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1 Introduction

We consider the finite dimensional representation of solutions of a scalar con-
servation law with viscosity

ut + f(u)x = εuxx .

We assume that the flux f is smooth and genuinely nonlinear, so that f ′′(u) ≥
κ > 0 for every u.

Generally speaking, one may ask the following question: Assume that a
particular solution u = u(t, x) has already been computed. If we are allowed
only a finite number of parameters in order to describe its most relevant
features, what is the best way to compress the information? For the problem
we are considering, it is natural to focus the attention on the viscous travelling
shock profiles. Our main interest is thus: how to identify the emergence of
viscous shocks in a solution, and how to optimally trace their locations and
strengths.

In the literature, the problem of finite dimensional approximation of a
dynamical system has been studied mainly by looking at ω-limit sets [9].
For example, several results, valid for evolution equations of parabolic type,
provide estimates on the dimension of an attractor. Of course, this yields a
bound on the number of parameters needed to describe the evolution of the
system asymptotically as t → +∞.

In our case, however, the focus is different. Here we seek a finite di-
mensional description which is not only accurate in the asymptotic limit as
t → +∞, but also in the “transient” regime. It is well-known that, for so-
lutions to a scalar viscous conservation law, the ω-limit set is rather trivial
if the flux function is convex. In fact, the asymptotic limit of any solution
t 7→ u(t, ·) can be described in terms of the solution of a Riemann problem,
i.e. either a single rarefaction or a viscous shock wave. Therefore the transient
behavior of the solutions is actually the most interesting feature that can be
observed.
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The problem of optimal location of viscous shock profiles was mentioned
also in [10]. In our work [7], we introduce a scalar functional whose minimiz-
ers identify the strengths and locations of viscous shock profiles present in the
solution. We also prove that, outside a set of times with finite measure, at
all other times our functional has very small values. In other words, the de-
scription of the solution profile u(t, ·) in terms of finitely many viscous shocks
is accurate, for most times t. The exceptional set consists of an initial time
interval and times at which shock interactions occur, see Figure 1.
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Fig. 1. The exceptional set of times where the finite dimensional representation in
terms of viscous travelling shocks is not accurate.

2 The Main Results

Without loss of generality (by a suitable stretching in the space variable), we
consider here the single conservation law with unit viscosity

ut + f(u)x = uxx . (1)

We fix M > 0 and let FM denote the set of all solutions to the Cauchy problem
for (1) with initial data

u(0, x) = ū(x) (2)

satisfying
Tot.Var.{ū} ≤ M , ‖ū‖L∞ ≤ M . (3)

We shall assume that the flux f is C2 and strictly convex, so that f ′′(u) > 0
for all u ∈ IR. In particular, this implies that there exist constants κ, κ′,

0 < κ ≤ f ′′(u) ≤ κ′ for all u ∈ [−M, M ] . (4)

Our main claim is the following. Apart from a small set of times J ⊂
[0,∞[ , the profile u(t, ·) of any solution of (1) can be accurately described
in terms of the “superposition” of finitely many travelling viscous shocks.
Indeed, the assumption (4) of genuine non-linearity implies that all rarefaction
waves (positive waves) will decay within an initial time interval. Meanwhile, in
regions where the gradient ux is large and negative, viscous shock profiles will
form. These profiles can travel for a long time without much changing their
shape, except when they interact with each other. In fact, in any solution
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the only features that can survive for arbitrarily long time are viscous shock
profiles. The set J of “exceptional times” where our description is not accurate
will thus include an initial time interval, and also the intervals where wave
interactions occur. Much of the following analysis aims at making rigorous
the above claims.

For every u− > u+ and y ∈ IR, let ω(u±,y) be the unique viscous shock
profile joining the states u−, u+, centered at y. This profile can be found as
the unique solution to the O.D.E.

ω′ = f(ω)− σ ω − [
f(u−)− σu−

]
, σ =

f(u−)− f(u+)
u− − u+

,

satisfying the additional conditions

ω′′(y) = 0 , ω(−∞) = u−, ω(+∞) = u+.

