard
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transformation: i sends an oriented line to its unit tangent vector at its first point of
intersection with the curve.

Note that the invariant form for the usual billiard transformation can be obtained from
the canonical symplectic form in the cotangent bundle of the billiard table by symplectic
reduction, i.e. by first restricting the symplectic form to the hypersurface of unit covectors,
and then descending to its quotient space of oriented lines (see, for example, [A, T1]).
It would be very interesting to understand the symplectic meaning of Theorem A.

Call a transverse field alongγ conservativeif there exists a parametrizationγ (t) such
that the transverse direction at every pointγ (t) is that of the acceleration vectorγ ′′(t)
(primes denote derivatives with respect tot). The normals toγ is a particular case, the
parametrization being by arc length.

The next result gives a necessary condition for the existence of aT -invariant area
form.

THEOREM B. If there exists the infinite jet of an invariant area form for the projective
billiard transformation along a boundary component of the phase annulus, then the
transverse field is conservative.

We do not know how far this condition is from being sufficient for the existence of
an invariant form at a vicinity of a boundary component of the phase annulus. Our
conjecture is that if the transverse field is conservative then an invariant form exists on
the formal level, that is, there exists a formal series for it alongγ . However this series
may diverge.

We also make two observations concerning conservative transversals—see Figure 7.

THEOREM C.
(a) Let γ be equipped with a conservative transverse field. Then, given two pointsA

and B insideγ , there exist at least two rays throughA which, after the projective
billiard reflection inγ , pass throughB.

(b) Let A andB be two points insideγ (but not on it). Then there exists a conservative
transverse field alongγ such thatγ enjoys the optical property of an ellipse with
foci A andB: every ray throughA projectively reflects to a ray throughB.

FIGURE 7.

As another indication that conservative transverse fields are a reasonable object of
study, we mention a generalization of the classical 4-vertex theorem found in [T2]: if
the lines of a conservative transverse field along a convex curveγ always revolve in the
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same sense then the envelope of these lines has at least four cusp singularities (the usual
4-vertex theorem being the case of the normals). It is also worth mentioning that the
property of a transverse field to be conservative is projectively-invariant: a projective
transformationA takes a conservative fieldn along γ to the conservative fieldA(n)

alongA(γ )—see [T6].
Next we study a particular case of projective billiards, thecentrally-projectiveones.

In centrally-projective billiards the transverse field consists of lines through a point inside
the billiard curveγ ; this point is chosen as the origin—see Figure 8. Such a field is
conservative.

FIGURE 8.

THEOREM D. The centrally-projective billiard transformation has an invariant area form
p−3 dα ∧ dp that blows up at the set of rays through the origin.

We find a generating function for the centrally-projective billiard transformation in
Theorem 5.1 and discuss some unusual properties of the geometrical optics in the
‘centrally-projective world’ in Theorem 5.2. We also show that this transformation is
conjugate to the dual (or outer) billiard transformation by polar duality (see [B, GK , T1,
T3, T4] concerning dual billiards).

A particular class of projective billiards which possess invariant area forms was
suggested to the author by E. Gutkin. Consider a metric in a plane domain, that contains
the curveγ , whose non-parametrized geodesics are straight lines (such a metric is called
projectively equivalent to the Euclidean one). Then the (usual) billiard flow in this
metric, i.e. the geodesic flow insideγ , induces the billiard transformation of the set
of rays, intersectingγ . This transformation has an invariant form that comes from the
symplectic form in the cotangent bundle of the billiard table. The transformation in
question is a projective billiard transformation, the transversals being the normals toγ

in the metric under consideration.
Here are two examples of this construction. LetS be the upper unit hemisphere in

Euclidean 3-space with Cartesian coordinatesx, y, z, and letH be the upper sheet of
the hyperboloidz2 − x2 − y2 = 1. ConsiderS in the metric induced by the Euclidean
one andH in the one induced bydx2 + dy2 − dz2. ThenS andH become surfaces of
constant curvature, positive in the former and negative in the latter cases. The geodesics
in S andH are the curves of intersection with the planes through the origin.
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FIGURE 9.

