
Journal of Econometrics 155 (2010) 71–82
Contents lists available at ScienceDirect

Journal of Econometrics

journal homepage: www.elsevier.com/locate/jeconom

Density estimation for nonlinear parametric models with conditional
heteroscedasticity
Zhibiao Zhao ∗
Department of Statistics, Penn State University, University Park, PA 16802, United States

a r t i c l e i n f o

Article history:
Received 22 March 2008
Received in revised form
15 June 2009
Accepted 11 September 2009
Available online 25 September 2009

JEL classification:
C13
C02

Keywords:
Bahadur representation
Conditional heteroscedasticity
Density estimation
Fisher information
Nonlinear time series
Nonparametric kernel density
Stationary density
Stochastic regression

a b s t r a c t

This article studies density and parameter estimation problems for nonlinear parametric models with
conditional heteroscedasticity. We propose a simple density estimate that is particularly useful for
studying the stationary density of nonlinear time series models. Under a general dependence structure,
we establish the root n consistency of the proposed density estimate. For parameter estimation, a Bahadur
type representation is obtained for the conditionalmaximum likelihood estimate. The parameter estimate
is shown to be asymptotically efficient in the sense that its limiting variance attains the Cramér–Rao lower
bound. The performance of our density estimate is studied by simulations.
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1. Introduction

Consider the stochastic regression model with conditional het-
eroscedasticity

Yi = µ(Xi; θ)+ σ(Xi; θ)εi, (1)

where Xi = (Xi,1, . . . , Xi,p) ∈ R1×p are p-dimensional random co-
variates, εi are independent and identically distributed (iid) errors
with zero mean and unit variance,µ(·; θ) and σ(·; θ) > 0 are two
known functions, and θ ∈ Rk is an unknown k × 1 column vec-
tor of parameters. Model (1) has many applications. For example,
in nonlinear regression problems, Xi and Yi are the p-dimensional
vector of covariates and one-dimensional response, respectively,
for subject i. A well-known example is the linear regression model
Yi = Xiθ + σεi. In such circumstances, (Xi, Yi), 1 ≤ i ≤ n, may be
viewed as iid copies from the populationmodel Y = µ(X; θ)+σε.
For another application of (1), consider the time series setting
Xi = (Yi−1, . . . , Yi−p). Then (1) reduces to the following nonlin-
ear autoregressive conditional heteroscedastic (NARCH) model of
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order p:

Yi = µ(Yi−1, . . . , Yi−p; θ)+ σ(Yi−1, . . . , Yi−p; θ)εi. (2)

The latter model includes many popular nonlinear time series
models, including the linear autoregressive (AR) model, threshold
autoregressive (TAR)models (Tong, 1990), exponential autoregres-
sive (EAR) models (Haggan and Ozaki, 1981), random coefficient
(RC) models (Nicholls and Quinn, 1982), and autoregressive condi-
tional heteroscedastic (ARCH) models (Engle, 1982) among others.
Discrete sampling of continuous-time diffusionmodels also results
in models of form (1); see Section 4.1.
Given observations (Xi, Yi), 1 ≤ i ≤ n, from (1), the article has

two primary goals. The first one is to propose efficient estimate
of fY (·; θ), the marginal density function of Yi. Our motivations
for studying the marginal density fY (·; θ) are two-fold. First, the
marginal density plays an important role in statistical inferences
and it gives us more information about the probabilistic structure
of the responses Yi; see Silverman (1986) for more discussions.
Second, the marginal density can be used to address specification
testing or model validation problems. See, for example, Aït-Sahalia
(1996), Gao and King (2004), Aït-Sahalia et al. (in press), and
Hong and Li (2005). Based on observations Yi, 1 ≤ i ≤ n,
classical results assert that the traditional nonparametric kernel
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density estimate is
√
nbn-consistent for an appropriate bandwidth

bn → 0. On one hand, nonparametric kernel density estimate does
not depend on the underlying model and hence is robust against
model assumptions. On the other hand, nonparametric density
estimate does not take into account the special structure of (1), and,
therefore, it is not the most efficient one.
In this article, we propose an efficient

√
n-consistent density

estimate by utilizing the specific structure of (1). We now intro-
duce the intuitive idea. In (1), we assume that εi, i ∈ Z, are iid
standard normal random variables. The latter assumption is quite
common in nonlinear regression, time series analysis and discrete
samplings from diffusion models. For extensions to non-Gaussian
and completely nonparametric errors, see Section 4. Assume that
εi is independent of Xi. Conditioning on Xi, Yi has a normal distri-
bution with mean µ(Xi; θ) and standard deviation σ(Xi; θ). Thus,
by a conditioning argument,

fY (y; θ) = E
(

1
σ(Xi; θ)

φ

{
y− µ(Xi; θ)
σ (Xi; θ)

})
, (3)

where and hereafter φ(x) stands for the standard normal density.
If θ is known, then a natural estimate of fY is the empirical version
of (3):

f̂Y (y; θ) =
1
n

n∑
i=1

1
σ(Xi; θ)

φ

{
y− µ(Xi; θ)
σ (Xi; θ)

}
. (4)

Under mild dependence conditions on Xi, we can establish the
asymptotic

√
n-normality of f̂Y (y; θ). Other

√
n-consistent density

estimates have been proposed by Saavedra and Cao (2000), Schick
andWefelmeyer (2004, 2007)) for linear processes, by Frees (1994)
and Giné andMason (2007) for functions of independent variables,
and by Kim and Wu (2007) for nonlinear autoregressive models
of order one with constant variance. Due to the dependence be-
tween µ(Xi; θ) and σ(Xi; θ)εi in (1), the convolution based ap-
proach in these articles is not directly applicable here. To the best
of our knowledge, the estimate (4) is new, and it is particularly
useful for studying the stationary density of many nonlinear time
series models. For example, even for the simple ARCH(1) model

Yi =
√
θ0 + θ1Y 2i−1εi for θ0 > 0, θ1 ≥ 0 and standard normal errors

εi, the stationary density of Yi is still unknown, and f̂Y (y; θ) pro-
vides a reasonable approximation. Finally, we point out that, the
estimate f̂Y (y; θ) in (4) depends on the parametric assumptions on
µ, σ and the density of εi. If one of those assumptions is seriously
wrong, the estimate f̂Y (y; θ) will be inferior to the nonparametric
kernel density estimate. In Sections 4.2 and 4.3, we discuss exten-
sions of (4) to allow for non-Gaussian and completely nonparamet-
ric error density.
In practice, the parameter vector θ is unknown and needs to

be estimated, which is the second goal of this article. Assuming
that σ(·; θ) ≡ σ is a constant function, Wu (2005b) studied M-
estimation for (1) and Yao (2000) considered least-squares estima-
tion for nonlinear AR processes. For ARCH and GARCHmodels, Hall
and Yao (2003) dealt with quasi-maximum likelihood estimation
and Ngatchou-Wandji (2008) studied conditional least-squares
and conditional likelihood estimators. The latter article also con-
tains several recent references. Here, we study the multivariate
conditional heteroscedasticmodel (1) under a general dependence
structure. In Theorem 2, we obtain an asymptotic Bahadur repre-
sentation for the conditionalmaximum likelihood estimate (CMLE)
of θ in (1). Such Bahadur representation provides a powerful tool
in studying the asymptotic properties of parameter and density es-
timates. It is shown that the CMLE is asymptotically efficient in
the sense that its limiting variance attains the Cramér–Rao lower
bound [cf. Corollary 1]. Let θ̂ be the

√
n-consistent CMLE of θ . Based
on (4), we propose the following estimator

f̂Y (y; θ̂ ) =
1
n

n∑
i=1

1

σ(Xi; θ̂ )
φ

{
y− µ(Xi; θ̂ )
σ (Xi; θ̂ )

}
. (5)

With Bahadur representation for θ̂ , we establish in Theorem 1
the asymptotic

√
n-normality of f̂Y (y; θ̂ ). The results are shown

to be applicable for a variety of nonlinear time series models; see
Section 2.
The rest of the article is organized as follows. In Section 2,

we introduce the dependence structure for (1) with examples. In
Section 3, we present ourmain results,

√
n-consistency of our den-

sity estimate and a Bahadur type representation for the CMLE of θ .
In Section 4, we discuss extensions to continuous-time diffusion
models and models with non-Gaussian or nonparametric errors.
In Section 5, we examine the performance of our density estimate
through simulations. We defer the proofs to Section 6.

