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Abstract. We discuss a general concept of multifractality, and give a complete de-
scription of the multifractal spectra for Gibbs measures on two-dimensional horseshoes.
We discuss a multifractal characterization of surface diffeomorphisms.

Introduction

The multifractal analysis has been recently developed as a new powerful tool to study
dynamical systems. Its main constituent component — dimension spectra — capture
information about various dimensions associated with the dynamics. Among them are
Hausdorff dimension, correlation dimension, and information dimension of invariant
measures.

Dimension spectra are examples of more general multifractal spectra that we have
introduced in [4]. They provide information on the distribution of pointwise dimensions,
local entropies, Lyapunov exponents, etc. In [4], we considered Gibbs measures invariant
under conformal expanding maps and demonstrated that multifractal spectra can be
used in a sense to “restore” the dynamics – the phenomenon that we call the multifractal
rigidity. In this paper, we extend these results to Gibbs measures invariant under
Axiom A surface diffeomorphisms.

1. A general concept of multifractality

1.1. Definitions. Let X be a set, and g : Y → [−∞,+∞] a function defined on a
subset Y ⊂ X. The level sets of g,

Kg
α = {x ∈ X : g(x) = α} for −∞ ≤ α ≤ +∞,
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are disjoint and produce a multifractal decomposition of X, that is,

X =
⋃

−∞≤α≤+∞
Kg
α ∪ (X \ Y ).

Let now G be a set function, i.e., a real function that is defined on subsets of X.
Assume that G(Z1) ≤ G(Z2) if Z1 ⊂ Z2. We define the function F : [−∞,+∞]→ R by

F(α) = G(Kg
α).

We call F the multifractal spectrum specified by the pair of functions (g,G), or the
(g,G)-multifractal spectrum. The function F captures important information about
the structure of the set X generated by the function g.

Given −∞ ≤ α ≤ +∞, let να be a probability measure on X such that να(Kg
α) = 1.

If

F(α) = inf{G(Z) : να(Z) = 1},
we call να a (g,G)-full measure. Constructing a one-parameter family of (g,G)-full
probability measures να seems the most effective way of studying multifractal decom-
positions.

We illustrate the general concept of multifractal spectra by studying several explicit
spectra. We refer to [9] for references and more details.

1.2. Dimension and entropy spectra. Let X be a complete separable metric space
and f : X → X a continuous map. We begin with the choice of the set function G.
There are two “natural” set functions on X. The first one is defined by

GD(Z) = dimH Z, (1)

where dimH Z is the Hausdorff dimension of the set Z ⊂ X. The second function is
given by

GE(Z) = h(f |Z), (2)

where h(f |Z) is the topological entropy of f on Z (see [9] for definitions). We call the
multifractal spectra generated by the function GD dimension spectra, and the multi-
fractal spectra generated by the function GE entropy spectra.

We now describe some “natural” choices for the function g.

1.3. Multifractal spectra for pointwise dimensions. Let µ be a Borel finite mea-
sure on X. Consider the subset Y ⊂ X consisting of all points x ∈ X for which the
limit

dµ(x) = lim
r→0

log µ(B(x, r))

log r

exists, where B(x, r) denotes the ball of radius r centered at x. The number dµ(x) is
called the pointwise dimension of µ at x. Whenever x ∈ Y we say that the pointwise
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dimension of µ exists at the point x. We define the function gD on Y by

gD(x) = dµ(x).

We obtain two multifractal spectra DD = D
(µ)
D and DE = D

(µ)
E specified by the pairs

of functions (gD, GD) and (gD, GE), respectively, where the set functions GD and GE

are given by (1) and (2). These spectra are called multifractal spectra for (pointwise)
dimensions. The spectrum DD is known in the literature as the dimension spectrum or
fµ(α)-spectrum for dimensions.

In [3] (see also [2]), we prove the following statement.

Theorem 1.1. If µ is a hyperbolic measure invariant under a C1+ε diffeomorphism,
then the pointwise dimension of µ exists almost everywhere.

The theorem implies that if µ is a hyperbolic measure invariant under a C1+ε dif-
feomorphism, then µ(X \ Y ) = 0. This claim has been known as the Eckmann–Ruelle
conjecture.