Consider the planez = 1 and projectS or H on it from the origin—see Figure 9. This
projection takes geodesics to straight lines, so it defines the metrics of constant curvature
in the plane projectively equivalent to the Euclidean one (the hyperboloid is projected
into the unit circle). One may further apply projective transformations of the plane to
these metrics to keep the geodesics straight, but that is as far as one can get. According
to a Beltrami theorem a metric, projectively equivalent to a metric of constant curvature,
has itself constant curvature (see [D]). If another mapping fromS or H is given to the
plane that takes geodesics to straight lines then the composition of this mapping and the
inverse of the above projection is a mapping of the plane which takes lines to lines. Such
a mapping is a projective transformation.

Next we turn our attention to projective billiards in a circle. Letγ be a circle equipped
with an arbitrary transverse field. We choose the origin at the center of the circle.

THEOREM E. The form(1 − p2)−3/2 dα ∧ dp is invariant under every projective billiard
transformationT in the unit circle.

This does not contradict Theorem B because this form blows up at the boundary
p = ±1 of the phase annulus.

Suppose however thatT has another invariant form, smooth up to the boundary.
Then the quotient of the two is aT -invariant function whose level curves foliate a
neighbourhood of the boundary of the phase annulus.

COROLLARY F. If a projective billiard transformationT in a circle has an invariant area
form, smooth up to the boundary of the phase annulus, thenT is integrable.

It is a challenging problem to describe all such cases.
An example of this situation is given by the usual billiard in an ellipse; the billiard

transformation has an invariant area form. Apply a projective transformation that takes
the ellipse to a circle to obtain a projective billiard therein with an invariant measure
smooth up to the boundary of the phase annulus. Likewise, one considers an ellipse
in the plane with the spherical or the hyperbolic metric projectively equivalent to the
Euclidean one (the corresponding curves inS andH are their intersections with quadratic
cones). We obtain a new proof of a known result (see [V]).
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COROLLARY G. The billiard transformation in an ellipse in the Euclidean, spherical and
hyperbolic plane is integrable.

A consequence of this result is the classical Poncelet theorem of projective geometry—
see [T5].

Let us mention that projective billiards can be defined in the multi-dimensional setting
as well: a closed convex hypersurface is equipped with a field of transverse directions; an
incoming ray, the transversal and the outgoing ray lie in the same 2-plane and constitute
a harmonic quadruple of lines therein with the tangent line to the hypersurface. We finish
our discussion with a problem: are there multi-dimensional analogues of Theorem E and
its corollaries†?

The contents of this paper are as follows.§2 provides some formulas to be used later.
§3 contains the proofs of Theorems E and A,§4 those of Theorems C and B. The last
section is a discussion of centrally-projective billiards, and Theorem D is proved there.

2. A few formulas
Consider the lines of a harmonic quadruple, and choose vectors along these lines—see
Figure 10. Denote by [a, b] the skew-product of two vectors, i.e. the determinant whose
columns are the vectors.

FIGURE 10.

LEMMA 2.1. [a, c][b, d] + [a, d][b, c] = 0.

Proof. The expression in question is linear in each vector, so we may choose their
lengths arbitrarily. Draw a line parallel toa; its intersection point with theb-line bisects
the segment made by the intersection points with thec- and d-lines. Thus the lines

† Added in proof: see the author’s paper ‘Exact transverse line fields and projective billiards in a ball’, to
appear inGAFA.
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throughc andd are the sides of a parallelogram whose diagonals are parallel toa and
b. Therefore we may set:a = c − d, b = c + d. Substitute to the above expression and
use skew-symmetricity of the skew-product to conclude. �

Let α, β and φ be the angles made by the lines of a harmonic quadruple—see
Figure 11.

FIGURE 11.

LEMMA 2.2. cotα + cotβ = 2 cotφ.

Proof. Set in the previous lemma:

a = (1, 0), b = (cotφ, 1), c = (cotα, 1), d = (cotβ, 1). �
For later use we also formulate a property of the skew-product.