2. Dependence structure

First, we introduce some notation that will be used throughout
the article. For a matrix A = (ai,j) write |A| = (

∑
i,j a

2
i,j)
1/2.

For a random vector X write X ∈ Lq, q > 0, if ‖X‖q :=
[E(|X|q)]1/q < ∞. For a multivariate map g : Rd1 → Rd2×d3 , we
write g ∈ C(Rd1 ,Rd2×d3) if g is Lipschitz continuous in the sense
that supx6=x′ |g(x) − g(x′)|/|x − x′| < ∞. Denote by µ̇(x;ϑ) =
∂µ(x;ϑ)/∂ϑ the column gradient vector of µ with respect to ϑ ,
and by µ̈(x;ϑ) = [∂2µ(x;ϑ)/∂ϑi∂ϑj]1≤i,j≤k the Hessian matrix.
Similarly, we define σ̇ (x;ϑ) and σ̈ (x;ϑ) for σ(x;ϑ).
In (1), assume that Xi is a stationary process of p-dimensional

row vector given by
Xi = G(Fi), where Fi = (. . . , ηi−1, ηi). (6)
Here, ηi, i ∈ Z are iid innovations and G = (G1,G2, . . . ,Gp) is a
p-dimensional row vector of measurable functions such that Xi is
well defined.Many usefulmodels fall within such a framework, see
Tong (1990), Wu (2005a) and examples below.

Condition 1. In (1) and (6), assume that εi, i ∈ Z, are iid and that
εi is independent of Fi and hence independent of Xi, and that ηi is
independent of εj, j ≤ i− 2.
Condition 1 is very mild and satisfied if {εi}i∈N and {ηi}i∈N are

two independent sequences. In Example 3 below, Condition 1 is
shown to hold for nonlinear time series model.
Condition 2. Recall ηi,Fi in (6). Let (η′i)i∈Z be an iid copy of (ηi)i∈Z.
Assume that X0 ∈ L2 and there exists ρ ∈ (0, 1) and C <∞ such
that

‖Xi − X′i‖2 ≤ Cρ
i, where X′i = G(. . . , η

′

−1, η
′

0, η1, . . . , ηi),

i ∈ N, (7)

is a coupled process ofXiwith (ηj)j≤0 being replaced by the iid copy
(η′j)j≤0.
Condition 2 asserts that the effect of replacing the original

innovations (ηj)j≤0 with iid copy (η′j)j≤0 decays exponentially fast,
hence suggesting geometric moment contraction (Wu and Shao,
2004). Similar coupling coefficient also appeared in Dedecker and
Prieur (2005).

Example 1. Let m ∈ N. Consider the m-dependent case, where
Xi = G(ηi−m, . . . , ηi) does not depend on ηj, j ≤ i−m− 1. Hence,
‖Xi − X′i‖2 = 0 for i ≥ m + 1 and Condition 2 holds. An useful
example is the p-dimensional vectormoving average (VMA)model
Xi =

∑m
j=0 Ajηi−j, where Aj are p×p coefficient matrices and ηj are

iid p-dimensional vectors. Ifm = 0, then Xi, i ∈ Z, are iid. �

Example 2. Consider the vector autoregressive moving average
(VARMA) model of orders q1 and q2 given by

Φ(B)Xi = Ψ (B)ηi, (8)
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where ηi ∈ L2 are iid p-dimensional vectors, B is the backshift
operator defined by BXi = Xi−1, and Φ(z) = 1 −

∑q1
j=1Φjz

j and
Ψ (z) = 1 +

∑q2
j=1 Ψjz

j for p × p constant matrices Φ1, . . . ,Φq1
and Ψ1, . . . ,Ψq2 . In the special case of Φ(z) = 1 or Ψ (z) = 1,
(8) becomes vector autoregressive (VAR) process or VMA process.
Assume that all the roots of detΦ(z) = 0 lie outside of the
unit circle. Then, Xi has a causal representation of form Xi =∑
∞

j=0 Ajηi−j with |Aj| = O(ρ
j) for some ρ ∈ (0, 1). Thus,

‖Xi − X′i‖2 =

∥∥∥∥∥ ∞∑
j=0

Ajηi−j −
i−1∑
j=0

Ajηi−j −
∞∑
j=i

Ajη′i−j

∥∥∥∥∥
2

=

∥∥∥∥∥ ∞∑
j=i

Aj(ηi−j − η′i−j)

∥∥∥∥∥
2

= O(ρ i). �

Example 3. Consider theNARCHmodel (2).Write x = (x1, . . . , xp)
and x′ = (x′1, . . . , x

′
p). Assume that ε0 ∈ L2 and there exists

constants a1, . . . , ap ≥ 0, such that

|µ(x; θ)− µ(x′; θ)| + |σ(x; θ)− σ(x′; θ)|‖ε0‖2

≤

p∑
j=1

aj|xj − x′j|,
p∑
j=1

aj < 1. (9)

By Theorem 5.1 in Shao and Wu (2007), we have, by iterating (2),
that Yi = H(. . . , εi−1, εi) for some function H satisfying

‖H(. . . , εi−1, εi)− H(. . . , ε′−1, ε
′

0, ε1, . . . , εi)‖2 = O(ρ
i)

for some ρ ∈ (0, 1), where (ε′i)i∈Z is an iid copy of (εi)i∈Z.
Therefore, (6) and Conditions 1 and 2 hold by taking ηi = εi−1
and Xi = (Yi−1, . . . , Yi−p). Roughly speaking, Condition (9) says
that the process is contracting and hence converges exponentially
fast. Consider the ARCH(p) model with µ(·; θ) ≡ 0 and σ(x; θ) =√
θ0 + θ1x21 + · · · + θpx2p , θ0 > 0, θj ≥ 0, j = 1, . . . , p. Then,

|∂σ(x; θ)/∂xj| ≤
√
θj and hence a sufficient condition for (9) is∑p

j=1

√
θj < 1. If σ(·; θ) ≡ σ is a constant function, then (9)

becomes

|µ(x; θ)− µ(x′; θ)| ≤
p∑
j=1

aj|xj − x′j|,
p∑
j=1

aj < 1. (10)

If p = 1, then (10) becomes supx6=x′ |µ(x; θ)−µ(x′; θ)|/|x− x′| <
1. �

Example 4. Let Xi ∈ Rp and Yi ∈ R be defined recursively by

Yi = µ(Xi; θ)+ σ(Xi; θ)εi,
Xi = R(Xi−1, . . . ,Xi−q, ηi), (11)

where R(·, η) is a measurable random map. Many popular nonlin-
ear time series models are of the form (11) with p = q = 1, includ-
ing TAR model Xi = amax(Xi−1, 0) + bmin(Xi−1, 0) + ηi, ARCH

model Xi = ηi

√
a+ bX2i−1 with a > 0 and b ≥ 0, RC model Xi =

(a+bηi)Xi−1+ηi, and EARmodel Xi = [a+b exp(−cX2i−1)]Xi−1+ηi
among others. For Xi in (11), a sufficient condition for (7) is ob-
tained by Shao and Wu (2007): assume that there exists some x̃0
and constants a1, . . . , aq ≥ 0, such that

R(x̃0, η0) ∈ L2, ‖R(x̃, η0)− R(x̃′, η0)‖2 ≤
q∑
j=1

aj|x̃j − x̃′j|

and
q∑
j=1

aj < 1

hold for all x̃ = (x̃1, . . . , x̃q) and x̃′ = (x̃′1, . . . , x̃
′
q). �
3. Main results

3.1. Uniform
√
n-consistency of f̂Y (y; θ̂ )

In this section, we establish the asymptotic
√
n-normality of

f̂Y (y; θ̂ ) in (5). We need to introduce some regularity conditions.
Assume that the true parameter vector θ is contained in the inte-
rior of a compact (closed and bounded) subset Θ of Rk. Write the
true parameter vector θ = (θ1, . . . , θk)T.