Given any solution u ∈ FM of the conservation law, for each t > 0 we
introduce a description based on optimal location of shock profiles. Fix an
integer N ≥ 1 and let ωi = ω(u±

i
,yi) be the i-th viscous shock profile we try

to fit in. We consider the functional

J (
u(t), ω1, . . . , ωN

) .=
N∑

i=1

∫

IR

∣∣∣u(t, x)− ωi(x)
∣∣∣ ·

∣∣ωi,x(x)
∣∣2 dx

+
∫

IR

∣∣∣ux(t, x)−
N∑

i=1

ωi,x(x)
∣∣∣
2

dx . (5)

Notice that the first integral measures the distance between u and the
travelling viscous shock ωi, multiplied by a weight function |ωi,x|2 which is
vanishingly small away from the center of the i-th shock. The second inte-
gral measures how well the derivative ux is approximated by derivatives of
travelling shock profiles.
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Fig. 2. Fitting two viscous shocks ωj , ωk in a solution.

If we fix a priori the complexity of our description, i.e. the integer N , our
problem can be formulated as a minimization problem
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inf
ω1,...,ωN

J (
u(t), ω1, . . . , ωN

)
, (6)

where the infimum is taken over all N -tuples of travelling shock profiles ωi =
ω(u±

i
,yi), for some states u−i > u+

i and yi ∈ IR. Notice that if we choose ωi ≡ 0
for i = 1, . . . , N (i.e., all travelling waves of zero amplitude), then the first
integral in (5) vanishes because trivially ωi,x ≡ 0. However, in this case the
second integral equals

∥∥ux(t, ·)∥∥2

L2 , which is of order
{
Tot.Var.(u)3

}
due to

regularization, and can be large.
To estimate the quantity in (6), an intuitive argument goes as follows. Set

δ = M/N , where M is given in (3). Since the total variation of u(t) is bounded
by M , there can be at most N shock profiles of strength ≥ δ. Each one of
these can be traced accurately. In addition, there may be an arbitrarily large
number of smaller shocks, say of strengths σj , j ≥ 1, with

σj ≤ δ ,
∑

j

σj ≤ M . (7)

Each shock which is not traced produces an error in the second integral of (5)
of the order ∫ ∣∣ωj,x(x)

∣∣2 dx = O(1) · σ3
j .

Because of (7) we thus expect that the minimum of J is approximately

Jmin ≈ O(1) ·Mδ2 = O(1) · M3

N2
. (8)

The estimate (8) should indeed hold outside an initial time interval, where
positive waves will decay, and away from interaction times. Our main results
are as follows.

Theorem 1. Assume f ′′(u) ≥ κ > 0 for every u ∈ IR. Let u ∈ FM be a
solution of the viscous conservation law (1), and fix N ≥ 1. Then, for every
t > 0, the minimization problem (6) has at least one solution.

Theorem 2. There exist constants α (uniformly valid for all N ≥ 1 and
u ∈ FM ) and β = βN,M (depending only on N and M) such that

Jmin

(
u(t)

) ≤ α · 1
N2

(9)

for all t ∈ [0,∞[ \Iu, for an exceptional set Iu of times, with meas(Iu) ≤ β.

Theorem 1 states the existence of a minimizer for the scalar function J :
R3N 7→R. Since J is continuous and positive, the result would be trivial if
J (y) →∞ as |y| → ∞. However, it is easily seen that this coercivity condition
fails. The heart of the proof consists in showing that, if

{
X(m)

}
m≥1

is a
minimizing sequence with |X(m)| → ∞, then a second minimizing sequence
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X̃(m) can be defined (in terms of X(m)) whose elements remain uniformly
bounded. We refer to [7] for details.

The proof of Theorem 2 involves a deeper argument. In next section we
will give the sketch for the proof of the qualitative part, i.e., the functional
Jmin is small for most of the time outside an initial and interaction time. A
complete proof can be found in [7].