1.4. Multifractal spectra for local entropies. Let X be a complete separable
metric space and f : X → X a continuous map preserving a Borel probability mea-
sure µ. Consider a finite measurable partition ξ of X. For every n > 0, we write
ξn = ξ ∨ f−1ξ ∨ · · · ∨ f−nξ, and denote by ξn(x) the element of the partition ξn that
contains the point x. Consider the set Y = Yξ ⊂ X consisting of all points x ∈ X for
which the limit

hµ(f, ξ, x) = lim
n→∞

−1

n
log µ(ξn(x))

exists. We call hµ(f, ξ, x) the µ-local entropy of f at the point x (with respect to ξ).
Clearly, Y is f -invariant and hµ(f, ξ, fx) = hµ(f, ξ, x) for every x ∈ Y . By the Shannon–
McMillan–Breiman theorem, µ(X \ Y ) = 0. In addition, if ξ is a generating partition
and µ is ergodic, then

hµ(f) = hµ(f, ξ, x)

for µ-almost all x ∈ X, where hµ(f) is the measure-theoretic entropy of f (with respect
to µ). We define the function gE on Y by

gE(x) = hµ(f, ξ, x).

Let us stress that gE may depend on ξ. We obtain two multifractal spectra ED = E
(µ)
D

and EE = E
(µ)
E specified by the pairs of functions (gE, GD) and (gE, GE), respectively,

where the set functions are given by (1) and (2). These spectra are called multifractal
spectra for (local) entropies. In Section 2 below we will observe that in some situations
these spectra, in fact, do not dependent on ξ for a broad class of partitions.

We remark that in the study of the multifractal spectra for local entropies, the
Shannon–McMillan–Breiman theorem plays the same role as Theorem 1.1 in the study
of the multifractal spectra for pointwise dimensions. Namely, the first can be consid-
ered the primary reason for the coincidence of the different definitions of entropy, due
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to Kolmogorov and Sinai, Katok, Brin and Katok, and Pesin (see [9] for references).
Similarly, Theorem 1.1 implies the coincidence of all characteristics of dimension type.

1.5. Multifractal spectra for Lyapunov exponents. Let X be a differentiable
manifold of dimension n, and f : X → X a C1 map. Consider the subset Y ⊂ X of all
points x ∈ X for which the limit

λ(x, v) = lim
n→+∞

1

n
log‖dxfnv‖

exists for every v ∈ TxX. The number λ(x, v) is called the Lyapunov exponent of v
(specified by f) at the point x. By Oseledets’ multiplicative ergodic theorem, if µ is
an f -invariant Borel probability measure and log+‖df‖ ∈ L1(X,µ), then µ(X \ Y ) = 0.
Let λ1(x) ≥ · · · ≥ λn(x) be the values of the Lyapunov exponents at x, counted with
multiplicities. For each i = 1, · · · , n, we define the function giL on Y by

giL(x) = λi(x).

For each i = 1, · · · , n, we obtain two multifractal spectra Li
D and Li

E specified, respec-
tively, by the pairs of functions (giL, GD) and (giL, GE), where the set functions GD and
GE are given by (1) and (2). These spectra are called multifractal spectra for Lyapunov
exponents.

2. Multifractal Spectra of Gibbs Measures For Horseshoes

We consider Gibbs measures invariant under Axiom A surface diffeomorphisms, and
describe the associated multifractal spectra for dimensions, entropies, and Lyapunov
exponents. Our approach is an extension and modification of the approach in [4] for
conformal expanding maps.

2.1. Preliminaries. Let f : M → M be a C1+ε diffeomorphism of a smooth man-
ifold M , and Λ a compact locally maximal hyperbolic set for f . From now on we
assume that f |Λ is topologically mixing. The general case can be reduced to this one
by using the Spectral Decomposition Theorem. See [6] for definitions.

For each x ∈M , we write

au(x) = ‖df |Eu(x)‖ and as(x) = ‖df |Es(x)‖.

The functions as and au are Hölder continuous, and satisfy au(x) > 1 and as(x) < 1 for
every x ∈ Λ.

Let κ be a Hölder continuous function on Λ, and ν the unique Gibbs measure measure
for κ with respect to f |Λ. We define the function η on Λ by log η = κ− PΛ(κ).