Condition 3. Assume:

(A1) The k× 1 column gradient vectors µ̇(x; θ ′) = ∂µ(x; θ ′)/∂θ ′
and σ̇ (x; θ ′) = ∂σ(x; θ ′)/∂θ ′ exist and are continuous in a
neighborhood of θ .

(A2) There exists c0 > 0 such that σ(x; θ ′) > c0 for all x ∈ R1×p
and θ ′ in a neighborhood of θ .

(A3) µ̇(X0; θ ′)/σ 2(X0; θ ′), σ̇ (X0; θ ′)/σ 2(X0; θ ′) ∈ L1 are stochas-
tically continuous at the true parameter θ in the following
sense

lim
ε→0

E

{
sup
|θ ′−θ |≤ε

[∣∣∣∣ µ̇(X0; θ ′)σ 2(X0; θ ′)
−
µ̇(X0; θ)
σ 2(X0; θ)

∣∣∣∣
+

∣∣∣∣ σ̇ (X0; θ ′)σ 2(X0; θ ′)
−
σ̇ (X0; θ)
σ 2(X0; θ)

∣∣∣∣
]}
= 0.

Assumptions A1 and A2 are standard regularity conditions in
parametric estimation problems. In (1), consider the special case
that σ(·; θ) ≡ σ > 0 (σ is unknown) is a constant function,
then A3 holds provided that limε→0 E[sup|θ ′−θ |≤ε |µ̇(X0; θ ′) −
µ̇(X0; θ)|] = 0, which trivially holds for the linear regression case
µ(x; θ) = xθ and µ̇(x; θ) = xT.

Condition 4. Assume that θ̂ is a consistent estimate of θ such that

θ̂ − θ =
1
n

n∑
i=1

D1(Xi; θ)D2(εi)+ oP(n−1/2), (12)

whereD1(·; θ) is a k×`matrix andD2(·) is an `×1 column vector,
` ∈ N, such that D1(X0; θ),D2(ε0) ∈ L2,E[D2(ε0)] = 0. Further,
assume that D1(·; θ) ∈ C(Rp,Rk×`).

Condition 4 asserts that the estimate θ̂−θ can be approximated
by linear functionals. Such a linearization is generally called
Bahadur representation. Hall and Yao (2003) obtained Bahadur
representation of quasi-maximum likelihood estimates for ARCH
and GARCH processes. For (1), assuming that σ(·; θ) = σ is
a constant function, Wu (2005b) studied Bahadur representation
of M-estimation. For other contributions see Ngatchou-Wandji
(2008) and references therein. In the next section, we shall obtain
Bahadur representation for CMLE of (1). The following Theorem
establishes the asymptotic

√
n-normality of f̂Y (y; θ̂ ).

Theorem 1. Let Y ⊂ R be a compact interval. Recall f̂Y (y; θ̂ ) in (5).
Define

J(x, y; θ ′) =
1

σ(x; θ ′)
φ

{
y− µ(x; θ ′)
σ (x; θ ′)

}
,

x ∈ Rp, y ∈ Y, θ ′ ∈ Rk. (13)

Denote by J̇(x, y; θ ′) = ∂ J(x, y; θ ′)/∂θ ′ the k × 1 column gradient
vector. Let J(y; θ) = E[J̇(X0, y; θ)]. Assume that Conditions 1–4
hold. Then as n→∞, the following convergence of process holds

{
√
n[f̂Y (y; θ̂ )− fY (y; θ)]; y ∈ Y} ⇒ {Wy; y ∈ Y}, (14)
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where {Wy; y ∈ Y} is a centered Gaussian process with almost
sure continuous sample path and covariance function given by
Cov(Wy,Wy′) = γ0(y, y′)+ 2

∑
∞

k=1 γk(y, y
′), where

γ0(y, y′) = Cov[J(X0, y; θ), J(X0, y′; θ)]
+J(y; θ)TE[D1(X0; θ)D2(ε0)DT2(ε0)D

T
1(X0; θ)]J(y

′
; θ),

and for k ≥ 1,

γk(y, y′) = Cov[J(X0, y; θ), J(Xk, y′; θ)]
+ Cov[J(y; θ)TD1(X0; θ)D2(ε0), J(Xk, y′; θ)].

3.2. Bahadur representation for CMLE of θ

To use f̂Y (y; θ̂ ) in (5), one needs an estimate θ̂ that satisfies
Condition 4. We now construct

√
n-consistent estimator for θ .

Among many popular parameter estimation techniques are maxi-
mum likelihood estimate, (generalized) least squares, generalized
method of moments, and M-estimation among others.
Here, we propose a CMLE of θ . Thanks to the independence of

Xi and εi, given Xi, Yi has a normal distribution with meanµ(Xi; θ)
and standard deviation σ(Xi; θ). Taking logarithm, we propose

θ̂ = argmax
θ ′∈Θ

n∑
i=1

{
−
1
2

[
Yi − µ(Xi; θ ′)
σ (Xi; θ ′)

]2
− log σ(Xi; θ ′)

}
. (15)

Taking derivatives, we see that the solution θ̂ must satisfy∆n(θ̂) =
0, where

∆n(θ
′) =

n∑
i=1

ξ(Xi, εi; θ ′), θ ′ ∈ Θ ⊂ Rk, (16)

and for x ∈ R1×p, ε ∈ R and θ ′ ∈ Θ ,

ξ(x, ε; θ ′) =
[µ(x; θ)+ σ(x; θ)ε − µ(x; θ ′)]µ̇(x; θ ′)

σ 2(x; θ ′)

+
[µ(x; θ)+ σ(x; θ)ε − µ(x; θ ′)]2σ̇ (x; θ ′)

σ 3(x; θ ′)
−
σ̇ (x; θ ′)
σ (x; θ ′)

. (17)

Let λ(θ ′) = E[ξ(X0, ε0; θ ′)]. Since ε0 has zero mean and unit
variance and is independent of X0, λ(θ) = 0. The following con-
dition is needed to guarantee the uniqueness of the solution θ̂ .

Condition 5. Let ξ(x, ε; θ ′) be the k × 1 column gradient vector
in (17). Assume that the Hessian matrices µ̈(x; θ ′) and σ̈ (x; θ ′)
exist and are continuous in a neighborhood of θ . Let λ(θ ′) =
E[ξ(X0, ε0; θ ′)] be given by

λ(θ ′) = E

{[µ(X0; θ)− µ(X0; θ ′)]2 + [σ 2(X0; θ)− σ 2(X0; θ ′)]}

×
σ̇ (X0; θ ′)
σ 3(X0; θ ′)

+ [µ(X0; θ)− µ(X0; θ ′)]
µ̇(X0; θ ′)
σ 2(X0; θ ′)

. (18)

Assume that λ′(θ ′) = E[ξ ′(X0, ε0; θ ′)]. Define I(θ) = −λ′(θ) to be the
k× k negative derivative matrix of λ(θ ′) evaluated at θ ′ = θ :

I(θ) = E
[
µ̇(X0; θ)µ̇(X0; θ)T + 2σ̇ (X0; θ)σ̇ (X0; θ)T

σ 2(X0; θ)

]
. (19)

Assume that λ(θ ′) = 0 if and only if θ ′ = θ . Further, assume that I(θ)
is positive definite.

Example 5. Consider the constant variance case σ(x; θ) ≡ σ for
some constant σ > 0. Then, a necessary and sufficient condition
for I(θ) being positive definite is: for a row vector u, uµ̇(x; θ) = 0
for all x in the support of the density function of Xi if and only
if u ≡ 0. The latter condition trivially holds for linear regression
µ(x; θ) = xθ and µ̇(x; θ) = xT. Also, for this linear model, λ(θ ′) =
E[X0(θ − θ ′)XT0]. Therefore, if the matrix E(XT0X0) is non-singular,
then λ(θ ′) = 0 if and only if θ ′ = θ .