LEMMA 2.3. For every four vectorsa, b, c, d one has

[a, b][c, d] = [a, c][b, d] + [a, d][c, b].

Consider now a parametrized projective billiard curveγ ; we writeγ (t) for the position
vectors of its points andγ ′(t) for the tangent velocity vector atγ (t). Let the transverse
directions atγ (t) be given by a smooth vector fieldn(t). A ray intersectingγ is
parametrized by(t1, t2) whereγ (t1) andγ (t2) are its first and second intersection points
with γ . Thus (t1, t2) are coordinates inL. Consider an instance of the projective
billiard reflection—see Figure 12. The projective billiard transformation acts as follows:
T (t1, t2) = (t2, t3).

According to Lemma 2.1

[γ (t2) − γ (t1), n(t2)]

[γ (t2) − γ (t1), γ ′(t2)]
= − [γ (t3) − γ (t2), n(t2)]

[γ (t3) − γ (t2), γ ′(t2)]
.

Take the exterior differential and wedge-multiply bydt2 to obtain

[γ (t2) − γ (t1), n(t2)][γ ′(t1), γ ′(t2)] − [γ ′(t1), n(t2)][γ (t2) − γ (t1), γ
′(t2)]

[γ (t2) − γ (t1), γ ′(t2)]2
dt1 ∧ dt2

= [γ (t3) − γ (t2), γ
′(t2)][γ ′(t3), n(t2)] − [γ ′(t3), γ ′(t2)][γ (t3) − γ (t2), n(t2)]

[γ (t3) − γ (t2), γ ′(t2)]2
dt2 ∧ dt3.

Simplify the numerators using Lemma 2.3 and cancel the common nonzero factor
[γ ′(t2), n(t2)] to arrive at the following.



966 S. Tabachnikov

FIGURE 12.

LEMMA 2.4.

[γ ′(t1), γ (t2) − γ (t1)]

[γ (t2) − γ (t1), γ ′(t2)]2
dt1 ∧ dt2 = [γ (t3) − γ (t2), γ

′(t3)]
[γ (t3) − γ (t2), γ ′(t2)]2

dt2 ∧ dt3.

3. An invariant area form
Denote the 2-form from Lemma 2.4 byω. SinceT (t1, t2) = (t2, t3) we have

T ∗ω = [γ ′(t2), γ (t3) − γ (t2)]

[γ (t3) − γ (t2), γ ′(t3)]2
dt2 ∧ dt3.

Hence
T ∗ω
ω

= [γ ′(t2), γ (t3) − γ (t2)]3

[γ (t3) − γ (t2), γ ′(t3)]3
.

We look for aT -invariant formg(t1, t2)ω whereg is a function. Thus we have the
following.

LEMMA 3.1. A necessary and sufficient condition forT -invariance of the formgω is that
the functiong satisfies the equality

g ◦ T

g
= [γ (t3) − γ (t2), γ

′(t3)]3

[γ ′(t2), γ (t3) − γ (t2)]3
.

Consider, as an illustration, the case of the usual billiard. Parametrizeγ by arc length.
Then the right-hand side expression in Lemma 3.1 equals sin3 α3/ sin3 α2—see Figure 13.
Thus one may takeg(t1, t2) = sin3 α2. In view of Lemma 3.1 we obtain an invariant
form

|γ (t2) − γ (t1)|−1 sinα1 sinα2 dt1 ∧ dt2,

which can be rewritten as sinα1 dt1 ∧ dα1. This is the well-known invariant form of the
billiard transformation.

Consider next the case whenγ is a unit circle. Parametrize it by the standard angle
parametert . Then the vectorγ (t3) − γ (t2) makes equal angles with the vectorsγ ′(t2)
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FIGURE 13.

and γ ′(t3), and the right-hand side of the formula in Lemma 3.1 is equal to 1. Hence
one may takeg = 1. This gives an invariant form

[γ ′(t1), γ (t2) − γ (t1)]

[γ (t2) − γ (t1), γ ′(t2)]2
dt1 ∧ dt2 = [γ (t2) − γ (t1), γ

′(t2)]−1 dt1 ∧ dt2.