MULTIFRACTAL SPECTRA AND MULTIFRACTAL RIGIDITY FOR HORSESHOES 5

2.2. Multifractal spectra for pointwise dimensions. It is an experimental fact
that the orbit distribution in attractors of dynamical systems is often not uniform.
Instead one can observe places of high and low density, sometimes called hot and cold
spots. The same phenomenon has been observed for the more general class of hyperbolic
attractors with singularities which includes the Lorenz attractor, the Lozi attractor, the
Belikh attractor, etc. In the multifractal analysis of dynamical systems one encodes all
the (experimental) data in multifractal spectra. It is a challenging problem to travel
in the opposite direction and obtain information about the dynamical system from its
multifractal spectra.

Let now Λ be a compact locally maximal hyperbolic set of a C1+ε diffeomorphism on
a smooth surface. For each q ∈ R, we define the function ϕuD,q on Λ by

ϕuD,q = −T uD(q) log au + q log η,

where T uD(q) is chosen such that

PΛ(ϕuD,q) = 0.

Similarly, for each q ∈ R, we define the function ϕsD,q on Λ by

ϕsD,q = −T sD(q) log as + q log η,

where T sD(q) is chosen such that

PΛ(ϕsD,q) = 0.

It is obvious that the functions ϕuD,q and ϕsD,q are Hölder continuous. We set

TD(q) = T uD(q) + T sD(q). (3)

The Legendre transforms of T uD and T sD are denoted by Du
D = D

u,(µ)
D and Ds

D = D
s,(µ)
D ,

respectively.
The following properties are proved in [10].

Proposition 2.1. The function TD is real analytic and satisfies T ′D(q) ≤ 0 and T ′′D(q) ≥
0 for every q ∈ R. We have TD(0) = dimH Λ and TD(1) = 0.

Set

αD(q) = −T ′D(q).

Let mu
D be the equilibrium measure on Λ corresponding to the Hölder continuous

function tu log au, where tu is the unique root of Bowen’s equation

PΛ(t log au) = 0.

Similarly, let ms
D be the equilibrium measure on Λ corresponding to the Hölder contin-

uous function −ts log as, where ts is the unique root of Bowen’s equation

PΛ(−t log as) = 0.

A measure µ is called a measure of maximal dimension for Λ if dimH Λ = dimH µ.
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Let hν(f) be the measure-theoretic entropy of f , and let λuν and λsν be the positive and
negative Lyapunov exponents of ν. Simpelaere [11], and Pesin and Weiss [10] effected
independently a multifractal analysis of the spectrum DD.

Theorem 2.2.

1. For ν-almost every x ∈ Λ, the pointwise dimension of ν at x exists and

gD(x) = dν(x) = −
∫

Λ
log η dν∫

Λ
log au dν

+

∫
Λ

log η dν∫
Λ

log as dν
= hν(f)

(
1

λuν
− 1

λsν

)
.

2. The domain of the function α 7→ DD(α) is a closed interval in [0,+∞) and coin-
cides with the range of the function αD(q). For every q ∈ R, we have

DD(αD(q)) = TD(q) + qαD(q). (4)

3. If ν is not a measure of maximal dimension, then DD and TD are strictly convex,
and hence, (DD, TD) is a Legendre pair with respect to the variables α, q.

4. If ν is a measure of maximal dimension, then DD is the delta function

DD(α) =

{
dimH Λ if α = dimH Λ

0 if α 6= dimH Λ
.

We note that if ν is an equilibrium measure of maximal dimension, then it is also an
equilibrium measure both for tu log au and −ts log as, and hence, ν = mu

D = ms
D.

Statement 1 in Theorem 2.2 was first obtained by Young [14]. Setting q = 0 in (4),
we obtain dimH Λ = tu+ ts. This formula was first established by McCluskey and Man-
ning [7] for C1 diffeomorphisms. Other proofs were given independently by Takens [12],
Barreira [1], and Pesin [9].

2.3. Multifractal spectra for local entropies. For each p ∈ R, we set

TE(p) = PΛ(p log η).

The following property is immediate from the definitions.

Proposition 2.3. The function TE is real analytic, and satisfies T ′E(p) ≤ 0 and T ′′E(p)
≥ 0 for every p ∈ R. We have TE(0) = h and TE(1) = 0.

Set

αE(p) = −T ′E(p).