In (19), I(θ) can be viewed as the (conditional) Fisher
information matrix, as if the conditional distribution of Yi given Xi
were independent.

Condition 6. Recall ξ(x; ε, θ ′) in (17). Assume that ξ(X0, ε0, θ ′) is
stochastically Lipschitz continuous in the sense

sup
θ ′ 6=θ∈Θ

|ξ(X0, ε0; θ ′)− ξ(X0, ε0; θ)|
|θ ′ − θ |

∈ L2. (20)

Further, assume that there exists constant C <∞ such that

sup
θ ′∈Θ

E|ξ(x′, ε0; θ ′)− ξ(x, ε0; θ ′)| ≤ C |x′ − x|, x, x′ ∈ Rp. (21)

Example 6. As in Example 5, we assume constant variance σ ≡
1. Consider the logistic model µ(x; θ) = exp{

∑p
i=1 θixi}/[1 +

exp{
∑p
i=1 θixi}]. It is easy to see that |∂µ(x; θ

′)/∂θ ′i | ≤ |xi| for all
θ ′ and x. Assume that X0 ∈ L4 and ε0 ∈ L2. Then,

|ξ(X0, ε0; θ ′)− ξ(X0, ε0; θ)|
|θ ′ − θ |

≤

∣∣∣∣µ(X0; θ ′)− µ(X0; θ)θ ′ − θ

∣∣∣∣ |µ̇(X0; θ ′)|
+ |ε0|

∣∣∣∣µ(X0; θ)− µ(X0; θ ′)θ ′ − θ

∣∣∣∣
= O(|X0|2 + |ε0||X0|) ∈ L2,

uniformly over θ ′ 6= θ . Similarly, we can verify (21) through the
inequality |∂µ(x; θ ′)/∂xi| ≤ |θ ′i |.

Theorem 2. Assume that Conditions 1, 2, 5 and 6 hold. Recall∆n(θ ′)
in (16). Then, the solution θ̂ of (15) has the following Bahadur repre-
sentation

θ̂ − θ =
1
n

I(θ)−1∆n(θ)+ OP[n−1(log n)11/2], (22)

where I(θ) is the Fisher information matrix in (19), and

∆n(θ) =

n∑
i=1

[εiµ̇(Xi; θ)
σ (Xi; θ)

+ (ε2i − 1)
σ̇ (Xi; θ)
σ (Xi; θ)

]
. (23)

By Theorem 2, for the CMLE θ̂ in (15), Condition 4 holds with
` = 2 and

D1(Xi; θ) = I(θ)−1
[ µ̇(Xi; θ)
σ (Xi; θ)

,
σ̇ (Xi; θ)
σ (Xi; θ)

]
,

D2(εi) = (εi, ε2i − 1)
T.

Corollary 1. Assume that the Conditions in Theorem 2 hold. Let I(θ)
be the Fisher information matrix in (19). Then, as n→∞,
√
n(θ̂ − θ)⇒ N(0, I(θ)−1).

By Corollary 1, the limiting variance of θ̂ in (15) attains the
Cramér–Rao lower bound, the inverse of Fisher informationmatrix.
Hence, θ̂ is asymptotically efficient.

Example 7. In (1), consider the linear regression case

Yi =
p∑
j=1

θiXi,j + σεi. (24)



Z. Zhao / Journal of Econometrics 155 (2010) 71–82 75
Write θ = (θ1, . . . , θp, σ )
T. Notice that µ(x; θ) =

∑p
j=1 xjθj and

σ(x; θ) = σ . The Fisher information matrix I(θ) in (19) is given
by

I(θ) =

[
E(XT0X0)/σ

2 0p×1
01×p 2/σ 2

]
. �

4. Some extensions

In this section, we consider extensions of our method to con-
tinuous-time diffusion models and models with non-Gaussian or
completely nonparametric error densities.

4.1. Continuous-time diffusion models

We consider the following continuous-time diffusion model
dXt = µ(Xt; θ)dt + σ(Xt; θ)dWt , t ≥ 0, (25)
where {Wt}t≥0 is a standard Brownian motion. Choosing different
specifications of µ(·; θ) and σ(·; θ) yields several popular models
in finance; see Black and Scholes (1973), Courtadon (1982), Cox
et al. (1985), Chan et al. (1992), Constantinides (1992), and Aït-
Sahalia (1996) among others.
Applying Euler’s discretization method, we obtain

Xt+∆ − Xt = µ(Xt; θ)∆+ σ(Xt; θ)(Wt+∆ −Wt). (26)
Here,∆ > 0 is a small but fixed number representing the sampling
interval. For daily observations, for example,∆ = 1/260 (one year
has about 260 weekdays). Let Yi = X(i+1)∆ − Xi∆ be the return
over period [i∆, (i+ 1)∆]. Write Xi ≡ Xi∆ and εi = ∆−1/2[Wi∆ −
W(i−1)∆]. Then εi, i ∈ N, are iid standard normal random variables.
We can write (26) as

Yi = µ(Xi; θ)∆+ σ(Xi; θ)∆1/2εi, (27)
which is of the form (1). Writing the above model in its equivalent
form Xi+1 = [Xi + µ(Xi; θ)∆] + σ(Xi; θ)∆1/2εi, one can
derive a similar condition as in Example 3 so that {Xi} satisfies
the geometric contraction property in Condition 2. Hence, our
proposed method is applicable. See also Hansen and Scheinkman
(1995) and Aït-Sahalia and Mykland (2003) for other geometric
contraction and mixing conditions.

4.2. Non-Gaussian errors

The proposedmethod can be readily extended to dealwith non-
Gaussian errors. Denote by ψν the density function of εi with a
known parametric formψ and an unknown parameter ν. For non-
Gaussian errors, the estimate θ̂ in (15) is still

√
n-consistent but

not the most efficient one. We can use the CMLE:

(θ̂ , ν̂) = argmax
θ ′,ν′

n∑
i=1

{
logψν′

(
Yi − µ(Xi; θ ′)
σ (Xi; θ ′)

)
− log σ(Xi; θ ′)

}
. (28)

By (5), we propose the following estimate

f̂Y (y; θ̂ , ν̂) =
1
n

n∑
i=1

1

σ(Xi; θ̂ )
ψν̂

{y− µ(Xi; θ̂ )
σ (Xi; θ̂ )

}
. (29)

Based on Taylor’s expansion of f̂Y (y; θ̂ , ν̂) at point (θ, ν), the simi-
lar argument in the proof of Theorem1 canbeused to establish

√
n-

consistency of f̂Y (y; θ̂ , ν̂). In general, however, one expects that,
due to the estimation error from estimating the extra parameter ν,
f̂Y (y; θ̂ , ν̂) would have a larger variance when compared with the
Gaussian case in (5).

4.3. Nonparametric errors

So far, we have assumed that the error density has a known
parametric form with unknown parameters. In practice, the error
density might be completely unknown and needs to be estimated
nonparametrically. The proposed method can be extended to deal
with this case of nonparametric errors. In (1), denote by fε the
density function of εi. Let θ̂ be the

√
n-consistent estimate of θ as

in (15). Let K be a proper kernel function and bn > 0 a bandwidth.
Denote by f̂ε the nonparametric kernel density estimate of fε:

f̂ε(z) =
1
nbn

n∑
i=1

K
( z − ε̂i
bn

)
, where ε̂i =

Yi − µ(X; θ̂ )
σ (Xi; θ̂ )

,

1 ≤ i ≤ n,

are estimated innovations. By (3), we replace φ by f̂ε and propose
the following estimate

f̂Y (y; θ̂ ) =
1
n

n∑
i=1

1

σ(Xi; θ̂ )
f̂ε

{
y− µ(Xi; θ̂ )
σ (Xi; θ̂ )

}
, (30)

which is the weighted or aggregated version of f̂ε . We conjecture
that, although f̂ε(z) is only

√
nbn-consistent for each fixed z,

the aggregated version f̂Y (y; θ̂ ) in (30) is
√
n-consistent. The

intuition is that the averaging or aggregation can improve the rate
of convergence. For example, the integral of the nonparametric
kernel density estimate over (−∞, y] becomes the empirical
distribution function and the latter is

√
n-consistent.