Sinceγ (t) = (cost, sint) this form is equal to

(1 − cos(t2 − t1))
−1 dt1 ∧ dt2.

To obtain Theorem E one rewrites this form in coordinatesα, p related tot1, t2 by the
formulas

p = cos((t2 − t1)/2), α = (t1 + t2)/2 + π/2.

See Figure 14.

FIGURE 14.

Now we prove Theorem A. Assume first that there exists a sectioni : L → M

such thatF ◦ i = i ◦ T . Then i(t1, t2) is a vector proportional toγ (t2) − γ (t1). Let
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i(t1, t2) = h(t1, t2)(γ (t2) − γ (t1)). SinceF ◦ i = i ◦ T the vector

h(t1, t2)(γ (t2) − γ (t1)) + h(t2, t3)(γ (t3) − γ (t2))

is proportional toγ ′(t2), i.e.

h(t1, t2)[γ (t2) − γ (t1), γ
′(t2)] + h(t2, t3)[γ (t3) − γ (t2), γ

′(t2)] = 0.

Thus

[γ ′(t2), γ (t3) − γ (t2)] = h(t1, t2)

h(t2, t3)
[γ (t2) − γ (t1), γ

′(t2)].

It follows that the right-hand side of the expression in Lemma 3.1 equals
(

h(t2, t3)[γ (t3) − γ (t2), γ
′(t3)]

h(t1, t2)[γ (t2) − γ (t1), γ ′(t2)]

)3

.

One may, therefore, set

g(t1, t2) = (h(t1, t2)[γ (t2) − γ (t1), γ
′(t2)])3.

This yields an invariant form

gω = h3(t1, t2)[γ
′(t1), γ (t2) − γ (t1)][γ (t2) − γ (t1), γ

′(t2)] dt1 ∧ dt2.

It is a routine but rather tedious exercise to rewrite this form in coordinatesα, p, and we
omit it. The result, as stated in Theorem A, is

|i(α, p)|3 dα ∧ dp,

where(α, p) are the coordinates of the ray fromγ (t1) to γ (t2).
Conversely, if an invariant form exists one has a functiong(t1, t2) satisfying the

equality from Lemma 3.1. Define the sectioni : L → M by the formula

i(t1, t2) = g(t1, t2)
1/3

[γ (t2) − γ (t1), γ ′(t2)]
(γ (t2) − γ (t1)).

The equation from Lemma 3.1 implies then thatF ◦ i = i ◦ T .

4. Conservative transverse fields
We start with a criterion for a smooth transverse field to be conservative. Letγ (t) be a
parametrized curve and letn(t) be a transverse vector field.

LEMMA 4.1. The field of directions generated byn(t) is conservative if and only if∫
[γ ′′(t), n(t)]

[γ ′(t), n(t)]
dt = 0

(integral along the curveγ ).

Proof. Let τ be another parametrization ofγ . Then

γt = γτ τt , γtt = γττ τ
2
t + γτ τtt ,
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where the lower index denotes the derivative with respect to the corresponding variable.
If n is conservative then it is proportional toγττ for some parameterτ . Thus

[γtt , n]

[γt , n]
= [γττ τ

2
t + γτ τtt , γττ ]

[γτ τt , γττ ]
= τtt

τt

= (logτt )t ,

and the integral of a derivative vanishes.
Conversely, if the integral vanishes then

− [γtt , n]

[γt , n]
dt = df

for some functionf . Define a new parameterτ by settingtτ = expf . Then

df = tττ

tτ
dτ = tττ

t2
τ

dt,

hence
tττ

t2
τ

= − [γtt , n]

[γt , n]
.