Any Markov partition is a generating partition. The same is true for any partition
of Λ by rectangles obtained from a Markov partition (not necessarily all at the same
level) and corresponding to disjoint cylinder sets in the underlying symbolic dynamics
(see Appendix). We denote the class of such partitions by Pf .

We now give a full description of the spectrum EE for Gibbs measures supported on
locally maximal hyperbolic sets. Let mE be the measure of maximal entropy, i.e., the
unique equilibrium measure for f |Λ.
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Theorem 2.4.

1. There exists a set S ⊂M with ν(S) = 1 such that for every partition ξ ∈ Pf and
every x ∈ Λ, the local entropy of ν at x exists, does not depend on x and ξ, and

gE(x) = hν(f, ξ, x) = −
∫

Λ

log η dν.

2. The domain of the function α 7→ EE(α) is a closed interval in [0,+∞) and coin-
cides with the range of the function αE(p). For every p ∈ R, we have

EE(αE(p)) = TE(p) + pαE(p).

3. If ν 6= mE, then EE and TE are analytic strictly convex functions, and hence,
(EE, TE) is a Legendre pair with respect to the variables α, q.

4. If ν = mE, then EE is the delta function

EE(α) =

{
h if α = h

0 if α 6= h
.

According to (3), the dimension spectrum for pointwise dimensions admits a decom-
position into “stable” and “unstable” dimension spectra for pointwise dimensions. In
the appendix, we will show that one can also define “stable” and “unstable” entropy
spectra for local entropies, which coincide with EE.

2.4. Multifractal spectra for Lyapunov exponents. Note that in the two-dimen-
sional case g1

L(x) = λ1(x) is the positive value of the Lyapunov exponent, and g2
L(x) =

λ2(x) is the negative value.
We consider the spectra Lu

D and Ls
D specified by the pairs of functions (g1

L, GD) and
(−g2

L, GD), respectively. Weiss [13] effected a multifractal analysis of the spectrum Lu
D.

The two spectra Lu
D and Ls

D can be described in the following way.

Theorem 2.5. For every α ∈ R, we have

Lu
D(α) = D

u,(mE)
D (h/α) and Ls

D(α) = D
s,(mE)
D (h/α).

Moreover:

1. if mE is not equivalent to the measure mu
D (respectively, ms

D), then Lu
D (respec-

tively, Ls
D) is an analytic strictly convex function defined on a closed interval

containing h/tu (respectively, h/ts);
2. if mE is equivalent to the measure mu

D (respectively, ms
D), then the Lyapunov

spectrum Lu
D (respectively, Ls

D) is the delta function

Lu
D(α) =

{
tu if α = h/tu

0 if α 6= h/tu

(
respectively, Ls

D(α) =

{
ts if α = h/ts

0 if α 6= h/ts

)
.

We now give a complete description of the multifractal spectra Lu
E and Ls

E specified
by the pairs of functions (g1

L, GE) and (−g2
L, GE), respectively.
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Theorem 2.6. For every α ∈ R and ξ ∈ Pf , we have

Lu
E(α) = E

(muD)
E (αtu) and Ls

E(α) = E
(msD)
E (αts).

Moreover:

1. if mE is not equivalent to the measure mu
D (respectively, ms

D), then Lu
E (respec-

tively, Ls
E) is an analytic strictly convex function defined on a closed interval

containing h/tu (respectively, h/ts);
2. if mE is equivalent to the measure mu

D (respectively, ms
D), then the Lyapunov

spectrum Lu
E (respectively, Ls

E) is the delta function

Lu
E(α) =

{
h if α = h/tu

0 if α 6= h/tu

(
respectively, Ls

D(α) =

{
h if α = h/ts

0 if α 6= h/ts

)
.

As immediate consequences of Theorems 2.5 and 2.6 we obtain the following.

Corollary 2.7.

1. If the measure mE is not equivalent to the measure mu
D, then the range of the

function g1
L contains an open interval, and hence, g1

L attains uncountably many
distinct values.

2. If g1
L attains only countably many values, then mE is equivalent to mu

D.

One can formulate similar statements for the function g2
L.

It is an open problem in dimension theory to obtain a description of the spectra DE

and ED for Gibbs measures on locally maximal hyperbolic sets.