To gain an intuition about this seemly surprising result, we
consider the special case that σ(x; θ) ≡ 1 is the constant one,
θ̂ = θ and hence ε̂i = εi can be perfectly estimated, and all
variables {Xi} and {εi} are independent. Then, by (30)

f̂Y (y; θ̂ ) =
1
n2bn

∑
1≤i,j≤n

Zi,j, where Zi,j = K
(
y− µ(Xi; θ)− εj

bn

)
. (31)

Clearly, µ(Xi; θ) + εj has the same distribution as Yi, and hence
E(Zi,j) = E[K{(y − Yi)/bn}] = bnfY (y) + O(b2n). Thus, f̂Y (y; θ̂ ) is
asymptotically unbiased as n→∞ and bn → 0. Furthermore, by
independence, simple calculations show that

Cov(Zi,j, Zi′,j′) =


0, if i 6= i′ and j 6= j′;
O(b2n), if i = i′ and j 6= j′;
O(b2n), if i 6= i′ and j = j′;
O(bn), if i = i′ and j = j′.

(32)

Therefore, Var[f̂Y (y; θ̂ )] = [O(n3b2n)+ O(n
2bn)]/(n4b2n) = O(1/n),

and consequently f̂Y (y; θ̂ ) is
√
n-consistent. In general, if θ̂ is

√
n-

consistent, it is expected that the result still holds by Taylor’s
expansion.
It is quite challenging tomake the above argument rigorous and

establish asymptotic normality. We have obtained some prelimi-
nary results, but we decide to report them in a subsequent article,
because their proofs are more involved and require quite different
treatments, for example, asymptotics of U-statistics type due to the
double summation structure in (30).

5. Simulation studies

In this section, we carry out simulation studies to examine the
finite sample performance of our density estimate. Specifically, we
compare our density estimate (4) with the following traditional
nonparametric kernel density estimate

f̂Y (y) =
1
nbn

n∑
i=1

K
(y− Yi
bn

)
, (33)

and the convolution density estimate in Kim and Wu (2007).
Formodel (1), assuming that σ(·; θ) = σ is a constant function,

Kim and Wu (2007) proposed a convolution based method to
estimate fY , the density function of Yi. We briefly introduce their
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idea. Let Zi(θ) = µ(Xi; θ). Then, Yi = Zi(θ) + σεi. Denote by
fZ (·; θ) the density function of Zi(θ). Recall that εi has standard
normal density φ. Let φσ (z) = φ(z/σ)/σ . By the independence
of Xi and εi, fY is the convolution of fZ and φσ :

fY (y; θ, σ ) = (fZ ∗ φσ )(y) :=
∫

R
φσ (y− z)fZ (z; θ)du. (34)

Let (θ̂T, σ̂ ) be a consistent estimator of (θT, σ ). Based on
estimated values Ẑi = µ(Xi; θ̂ ), we can estimate fZ (·; θ) by the
nonparametric kernel density estimate in (33):

f̂Z (z; θ̂ ) =
1
nbn

n∑
i=1

K
( z − Ẑi
bn

)
.

Based on (34), Kim and Wu (2007) proposed the plug-in density
estimator

f̂ �Y (y; θ̂ , σ̂ ) = (f̂Z ∗ φσ̂ )(y) :=
∫

R
φσ̂ (y− z)f̂Z (z; θ̂ )du. (35)

In the special case Xi = Yi−1, under mild regularity conditions,
Kim and Wu (2007) obtained a central limit theorem for
√
n[f̂ �Y (y; θ̂ , σ̂ )− fY (y)]with appropriate bandwidth bn. Therefore,
the performance of their convolution based density estimate
depends on the choice of the bandwidth.
For a density function f and its estimate f̂ , we use the mean

integrated squared error (MISE) (f̂ ) = E[
∫

R |f̂ (y) − f (y)|
2dy] to

measure the performance of f̂ . In our analysis, theMISE is obtained
by averaging 1000 realizations of

∫
R |f̂ (y) − f (y)|

2dy, where the
latter integral is evaluated on 95% range of the data. For (1) with
given parameters (θT, σ ), the true density fY usually does not have
a closed form. To overcome this, we use f̂Y (y; θ, σ ) in (4) with
n = 10, 000 to approximate the true density fY .
Since our density estimate needs no bandwidth, its MISE re-

mains a constant. For the classical nonparametric kernel density
estimate and the convolution density estimate in Kim and Wu
(2007), theMISE is generally a function of the bandwidth. Thus, we
compare our bandwidth-free density estimate with the latter two
estimates with various bandwidths. We point out that the com-
parison is unfair to the nonparametric kernel density estimatem
since ourmethodneeds parametric assumptions. Nevertheless, the
MISE shows that our density estimate approximates the true den-
sity quite well even for a small sample size.

5.1. Threshold autoregressive models (TAR)

Let εi, i ∈ Z, be iid standard normal random variables. Let
|θ | < 1. Consider

Yi = θ |Yi−1| +
√
1− θ2εi. (36)

If θ = 0, then Yi = εi are iid. Otherwise Yi, i ∈ Z, form a
nonlinear autoregressive process. By Example 3, Condition 2 holds.
Moreover, the stationary solution Yi has a skew-normal density of
the form fY (y; θ) = 2φ(u)Φ(δy), where δ = θ/

√
1− θ2 controls

the skewness of the density, φ and Φ are the standard normal
density and distribution functions, respectively (Andel et al., 1984).
We estimate the parameter θ by

θ̂ = argmin
θ

n∑
i=2

(Yi − θ |Yi−1|)2 =

n∑
i=2
Yi|Yi−1|

n∑
i=2
Y 2i−1

. (37)

Now, we show that θ̂ has a Bahadur representation as in
Condition 4. By Theorem 3, (n − 1)−1

∑n
i=2 Y

2
i−1 − E(Y 20 ) =

OP(1/
√
n) and (n − 1)−1

∑n
i=2 εi|Yi−1| = OP(1/

√
n). Therefore,

use the right hand side of (36) to replace Yi in (37):
Fig. 1. A typical realization of nonparametric density estimate (dashed: bn = 0.15),
convolution estimate (long-dashed: bn = 0.15), and our density estimate (dotted)
along with the true density (solid) for TAR model (36).

θ̂ − θ =

n∑
i=2
(θ |Yi−1| +

√
1− θ2εi)|Yi−1|

n∑
i=2
Y 2i−1

− θ

=

n∑
i=2

√
1− θ2εi|Yi−1|

n∑
i=2
Y 2i−1

=
1
n− 1

n∑
i=2

√
1− θ2εi|Yi−1|

E(Y 20 )

×

1+ E(Y 20 )− (n− 1)
−1

n∑
i=2
Y 2i−1

(n− 1)−1
n∑
i=2
Y 2i−1



=
1
n− 1

n∑
i=2

√
1− θ2εi|Yi−1|

E(Y 20 )
+ OP(1/n), (38)

ensuring Condition 4 by taking D1(x; θ) =
√
1− θ2|x|/E(Y 20 ) and

D2(εi) = εi.
For this model, Kim and Wu (2007) argued that their convo-

lution density estimate outperforms the classical nonparametric
kernel density estimate. In our simulation, we use sample size
n = 200 and θ = 0.6. The simulated MISE for our density esti-
mate is 1.02 × 10−3. From Table 1, we can see that the MISE for
our density estimate and the convolution estimate in Kim and Wu
(2007) are significantly smaller than those of the nonparametric
kernel density estimate. For small bandwidth (bn ≤ 0.16), our den-
sity estimate is slightly better than the convolution one. As band-
width increases, our density estimate performs increasingly better
than the convolution estimate and the reduction of theMISE ranges
from 10.5% for bn = 0.18 to 33.8% for bn = 0.3. Fig. 1 presents a
typical realization of nonparametric density estimate, convolution
estimate, and our density estimate alongwith the true density. We
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Table 1
MISE (unit 10−3) comparison for TAR (our density estimate: 1.0× 10−3).