It follows that [γtt t
2
τ + γt tττ , n] = 0, or [γττ , n] = 0. Thusn is proportional toγττ , and

therefore, conservative. �

Next we prove Theorem C(b). Letγ (t) be a parametrized curve. If every ray through
A reflects to a ray throughB then the transverse fieldn(t) is uniquely determined, up to
a factor, by the condition from Lemma 2.1:

[γ (t) − A, γ ′(t)][γ (t) − B, n(t)] + [γ (t) − B, γ ′(t)][γ (t) − A, n(t)] = 0.

If we decompose
n(t) = u(t)(γ (t) − A) + v(t)(γ (t) − B)

then

u(t)[γ (t)−B, γ ′(t)][γ (t)−B, γ (t)−A] +v(t)[γ (t)−B, γ ′(t)][γ (t)−A, γ (t)−B] = 0.

Thus one may take

u(t) = [γ (t) − B, γ ′(t)], v(t) = [γ (t) − A, γ ′(t)].

To apply Lemma 4.1 one computes

[n(t), γ ′′(t)] = [γ (t) − B, γ ′(t)][γ (t) − A, γ ′′(t)]+[γ (t) − B, γ ′′(t)][γ (t) − A, γ ′(t)],

[n(t), γ ′(t)] = 2[γ (t) − B, γ ′(t)][γ (t) − A, γ ′(t)].

Hence
[n(t), γ ′′(t)] = [n(t), γ ′(t)]′/2,

and the integrand is a logarithmic derivative. Thereforen(t) is a conservative field.
The parameterτ for which n is proportional toγττ is given by the condition

[γ − A, γτ ][γ − B, γτ ] = 1

identically in τ .
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Now we prove Theorem C(a). Letγ (t) be a parametrized curve with the transverse
field γ ′′(t). Then a ray fromA reflects at pointγ (t) to pass throughB if and only if

[γ (t) − A, γ ′(t)][γ (t) − B, γ ′′(t)] + [γ (t) − B, γ ′(t)][γ (t) − A, γ ′′(t)] = 0,

or
([γ (t) − A, γ ′(t)][γ (t) − B, γ ′(t)])′ = 0.

Since a function has at least two critical points on a circle the result follows.

Finally we turn our attention to Theorem B. Suppose that there exists a formal invariant
form along a boundary component of the phase annulus. According to Theorem A there
exists a sectioni : L → M, whereL is the formal neighbourhood of the boundary
component of the phase annulus, such thatF ◦ i = i ◦T . The mappingi assigns a vector
to a line.

In particular, a vector is assigned to every positive tangent line toγ . Consider the
parametrizationγ (t) such that these vectors are equal to the velocity vectorsγ ′(t) at every
point of the curve. This parametrization is canonically, up to an affine reparametrization,
determined by the invariant form. We will show that this parametrization is the one in
which the transversals are generated by the acceleration vectorsγ ′′(t).

We use the coordinatest, ε in L, related tot1, t2 by the formulae:t = t1, ε = t2 − t1

(ε is thought of as a small non-negative number). The sectioni is then a vector-function
i(t, ε) satisfyingi(t, 0) = γ ′(t).

Consider the Taylor expansion ofi in powers ofε:

i(t, ε) = γ ′(t) + εu(t) + O(ε2).

Sincei(t, ε) is collinear withγ (t + ε) − γ (t) one has

[i(t, ε), γ (t + ε) − γ (t)] = 0,

hence
[u(t) − γ ′′(t)/2, γ ′(t)] = 0.

Therefore
u(t) = γ ′′(t)/2 + f (t)γ ′(t),

wheref is a function, and

i(t, ε) = γ ′(t) + ε(γ ′′(t)/2 + f (t)γ ′(t)) + O(ε2).

Let T (t − ε, ε) = (t, δ)—see Figure 15. By the law of projective billiard reflection
the vectori(t − ε, ε) + i(t, δ) is collinear withγ ′(t). Let

δ(t, ε) = εa(t) + O(ε2).

Then

i(t − ε, ε) + i(t, δ) = 2γ ′(t) + ε((a(t) + 1)(γ ′′(t)/2 + f (t)γ ′(t))γ ′′(t)) + O(ε2).