3. Multifractal rigidity for Horseshoes

In this section we consider another interesting phenomenon in dimension theory of
dynamical systems which we regard as a multifractal rigidity phenomenon. Roughly
speaking, it states that if two dynamical systems are topologically equivalent and some
of their multifractal spectra coincide, then they are smoothly equivalent. In particular,
not only topological, but also measure-theoretical and dimensional properties of the two
systems coincide. Thus, given a dynamical system one can use multifractal spectra to
“identify” the metric structure of the phase space as well as the corresponding invariant
measure. We illustrate the multifractal rigidity phenomenon by the following example.

Let f be a “linear horseshoe map”, i.e., a C∞ map f : [0, 1] × [0, 1] → [0, 1] × [0, 1]
such that there exist two disjoint horizontal strips H1 and H2, and two disjoint vertical
strips V1 and V2 such that f : Hi → Vi is a linear onto map for i = 1, 2. We denote the
constant values of the partial derivatives on Hi by

ci = |∂2f |Hi| and di = |∂1f |Hi|−1
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for i = 1, 2. We consider the horseshoe defined by f , i.e., the locally maximal hyperbolic
set for f given by

Λ =

∞⋂
k=−∞

fk(H1 ∪H2).

The restriction of f to Λ is topologically conjugate to the full shift on 2 symbols σ|Σ2.
Let χ : Σ2 → Λ be the corresponding coding map (see Appendix). We also consider the
Bernoulli measure µ on Σ2 with probabilities β1 and β2 = 1− β1.

We define the functions au, as, and η, for i = 1, 2, by

au(x) = ci if x ∈ Hi,

as(x) = di if x ∈ Vi,

η(x) = log βi if x ∈ Hi.

For every q ∈ R, the functions T uD(q) and T sD(q) satisfy the identities

c1
−TuD(q)β1

q + c2
−TuD(q)β2

q = 1 (5)

and

d1
−T sD(q)β1

q + d2
−T sD(q)β2

q = 1. (6)

Let f̂ be another “linear horseshoe map” with horseshoe given by

Λ̂ =

∞⋂
k=−∞

f̂k(Ĥ1 ∪ Ĥ2).

Let χ̂ : Σ2 → Λ̂ be the corresponding coding map. We consider the Bernoulli measure

µ̂ on Σ2 with probabilities β̂1 and β̂2 = 1− β̂1.

Set V̂i = f̂(Ĥi) for i = 1, 2. We define the functions âu, âs, and η̂, for i = 1, 2, by

âu(x) = ĉi if x ∈ Ĥi,

âs(x) = d̂i if x ∈ V̂i,

η̂(x) = log β̂i if x ∈ Ĥi.

We note that f |Λ and f̂ |Λ̂ are topologically equivalent under the homeomorphism
χ̂ ◦ χ−1. If ρ is an automorphism of Σ2, then the homeomorphism χ̂ ◦ ρ ◦ χ−1 is also

a topological conjugacy between f |Λ and f̂ |Λ̂, and all topological conjugacies are of
the this form. An important question is whether the class of all conjugacies contains a
homeomorphism ζ preserving the differentiable structure, i.e., au = âu◦ζ and as = âs◦ζ .
One can ask if in addition ζ is measure preserving, i.e., ν = ν̂ ◦ ζ . We give below a
complete answer to these questions.
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We consider the spectra Du
D and Ds

D specified by f (as defined above). Similarly, we

consider the spectra D̂u
D and D̂s

D specified by f̂ .

Theorem 3.1. If Du
D(α) = D̂u

D(α) and Ds
D(α) = D̂s

D(α) for every α and these spectra

are not delta functions, then there is a homeomorphism ζ : Λ→ Λ̂ such that:

1. ζ ◦ f = f̂ ◦ ζ on Λ;
2. the automorphism ρ of Σ2 satisfying ζ ◦ χ = χ̂ ◦ ρ is either the identity or the

involution automorphism;
3. au = âu ◦ ζ, as = âs ◦ ζ, η = η̂ ◦ ζ, and ν = ν̂ ◦ ζ.

Proof. The proof of the theorem is a modification of the proof of Theorem 7.1 in [4].
It is enough to prove that the spectrum Du

D uniquely determines the numbers β1, β2,
c1, and c2 up to a permutation of the indices 1 and 2.

By the uniqueness of the Legendre transform, the spectrum Du
D uniquely determines

T uD(q) for every q ∈ R, and hence, it is enough to prove that equation (5) uniquely
determines the numbers β1, β2, c1, and c2 up to a permutation of the indices 1 and 2.