Bandwidth 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.3
Nonparametric f̂Y 16.0 12.5 10.8 9.0 7.9 6.9 5.9 5.4 5.2 4.7 4.6 4.4
Convolution f̂ �Y 1.0 1.0 1.1 1.0 1.1 1.1 1.1 1.2 1.3 1.3 1.4 1.5
Fig. 2. A typical realization of three nonparametric density estimates (dashed:
bn = 0.1; long-dashed: bn = 0.15; dot-dashed: bn = 0.2), and our density estimate
(dotted) along with the true density (solid) for ARCH model (39).

observe that, even with such a small sample size, our density esti-
mate (dotted curve) matches the true density well.

5.2. Autoregressive conditional heteroscedastic (ARCH) model

Let εi, i ∈ Z, be iid standard normal random variables. Consider
the ARCH model

Yi = α0 + α1Yi−1 +
√
β0 + β1Y 2i−1εi, (39)

where α0, α1 ∈ R, β0 > 0, β1 ≥ 0 are real parameters. Model (39)
is of the form (2) with θ = (α0, α1, β0, β1), µ(x; θ) = α0 + α1x
andσ(x; θ) =

√
β0 + β1x2. By Example 3, a sufficient condition for

Condition (7) is |α1| +
√
β1 < 1. Due to the dependence between

µ(Xi; θ) and σ(Xi; θ)εi, the convolution method in Schick and
Wefelmeyer (2004, 2007) andKimandWu (2007) is not applicable.
Even for the special case α0 = α1 = 0, the stationary solution
Yi does not have a closed-form density. We use n = 200, α0 =
0.30, α1 = 0.20, β0 = 0.10, β1 = 0.15. The parameters are
estimated using optimization equation (15). As we can observe
from Table 2, our density estimate has a much smaller MISE than
the nonparametric density estimate. Fig. 2 also shows that our
density estimate is much better than the nonparametric one.

5.3. Multivariate linear models

We consider the multivariate linear model

Yi = β1Xi,1 + β2Xi,2 + β3Xi,3 + σεi. (40)

Here, the random covariates Xi,1, Xi,2 and Xi,3 are independent
exponential Exp(1), standard normal N(0, 1) and uniform U[0, 1]
random variables, respectively. To examine the performance of
Fig. 3. A typical realization of three nonparametric density estimates (dashed:
bn = 0.2; long-dashed: bn = 0.3; dot-dashed: bn = 0.4), and our density estimate
(dotted) along with the true density (solid) for the linear model (40).

our density estimate for non-Gaussian errors, we use t-distributed
errors εi with 6 degrees of freedom.
By independence, the theoretical true density fY of Yi is the con-

volution of the exponential, normal, uniform, and t distributions.
Since there is no closed-form expression for fY , we use (4) with a
large number of simulated (Xi,1, Xi,2, Xi,3) to approximate fY with
φ therein replaced by the density function of t-distribution. In our
simulation, we use (β1, β2, β3, σ ) = (0.5, 0.6, 0.4, 0.3), sample
size n = 100, and the parameters are estimated using the ordinary
linear regression method. We report the MISE results in Table 3
below. With such a small sample size, we see from Fig. 3 that the
proposed density estimate still performs reasonably well.

6. Proofs

Recall that εi, i ∈ Z, are iid and εi is independent of Fi =
(. . . , ηi−1, ηi). The proofs make extensive use of Conditions 1 and
2 and a coupling argument. Let ηi, η′i, η

′

j,k, i, j, k ∈ Z, be iid random
variables. Recall Xi in (6). Form ∈ N, define the coupled version of
Xi

X̃i = G(. . . , η′i,i−m, η
′

i,i−m+1, ηi−m+2, . . . , ηi). (41)

Basically, X̃i couples Xi by replacing all but themost recent (m−1)
innovations with iid copies. Then X̃i and X̃i′ are independent if
|i− i′| ≥ m−1. Thus, X̃i, i ∈ Z, form stationary (m−1)-dependent
sequence. Additionally, X̃i has the same distribution as Xi. By (7),
‖Xi − X̃i‖2 = O(ρm).

Lemma 1. Let g1, g2 ∈ C(Rp,R) and h1, h2 : R→ R bemeasurable
functions such that gr(X0), hr(ε0) ∈ L2, r = 1, 2. Assume that
Conditions 1 and 2 hold. Then

|Cov[g1(X0)h1(ε0), g2(Xi)]| = O(ρ i), i ∈ N. (42)
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Table 2
MISE (unit 10−2) comparison for ARCH (our density estimate: 0.45× 10−2).

Bandwidth 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.3
Nonparametric f̂Y 1.47 1.16 1.01 0.95 0.98 1.07 1.22 1.47 1.77 2.13 2.56 3.01
Table 3
MISE (unit 10−2) comparison for ARCH (our density estimate: 0.55× 10−2).

Bandwidth 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60
Nonparametric f̂Y 1.42 1.02 0.80 0.69 0.58 0.66 0.63 0.80 0.91 1.17
If further assume that E[h2(ε0)] = 0, then

Cov[g1(X0)h1(ε0), g2(Xi)h2(εi)] = 0, i ∈ N. (43)

Proof (Proof of (42)). AssumeWLOG that E[g2(X0)] = 0. Define

X∗i = G(. . . , η
′

0, η
′

1, η2, . . . , ηi).

By (7) and the Lipschitz continuity of g2,

‖g2(Xi)− g2(X∗i )‖2 = O(1)‖Xi − X∗i ‖2 = O(ρ
i−1). (44)

By construction, X∗i is independent of X0 = G(F0). By Condition 1,
ηj, j ≥ 2, are independent of ε0. Hence,X∗i is independent ofX0 and
ε0, implying Cov[g1(X0)h1(ε0), g2(X∗i )] = 0. By the independence
ofX0 and ε0, ‖g1(X0)h1(ε0)‖2 = ‖g1(X0)‖2‖h1(ε0)‖2 <∞. By (44)
and the Cauchy–Schwarz inequality,

|Cov[g1(X0)h1(ε0), g2(Xi)]|
= |Cov[g1(X0)h1(ε0), g2(Xi)− g2(X∗i )]|
≤ ‖g1(X0)h1(ε0)‖2‖g2(Xi)− g2(X∗i )‖2 = O(ρ

i).

[Proof of (43)]: Since E[h2(ε0)] = 0, the independence of Xi
and εi entails E[g2(Xi)h2(εi)] = 0. The independence of εi and
(. . . , ηi−1, ηi, εi−1, εi−2, . . .) implies the independence of εi and
g1(X0)h1(ε0)g2(Xi). Hence, E[g1(X0)h1(ε0)g2(Xi)h2(εi)] = 0 via
E[h2(εi)] = 0. �

6.1. A central limit theorem for dependent random variables

Theorem 3 below presents a general central limit theorem,
which is of independent interest.

Theorem 3. Let g1 : Rp → R, g2 : Rp → R1×`, g3 : R →
R`×1 be measurable functions such that g1(X0), g2(X0), g3(ε0) ∈
L2, E[g1(X0)] = 0,E[g3(ε0)] = 0, and g1 ∈ C(Rp,R), g2 ∈
C(Rp,R1×`). Define

Sn =
n∑
i=1

[g1(Xi)+ g2(Xi)g3(εi)]. (45)

Assume that Conditions 1 and 2 hold.
(i) Let

γk =


Var[g1(X0)] + Var[g2(X0)g3(ε0)],
k = 0;

Cov[g1(X0), g1(Xk)] + Cov[g2(X0)g3(ε0), g1(Xk)],
k ≥ 1.