This vector is collinear withγ ′(t), thus

(a(t) − 1)[γ ′′(t), γ ′(t)] = 0,



Introducing projective billiards 971

FIGURE 15.

and thereforea(t) = 1 identically. Hence

δ(t, ε) = ε + O(ε2).

Finally one finds the transverse directionsn(t). By the law of reflection,n(t) is
collinear with i(t, δ) − i(t − ε, ε). Using the above computation one obtains

i(t, δ) − i(t − ε, ε) = εγ ′′(t) + O(ε3).

Hencen(t) is collinear toγ ′′(t), and the transverse field is conservative.

To conclude this section we indicate another approach to the proof of Theorem B. If
an invariant form exists, one may apply the theory of interpolating Hamiltonians to the
mapT —see, for example, [MM ]. According to this theory there exists a smooth function
f (t, ε) in a neighbourhood of the boundary component of the phase annulus which is
T -invariant to infinite order inε, and which vanishes on the boundary. Expanding the
equationf (t − ε, ε) = f (t, δ) in powers ofε one arrives at the same conclusions as
before. We do not believe, however, that this method will yield any further necessary
conditions for the existence of an invariant form along the boundary of the phase annulus.

5. Centrally-projective billiards: outer billiards seen from within
To start with, we prove Theorem D. Consider the sectioni : L → M which assigns the
vector of lengthp−1 to a line at distancep from the origin. Letl be an oriented line
andC a point on it. Then|[C, i(l)]| = 1.

Consider now a centrally-projective reflection of a rayl to the raym—see Figure 16.
We have: [γ (t), i(l)] = 1 and [γ (t), i(m)] = 1. Hencei(m)− i(l) is collinear withγ (t).
The law of reflection reads

[i(l), γ (t)][ i(m), γ ′(t)] + [i(l), γ ′(t)][ i(m), γ (t)] = 0,

and it follows that
[i(l), γ ′(t)] = −[i(m), γ ′(t)].

Hencei(l)+i(m) is collinear withγ ′(t). One concludes that the vectori(l) reflects to the
vector i(m) according to the law of centrally-projective reflection, that is,i ◦ T = F ◦ i.
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FIGURE 16.

By Theorem A the mapT has an invariant form

ω = p−3dα ∧ dp.

Parametrizeγ so that [γ (t), γ ′(t)] = 1 for all t . Then [γ (t), γ ′′(t)] = 0, soγ ′′(t) is
collinear withγ (t).

Since [γ (t1), i(t1, t2)] = 1 and [γ (t1), γ
′(t1)] = 1 the vectori(t1, t2) − γ ′(t1) is

proportional toγ (t1). Introduce a new variableq by setting:

i(t1, t2) − γ ′(t1) = −q(t1, t2)γ (t1).

We uset = t1 andq = q(t1, t2) as new coordinates inL.
Sincei(t1, t2) is collinear withγ (t2) − γ (t1) one has

[γ (t2) − γ (t1), γ
′(t1) − qγ (t1)] = 0.

Hence

q = 1 + [γ ′(t1), γ (t2)]

[γ (t1), γ (t2)]
.

A direct computation, which we omit, makes it possible to rewrite the invariant form in
coordinatest, q:

ω = q dq ∧ dt = d 1
2q2 dt.

Let T (t1, q1) = (t2, q2). SinceT ∗ω = ω the one-formq2
2 dt2 −q2

1 dt1 is closed. Our next
goal is to find agenerating functionH(t1, t2) such that

q2
2 dt2 − q2

1 dt1 = dH(t1, t2).

We know thatγ ′′(t) is proportional toγ (t) for all t . Introduce a functionk(t) by
γ ′′(t) = k(t)γ (t), and letK(t) be its inverse derivative.

THEOREM 5.1. The generating function is given by the formula

H(t1, t2) = [γ (t2) − γ (t1), γ
′(t2) − γ ′(t1)]

[γ (t1), γ (t2)]
+ K(t2) − K(t1).