One can verify that the numbers α± = αuD(±∞) can be computed by

α± = − lim
q→±∞

(T uD(q)/q).

We observe that since the spectrum Du
D is not a delta function, and hence, T uD(q) is not

linear and is strictly convex, then α+ < tu < α−. Therefore, raising both sides of (5)
to the power 1/q and letting q → ±∞, we obtain

max{β1c1
α+ , β2c2

α+} = min{β1c1
α−, β2c2

α−} = 1,

We assume that β1c1
α+ = 1 (the case when β2c2

α+ = 1 can be treated in a similar
way; in this case, ρ is the involution automorphism). Since α+ < α−, we must have
β2c2

α− = 1.
Setting q = 0 and q = 1 in equation (5), we obtain, respectively,

c1
−tu + c2

−tu = 1 and β1 + β2 = 1.

Set x = c1
−tu , a = α+/t

u < 1, and b = α−/t
u > 1. Then, one can easily derive the

equation

xa + (1− x)b = 1.

One can verify with standard calculus arguments that this equation has a unique solu-
tion x ∈ (0, 1), which uniquely determines the numbers c1 and c2, and hence, also the
numbers β1 and β2.

Similar arguments show that the equation (6) uniquely determines the numbers d1

and d2.

We believe that the following conjecture holds. Let Λ be a locally maximal hyperbolic
set, and let a and η be Hölder continuous functions on Λ such that a(x) > 1 for each
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x ∈ Λ, and PΛ(log η) = 0. For any q ∈ R, we define the number T (a, η)(q) as the unique
root of the equation

PΛ(−T (a, η)(q) log a + q log η) = 0.

Let now Λ and Λ̂ be locally maximal hyperbolic sets of topologically equivalent diffeo-

morphisms f and f̂ , respectively. We consider the functions au and as defined by f on

Λ, as well as the functions âu and âs defined by f̂ on Λ̂. We also consider the functions

η and η̂ as above, corresponding to f and f̂ , respectively. We define TD = T uD + T sD as

in (3). Likewise, we set T̂ uD = T (âu, η̂), T̂ sD = T (âs, η̂), and T̂D = T̂ uD + T̂ sD.

Conjecture. One of the following alternatives holds:

1. there exist functions a and η as above, such that T (a, η) = TD; in this case, there
is a constant γ ∈ (0, 1) such that T uD = γTD and T sD = (1− γ)TD;

2. the function TD can be decomposed into a sum T sD + T uD in a unique way, i.e., if

T sD + T uD = T̂ sD + T̂ uD = TD,

then T sD = T̂ sD or T sD = T̂ uD.

If the first alternative holds, one can verify that γ log au = (1−γ) log as = log a, up to
an automorphism of the shift space. If the second alternative holds, one can substitute

the hypotheses of Theorem 3.1 by the requirement that D
(µ)
D (α) = D̂

(µ̂)
D (α) for every α.

Appendix A.

We will describe the “coordinate-wise” approach for the the multifractal spectrum for
local entropies by decomposing the potential function κ onto “stable” and “unstable”
parts.

Let {R1, . . . , Rk} be a Markov partition of Λ. It generates a symbolic model of Λ
by a subshift of finite type (ΣA, σ). Here ΣA is the set of two-sided infinite sequences
on k symbols, which are admissible with respect to the transfer matrix A = (aij) (i.e.,
aij = 1 if intRi ∩ f−1(intRj) 6= ∅, and aij = 0 otherwise), and σ is the shift map. We
define the coding map χ : ΣA → Λ by

χ(· · · i−1i0i1 · · · ) =

+∞⋂
n=−∞

f−nRin .

We note that χ is Hölder continuous, onto, and satisfies f ◦ χ = χ ◦ σ. Moreover, χ is
injective on the set of points whose trajectories never hit the boundary of any element
of the Markov partition.

The pull back of κ by the coding map χ is a Hölder continuous function ϕ = κ ◦ χ
on ΣA. Let µ be the unique Gibbs measure for ϕ with respect to the shift σ. Its push
forward is the measure ν defined above.
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We recall that two functions ϕ1 and ϕ2 on X are called cohomologous (with respect
to f) if there exist a Hölder continuous function b : X → R and a constant c such that

ϕ1 − ϕ2 = b− b ◦ f + c.