Then

lim
n→∞

‖Sn‖22
n
→ σ 2S := γ0 + 2

∞∑
k=1

γk <∞. (46)

(ii) As n→∞, the following convergence holds

Sn
√
n
⇒ N(0, σ 2S ). (47)
Proof (Proof of (i)). : By (42) in Lemma 1, γk = O(ρk). Hence,
σ 2S <∞. It remains to show that limn→∞ ‖Sn‖

2
2/n→ σ 2S . Let

Zi = g1(Xi)+ g2(Xi)g3(εi). (48)

By E[g3(ε0)] = 0 and the independence of ε0 and X0, Cov
[g1(X0), g2(X0)g3(ε0)] = 0. Thus, Var(Z0) = γ0. By (43) in
Lemma 1, for k ≥ 1,

Cov[g1(X0)+ g2(X0)g3(ε0), g2(Xk)g3(εk)] = 0,

which implies that Cov(Z0, Zk) = γk. Therefore, as n→∞,

‖Sn‖22
n
= γ0 +

2
n

∑
1≤i<j≤n

Cov(Zi, Zj)

= γ0 +
2
n

n−1∑
k=1

(n− k)γk

= γ0 + 2
n−1∑
k=1

γk −
2
n

n−1∑
k=1

kγk → σ 2S . (49)

[Proof of (ii)]: The basic idea is to approximate Sn by sum ofm-
dependent random variables. If σ 2S = 0, then (47) trivially holds by
(46). In the sequel, we assume σ 2S > 0. For m ∈ N, recall Xi in (6)
and the coupled version X̃i in (41). We mimic the structure of Zi in
(48) and define

Z̃i = g1(X̃i)+ g2(X̃i)g3(εi) and S̃n =
n∑
i=1

Z̃i. (50)

The quantities Z̃i and S̃n can be viewed as coupled versions of Zi and
Sn, respectively. Next, we shall show that Sn can be approximated
by S̃n in the following sense

lim sup
m→∞

lim sup
n→∞

‖Sn − S̃n‖2
√
n

= 0. (51)

As in (49), write

‖Sn − S̃n‖22
n

=
1
n

∥∥∥∥∥ n∑
i=1

(Zi − Z̃i)

∥∥∥∥∥
2

2

= γ0,m +
2
n

n−1∑
k=1

(n− k)γk,m

≤ γ0,m + 2
∞∑
k=1

|γk,m| +
2
n

∞∑
k=1

k|γk,m|, (52)

where

γk,m = Cov[(Z0 − Z̃0), (Zk − Z̃k)].

Notice that ε0 is independent of X0 and X̃0. By the triangle
inequality,

‖Z0 − Z̃0‖2 ≤ ‖g1(X0)− g1(X̃0)‖2
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+‖g2(X0)− g2(X̃0)‖2‖g3(ε0)‖2
= O(ρm),

in view of (7) and the Lipschitz continuity of g1 and g2. Hence, by
the Cauchy–Schwarz inequality,

|γk,m| ≤ ‖Z0 − Z̃0‖2‖Zk − Z̃k‖2 = O(ρ2m)→ 0,

uniformly over k. On the other hand, using the same coupling
argument in Lemma 1, it is easily shown that |γk,m| = O(ρk),
uniformly over m. Hence, (51) follows from an application of the
Dominated Convergence Theorem on the right hand side of (52).
Sinceσ 2S > 0, by (51), for sufficiently largem, lim infn→∞ ‖S̃n‖

2
2/

n > σ 2/2 > 0. By the central limit theorem form-dependent ran-
dom variables [cf. Romano and Wolf (2000)], S̃n/‖S̃n‖2 ⇒ N(0, 1).
Thus, Sn/(

√
nσS)⇒ N(0, 1) in view of (51). �

6.2. Proof of Theorem 1

Proof of Theorem 1. Recall f̂Y (y; θ̂ ) in (4). Let J(x, y; θ ′) be as in
(13) and J̇(x, y; θ ′) its k× 1 column gradient vector. Write

f̂Y (y; θ ′) =
1
n

n∑
i=1

J(Xi, y; θ ′)

and An(y; θ ′) =
1
n

n∑
i=1

J̇(Xi, y; θ ′). (53)

By the stationarity of Xi, we have

E
[
sup
y∈Y

sup
|θ ′−θ |≤ε

|An(y; θ ′)− An(y; θ)|
]

≤ E
[
sup
y∈Y

sup
|θ ′−θ |≤ε

|J̇(X, y; θ ′)− J̇(X, y; θ)|
]
, (54)

where X is a random variable having the same distribution as Xi.
Denote by Z(y; θ ′) = [y − µ(X; θ ′)]/σ(X; θ ′). Decompose the
column gradient vector J̇(X, y; θ ′)

J̇(X, y; θ ′) = −
σ̇ (X; θ ′)
σ 2(X; θ ′)

φ{Z(y; θ ′)} −
µ̇(X; θ ′)
σ 2(X; θ ′)

φ′{Z(y; θ ′)}

−
σ̇ (X; θ ′)
σ 2(X; θ ′)

Z(y; θ ′)φ′{Z(y; θ ′)}

:= L1(y; θ ′)+ L2(y; θ ′)+ L3(y; θ ′). (55)

We treat the terms Lj(y;ϑ), j = 1, 2, 3, separately. Notice that,

|L1(y; θ ′)− L1(y; θ)| ≤ I1(y; θ ′)+ I2(y; θ ′), (56)

where

I1(y; θ ′) =
∣∣∣∣ σ̇ (X; θ ′)σ 2(X; θ ′)

−
σ̇ (X; θ)
σ 2(X; θ)

∣∣∣∣φ{Z(y; θ ′)}, (57)

I2(y; θ ′) =
∣∣∣∣ σ̇ (X; θ)σ 2(X; θ)

∣∣∣∣ |φ{Z(y; θ ′)} − φ{Z(y; θ)}|. (58)

Since supz |φ(z)| < 1, by Condition 3, as ε → 0,

E
[
sup
y∈Y

sup
|θ ′−θ |≤ε

I1(y; θ ′)
]

≤ E

[
sup
|θ ′−θ |≤ε

∣∣∣∣ σ̇ (X; θ ′)σ 2(X; θ ′)
−
σ̇ (X; θ)
σ 2(X; θ)

∣∣∣∣
]
→ 0. (59)

From the inequalities supz |φ′(z)| < 1 and 0 < φ(z) < 1, we have
|φ(z) − φ(z ′)| ≤ min(|z − z ′|, 1). Applying the latter inequality,
we obtain uniformly over y ∈ Y
I2(y; θ ′) ≤
∣∣∣∣ σ̇ (X; θ)σ 2(X; θ)

∣∣∣∣min{|Z(y; θ ′)− Z(y; θ)|, 1}
≤ c1

∣∣∣∣ σ̇ (X; θ)σ 2(X; θ)

∣∣∣∣ ∣∣∣∣ 1
σ(X; θ ′)

−
1

σ(X; θ)

∣∣∣∣
+

∣∣∣∣ σ̇ (X; θ)σ 2(X; θ)

∣∣∣∣min(∣∣∣∣µ(X; θ ′)σ (X; θ ′)
−
µ(X; θ)
σ (X; θ)

∣∣∣∣ , 1)
:= c1T1(X; θ ′)+ T2(X; θ ′), (60)

where c1 = supy∈Y |y| <∞ due to the compactness ofY. It is eas-
ily seen that T2(X; θ ′) ≤ |σ̇ (X; θ)/σ 2(X; θ)| ∈ L1 by Condition 3.
Since σ(x; θ ′) ≥ c0 > 0 for all x and θ ′ in a neighborhood of
θ , T1(X; θ ′) ≤ c−10 |σ̇ (X; θ)/σ

2(X; θ)| ∈ L1. By the continuity
of µ(X; θ ′) and σ(X; θ ′) in θ ′ and the Dominated Convergence
Theorem,

lim
ε→0

E
[
sup
|θ ′−θ |≤ε

T1(X; θ ′)
]
= 0

and lim
ε→0

E
[
sup
|θ ′−θ |≤ε

T2(X; θ ′)
]
= 0. (61)