Proof. It is convenient to introduce a function

F(t1, t2) = [γ (t1), γ (t2)].
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Denote byF1 and F2 the partial derivatives with respect to the first and the second
variables. Since [γ (t), γ ′(t)] = 1, one concludes from Lemma 2.3 thatF12F −F1F2 = 1.

Also F11 = k(t1)F andF22 = k(t2)F .
We know thatq1 = (1 + F1)/F . To find q2 use the fact that, according to the law of

reflection, the vector
γ ′(t1) − q1γ (t1) + γ ′(t2) − q2γ (t2)

is collinear withγ ′(t2). One finds

q2 = (1 − F2)/F.

One needs to check thatH1 = −q2
1 and H2 = q2

2. We check the first identity, the
second one being analogous. One has

H = (F1 − F2 + 2)/F + K(t2) − K(t1).

Therefore

H1 = F11 − F12

F
− (F1 − F2 + 2)F1

F 2
− k(t1)

= k(t1) − F12F − F1F2 + F 2
1 + 2F1

F 2
− k(t1) = − (1 + F1)

2

F 2
= −q2

1. �

Note thatH(t1, t2) → 0 ast1 → t2.
Now we discuss the relation between the centrally-projective billiards and the dual, or

outer, billiards. Given a strictly convex closed smooth oriented curveγ , the dual billiard
mapT is a transformation of its exterior defined as follows. Letx be a point outside of
γ ; draw the tangent line toγ from x, and letT (x) be the reflection ofx in the tangency
point y—see Figure 17.

FIGURE 17.

Choose an originO inside γ . The polar duality is a correspondence between
points distinct from the origin and lines not through the origin: to a linel with
coordinates(α, p), p > 0, there corresponds the pointl∗ whose polar coordinates are
(α −π/2, 1/p)—see Figure 18. Polar duality preserves the incidence relation: if a point
x lies on a linel then the dual linex∗ contains the pointl∗. Given a smooth curveγ ,
that is, a one-parameter family of pointsγ (t), the dual curveγ ∗ is the envelope of the
lines γ ∗(t). This relation is indeed a duality:γ ∗∗ = γ .



974 S. Tabachnikov

FIGURE 18.

Extend the plane to the projective one, i.e. add the linel at infinity to it. Consider
Figure 17 again. Denote by∞ the intersection point of the linexy with the linel. Then
the pointsx, y, T (x) and∞ constitute a harmonic quadruple. Apply the polar duality to
this configuration. The pointsx, y, T (x) and∞ are transformed to lines, and these lines
constitute a harmonic quadruple—see Figure 19. One recognizes the centrally-projective
billiard transformation.

FIGURE 19.

The dual billiard transformation preserves the standard area form in the plane given
in polar coordinates by the formular dr ∧ dα. Sincer = 1/p one concludes that the
centrally-projective billiard transformation preserves the formp−3 dα ∧ dp—a fact the
reader is well familiar with by now.
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We conclude with an observation on a strange feature of ‘geometrical optics’ in the
perverse ‘centrally-projective world’.

Given a point-like sourcex consider the propagation of light along rays fromx with
the velocity equal to the inverse signed distance from the line to the originO (this
unusual law of propagation agrees with the discussion at the beginning of this section).
Denote by0t(x) the time-t front, that is, the set of points reached by light at timet .
By elementary geometry,0t(x) is the line parallel toOx at distancet/|Ox| from the
origin—see Figure 20. Therefore0t(x) is obtained fromx by the polar duality composed
with the π/2 rotation about the origin and the dilation with the coefficientt .

FIGURE 20.

More generally, given a curveγ , define its time-t front 0t(γ ) as the envelope of the
t-fronts of its points.0t(γ ) is thus obtained from the polar dual curveγ ∗ by the π/2
rotation and thet-dilation. Therefore the fronts satisfy the following evolution property.

THEOREM 5.2. 0s(0t (γ )) is the curve, homothetic toγ with respect to the origin with the
negative coefficient−s/t .

In particular, given a pointx, all the lines0s(y) for y ∈ 0t(x) pass through one point.
The centrally-projective geometrical optics is indeed worlds apart from the usual one!
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