In this case we write ϕ1 ∼ ϕ2. We remind that for two Hölder continuous functions ϕ1

and ϕ2 on X, we have ϕ1 ∼ ϕ2 if and only if the equilibrium measures corresponding
to ϕ1 and ϕ2 on X coincide.

Given a point x ∈ Λ, we set

Au(x) = V u(x) ∩R(x) and As(x) = V s(x) ∩ R(x),

where V u(x) and V s(x) are local unstable and stable manifolds at x, respectively, and
R(x) is a fixed element of the Markov partition containing x. Let

[·, ·] : Au(x)× As(x)→ [Au(x), As(x)]

be the Hölder homeomorphism defined by [y, z] = V s(y) ∩ V u(z). For surface diffeo-
morphisms, [·, ·] is in fact Lipschitz and has Lispchitz inverse.

We denote by Σ+
A and Σ−A the sets of right-sided and left-sided infinite sequences

on k symbols, respectively. Note that Σ−A is canonically identified with Σ+
At , where At

denotes the transpose of A, by the bijective map

Σ−A 3 (· · · i−1i0) 7→ (i0i−1 · · · ) ∈ Σ+
At .

We consider the subshifts of finite type σ+ : Σ+
A → Σ+

A and σ− : Σ−A → Σ−A defined by
σ+(i0i1 · · · ) = (i1i2 · · · ) and σ−(· · · i−1i0) = (· · · i−2i−1), respectively.

Let x ∈ Λ, and choose ω = (· · · i−1i0i1 · · · ) ∈ ΣA such that χ(ω) = x. For any point
ω′ = (· · · i′−1i

′
0i
′
1 · · · ) ∈ ΣA with the same past as ω (i.e., i′j = ij for any j ≤ 0), we have

χ(ω′) ∈ Au(x). Similarly, for any point ω′ = (· · · i′−1i
′
0i
′
1 · · · ) ∈ ΣA with the same future

as ω (i.e., i′j = ij for any j ≥ 0), we have χ(ω′) ∈ As(x). Thus, the manifold Au(x) can

be identified via the coding map χ with the cylinder Ci0 in Σ+
A and the manifold As(x)

can be identified via the coding map χ with the cylinder Ci0 in Σ−A.
Choose k points ω1, . . . , ωk ∈ ΣA such that ωi ∈ ΣA ∩ Ci for each i, and set

Ω = (ω1, . . . , ωk). We define the function rΩ : ΣA → ΣA by

rΩ(· · · i−1i0i1 · · · ) = (· · · j−2j−1i0i1i2 · · · ),
where (· · · j−1j0j1 · · · ) = ωi0. We now define the function θu = θuΩ on ΣA by

θu(ω) = ϕ(rΩ(ω)) +
∞∑
j=0

[
ϕ(σj+1rΩ(ω))− ϕ(σjrΩ(σω))

]
.

The functions θu and ϕ are cohomologous, and have the same pressure (see Lemma 1.6
in [5]). Hence, µ is also the Gibbs measure of θu.

Let π+ : ΣA → Σ+
A and π− : ΣA → Σ−A be the projections defined, respectively, by

π+(· · · i−1i0i1 · · · ) = (i0i1 · · · ) and π−(· · · i−1i0i1 · · · ) = (· · · i−1i0).
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One can easily check that θu(· · · i−1i0i1 · · · ) = θu(· · · i′−1i
′
0i
′
1 · · · ) whenever ij = i′j for

every j ≥ 0. This means that there is a function ϕu on Σ+
A such that θu = ϕu ◦ π+

on ΣA.
In a similar fashion, we define the function θs = θsΩ on ΣA, and there is a function ϕs

on Σ−A such that θs = ϕs ◦ π−.
The functions ϕu and ϕs are Hölder continuous (see [5]). Let µu be the Gibbs measure

for ϕu on Σ+
A, and µs the Gibbs measure for ϕs on Σ−A. We note that µu = µ ◦ π+

−1

since they are both Gibbs measures for the function ϕu, and that µs = µ ◦ π−−1 since
they are both Gibbs measures for the function ϕs. This implies that

µu(C+
i0···in) = µ(Ci0···in) and µs(C−i0···in) = µ(Ci0···in), (7)

where C+
i0···in = π+Ci0···in and C−i−n···i0 = π−Ci−n···i0. The measures µu and µs can be

identified (µ-almost everywhere) with the conditional measures of µ on unstable and
stable sets of ΣA, respectively.