3 Sketch of the Proof for Theorem 2

The proof of Theorem 2 relies on some Lyapunov functionals associated with
shortening of curves, introduced in [1, 2, 3]. Introducing a new set of variables:

v = f(u)− ux , τ = t , η = u . (10)

For each fixed time t > 0, the solution of (1)-(2) is smooth. The map

x 7→ γt(x) .=
(
u(t, x) , v(t, x)

)

parameterizes a curve γt in the u-v plane. In particular, for a viscous shock
profile, this curve is a segment of a straight line, with end-points on the graph
of the flux function.

To see how this curve evolves in time in general cases, from (1) one obtains

vt + f ′(u)vx = vxx .

On regions where ux 6= 0 we can now use (τ, η) as independent variables,
instead of (t, x). After some computations, we get

vτ = (ux)2vηη =
(
v − f(η)

)2
vηη . (11)

In particular, the curve γ = γ(τ, η) = (η, v(τ, η)) evolves in the direction of
the curvature and its total length is monotone decreasing in time.
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Fig. 3. A solution u(t, x) and the corresponding curve γ in the new coordinate.
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Another functional which is monotonically decreasing in time is the area
functional

Q(γ) .=
1
2

∫ ∫

η<η̃

∣∣∣γη(η) ∧ γη(η̃)
∣∣∣ dηdη̃,

defined as the double integral of a wedge product. By parabolic regularization
estimate, at time t = 1 we now have

Q
(
u(1)

) ≤ C1

for some constant C1, uniformly valid for all solutions u ∈ FM . Hence
∫ ∞

1

−
{

d

dt
Q(u(t))

}
dt ≤ C1

and ∣∣∣∣
d

dt
Q(γ((t))

∣∣∣∣
must be very small for most times t ∈ [0,∞[ .

As proved in [2], the decrease of the functional Q controls the area swept
by the curve γ in its motion. Therefore

∫
|vt| ≤

∣∣∣∣
d

dt
Q(γ(t))

∣∣∣∣

must also be very small for most times t ∈ [0,∞[ . Recalling (11), this implies
that, for most times t, we must have either v − f(η) = 0 (the curve is on
the graph of the flux function) or vηη = 0 (the curve is a straight line). We
conclude that the curve γ must be close to a polygonal, with edges near the
graph of v = f(u). Going back to the original variables, this in turn implies
that the solution u(t, ·) must be close to a finite sequence of travelling wave
profiles, and therefore the cost functional Jmin(u(t)) is small. The only times
when our representation is not accurate are the interaction times and an initial
time interval.

4 Concluding Remarks

Remark 1. We remark that, in (6), the integer N is fixed. Of course, one
could let N vary and look at the minimization problem

min
N≥0

inf
ω1,...,ωN

{
ε N + J (

u(t), ω1, . . . , ωN

)}
. (12)

Here the first term penalizes the complexity of the description, adding a cost
for each new viscous profile. The small constant ε > 0 acts as a threshold
parameter. Small viscous shock waves, whose strength ‖ωx‖2L2 is of order < ε,
will not be traced. From Theorem 1 it immediately follows that the problem
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(12) also admits a global minimizer. This can be interpreted as an “opti-
mal description” of the solution profile u(t, ·) as “superposition” of travelling
viscous shocks.

Remark 2. For solutions to the conservation law (1), the transient behavior
is nontrivial and can last an arbitrary long time. This happens because we
are considering solutions defined on the whole real line. On the other hand, if
the equation is restricted to a bounded interval, say

ut + f(u)x = uxx x ∈ ]a, b[ , (13)

with boundary conditions

u(a) = α , u(b) = β , (14)

then all solutions would converge at an exponential rate to a unique steady
state w(·).

Indeed, from basic theory of parabolic equations [5] it follows that there
exists a unique function w : [a, b] 7→ IR which satisfies the two-point boundary
value problem

f(w)x = wxx , w(a) = α , w(b) = β . (15)

Linearizing (13) around the steady state w, one obtains the existence of some
δ > 0 such that, for every initial data ū ∈ L2 the corresponding solution of
(13)-(14) satisfies

‖u(t)− w‖Ck([a,b]) ≤ C e−δt. (16)

Here one can choose a constant C uniformly valid on bounded subsets of L2.
After an initial time interval, the long term behavior of the solution is thus
described by the exponential limit (16).
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