Define the function ψu on Σ+
A by

logψu = ϕu − PΣ+
A

(ϕu),

and the function ψs on Σ−A by

logψs = ϕs − PΣ−A
(ϕs).

Clearly, PΣ+
A

(logψu) = PΣ−A
(logψs) = 0. By Proposition 3.2 in [8] and (7), it follows

that

logψu(ω+) = lim
n→∞

log
µu(C+

i0···in)

µu(C+
i1···in)

= lim
n→∞

log
µ(Ci0···in)

µ(Ci1···in)
,

for each ω+ = (i0i1 · · · ) ∈ Σ+
A (with uniform convergence), and that

logψs(ω−) = lim
n→∞

log
µs(C−i−n···i0)

µs(C−i−n···i1)
= lim

n→∞
log

µ(Ci−n···i0)

µ(Ci−n···i1)
,

for each ω− = (· · · i−1i0) ∈ Σ−A (with uniform convergence). This implies that the
functions ψu and ψs do not depend on the choice of the point Ω.

The following statement shows that Gibbs measures on compact locally maximal
hyperbolic sets have a product structure.

Proposition A.1. The following properties hold:

1. PΣA(ϕ) = PΣ+
A

(ϕu) = PΣ−A
(ϕs);

2. there exist positive constants K1 and K2 such that for every integers n, m ≥ 0 and
any (· · · i−1i0i1 · · · ) ∈ ΣA,

K1 ≤
µ(Ci−m···in)

µu(C+
i0···in)× µs(C−i−m···i0)

≤ K2.
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Proof. The first property follows immediately from the former discussion. The second
property follows from the identities in (7).

For any point x ∈ Λ ∩ χ(Ci0), we define the measure νsx = χ∗(µ
s|Ci0) on As(x), and

the measure νux = χ∗(µ
u|Ci0) on Au(x). The following statement follows immediately

from Proposition A.1.

Proposition A.2. There are positive constants K1 and K2 such that for any point
x ∈ Λ, and any Borel sets E ∈ As(x) and F ∈ Au(x),

K1(νux(E)× νsx(F )) ≤ ν([E,F ]) ≤ K2(νux (E)× νsx(F )).

For ν-almost every point x ∈ Λ, let ν̃ux and ν̃sx be the conditional measures of ν on
Au(x) and As(x), respectively. We note that ν̃ux = νux and ν̃sx = νsx for ν-almost every
x ∈ Λ. In the two-dimensional case, the stable and unstable foliations are Lipschitz,
and hence, there exist positive constants c1, c2 such that

c1ν̃
u
x([E, x]) ≤ ν̃uy ([E, y]) ≤ c2ν̃

u
x ([E, x]),

c1ν̃
s
x([x,E]) ≤ ν̃sy([y, E]) ≤ c2ν̃

s
x([x,E]),

for any point y ∈ R(x) and any set E ⊂M such that E∩R(x) 6= ∅. One can use these
inequalities to obtain another proof of Proposition A.2 in the case of surfaces.

For each p ∈ R, we define the function ϕuE,p on Σ+
A by

ϕuE,p = −T uE(p) + p logψu,

where T uE(p) is chosen such that

PΣ+
A

(ϕuE,p) = 0.

Similarly, for each p ∈ R, we define the function ϕsE,p on Σ−A by

ϕsE,p = −T sE(p) + p logψs,

where T sE(p) is chosen such that

PΣ−A
(ϕsE,p) = 0.

Clearly,

T uE(p) = PΣ+
A

(p logψu) and T sE(p) = PΣ−A
(p logψs).

It is obvious that the functions ϕuE,p and ϕsE,p are Hölder continuous.

Theorem A.3. T uE(p) = T sE(p) = TE(p).

Proof. It follows easily from the definitions that PΣ+
A

(pϕu) = PΣ−A
(pϕs) = PΣA(pϕ) for

every p. We have

T uE(p) = PΣ+
A

(pϕu)− pPΣ+
A

(ϕu) = PΣA(pϕ)− pPΣA(ϕ) = TE(p),

and similarly, T sE(p) = TE(p).
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