By (56) and (59)–(61), we obtain

lim
ε→0

E
[
sup
y∈Y

sup
|θ ′−θ |≤ε

|L1(y; θ ′)− L1(y; θ)|
]
= 0. (62)

By the boundedness of supz |φ′(z)|, supz |zφ′(z)| and supz |zφ′′(z)|,
the same argument shows that result of type (62) also holds for
L2(y;ϑ) and L3(y;ϑ). So, by (53) and (55),

lim
ε→0

E
[
sup
y∈Y

sup
|θ ′−θ |≤ε

|An(y; θ ′)− An(y; θ)|
]
= 0. (63)

Let f̂Y (y; θ) be as in (4). By Theorem 3 (i), Condition 4 implies that
θ̂ − θ = OP(n−1/2). Thus, by Taylor’s expansion,

f̂Y (y; θ̂ )− f̂Y (y; θ)− An(y; θ)T(θ̂ − θ) = oP(1)|θ̂ − θ |
= oP(n−1/2),

uniformly over y ∈ Y. Again, by Theorem 3(i), An(y; θ)p→E[J̇(X0,
y; θ)] = J(y; θ) for each fixed y ∈ Y. Thanks to the continuity
and hence uniform continuity (Y is compact) of J(y; θ) in y, the
latter convergence can be made uniform over y ∈ Y. Notice that
f̂Y (y; θ) = n−1

∑n
j=1 J(Xi, y; θ) and E[J(Xi, y; θ)] = fY (y; θ),

Therefore, we have

f̂Y (y; θ̂ )− fY (y; θ) =
1
n

n∑
i=1

{
J(Xi, y; θ)− E[J(Xi, y; θ)]

+J(y; θ)TD1(Xi; θ)D2(εi)
}

+ oP(n−1/2), (64)

uniformly over y ∈ Y.
To prove the convergence of the process {

√
n[f̂Y (y; θ̂ ) − fY

(y; θ)]; y ∈ Y}, it suffices to establish the finite dimensional
convergence and the tightness. To prove the finite dimensional
convergence, by the Cramér–Wold device, it suffices to show
the convergence of the linear combination

∑`
i=1 ui
√
n[f̂Y (yi; θ̂ ) −

fY (yi; θ)] for all fixed yi ∈ Y, ui ∈ R and ` ∈ N. By (64), the
asymptotic normality of latter linear combination easily follows
from Theorem 3(ii).
It remains to prove the tightness. For y ∈ Y, let

βi(y) = J(Xi, y; θ)− E[J(Xi, y; θ)]
and αi(y) = J(y; θ)TD1(Xi; θ)D2(εi).

By (64),
√
n[f̂Y (y; θ̂ ) − fY (y; θ)] = n−1/2

∑n
i=1[αi(y) + βi(y)]
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+ oP(1). Denote by β ′i (y) = ∂βi(y)/∂y. By Theorem 3 (i), there
exists a constant c < ∞ such that ‖

∑n
i=1 β

′

i (y)‖
2
2 < cn and

‖
∑n
i=1 β

′′

i (y)‖
2
2 < cn for all y ∈ Y.Without loss of generality,write

the compact interval Y = [y−, y+]. Notice that, for all differen-
tiable function f , the inequality |f (y)| = |f (y−)+

∫ y
y−
f ′(y′)dy′| ≤

|f (y−)|+
∫ y+
y−
|f ′(y′)|dy′ holds uniformly for y ∈ [y−, y+]. Thus, for

all y, y′ ∈ Y, by the Cauchy–Schwartz inequality,∥∥∥∥∥ n∑
i=1

βi(y′)−
n∑
i=1

βi(y)

∥∥∥∥∥
2

2

≤ |y′ − y|2
∥∥∥∥∥supy∈Y

∣∣∣∣∣ n∑
i=1

β ′i (y)

∣∣∣∣∣
∥∥∥∥∥
2

2

≤ |y′ − y|2
{∥∥∥∥∥ n∑

i=1

β ′i (y−)

∥∥∥∥∥
2

+

∥∥∥∥∥
∫ y+

y−

∣∣∣∣∣ n∑
i=1

β ′′i (y
′)

∣∣∣∣∣ dy′
∥∥∥∥∥
2

}2

≤ 2|y′ − y|2


∥∥∥∥∥ n∑
i=1

β ′i (y−)

∥∥∥∥∥
2

2

+ (y+ − y−)
∫ y+

y−

∥∥∥∥∥ n∑
i=1

β ′′i (y
′)

∥∥∥∥∥
2

2

dy′


= O(n)|y′ − y|2.

Again by Theorem 3 (i) and the Lipschitz continuity of J(y; θ) in
y ∈ Y, ‖

∑n
i=1 αi(y)−

∑n
i=1 αi(y

′)‖22 = O(n)|y− y
′
|
2. Thus, by the

Cauchy–Schwartz inequality

E

∣∣∣∣∣n−1/2 n∑
i=1

[αi(y′)+ βi(y′)] − n−1/2
n∑
i=1

[αi(y)+ βi(y)]

∣∣∣∣∣
2

= O(1)|y− y′|2,

completing the proof of tightness; see Billingsley (1968). �

6.3. Proof of Theorem 2

We follow the argument inWu (2005b). Note that θ is the vector
of true parameters. Recall the definition of∆n(θ ′) and ξ(x, ε; θ ′) in
(16) and (17), respectively. For m ∈ N, recall the coupled version
X̃i in (41).
In (16), define the coupled version of∆n(θ ′)by replacingXiwith

X̃i:

∆̃n(θ
′) =

n∑
i=1

ξ(X̃i, εi; θ ′), θ ′ ∈ Rk. (65)

For notational convenience, write ξi(θ ′) = ξ(Xi, εi; θ ′) and
ξ̃i(θ

′) = ξ(X̃i, εi; θ ′). By Condition 1, εi is independent of ηj, j ≥
i + 2. Thus, it is easily verified that ξ̃i(θ ′), i ∈ Z, form stationary
m-dependent sequence. Decompose∆n(θ ′) and ∆̃n(θ ′) as

∆n(θ
′) =

m∑
j=1

∆(j)n (θ
′), where∆(j)n (θ

′) =

b(n−j)/mc∑
i=1

ξ(i−1)m+j(θ
′), (66)

∆̃n(θ
′) =

m∑
j=1

∆̃(j)n (θ
′), where ∆̃(j)n (θ

′) =

b(n−j)/mc∑
i=1

ξ̃(i−1)m+j(θ
′), (67)

where and hereafter bzc denotes the largest integer number not
exceeding z. Recall that, in (18), λ(θ ′) = E[ξ(X0, ε0; θ ′)] and
λ(θ) = 0. Thus, E[∆n(θ ′)] = nλ(θ ′). Define

Mn(θ ′) = ∆n(θ ′)−∆n(θ)− nλ(θ ′). (68)
The key idea is that, by (7), ∆̃n(θ ′) approaches∆n(θ ′) polynomially
fast provided that m = O(log n). Moreover, the m-dependence
structure of ∆̃n(θ ′) facilitates theoretical study. We now present
some Lemmas.

Lemma 2. Assume that Condition 1, Condition 2 and (21) in
Condition 6 hold. Let m = b$ log nc for a constant $ > 0 to be
determined later on. Then, uniformly over 1 ≤ j ≤ m,

sup
θ ′∈Θ

E|∆(j)n (θ
′)− ∆̃(j)n (θ

′)| = O[n1+$ log(ρ)].
Proof. Because ε0 is independent of X0 and X̃0, conditioning on
X0 = x0 and X̃0 = x̃0, we have, by (21) in Condition 6,
E[‖ξ(X0, ε0; θ ′) − ξ(X̃0, ε0; θ ′)‖X0 = x0, X̃0 = x̃0] = E|ξ
(x0, ε0; θ ′)− ξ(x̃0, ε0; θ ′)| ≤ C |x0− x̃0| for some constant C <∞,
which does not depend on x0 or x̃0. Hence, by stationarity,

E|∆(j)n (θ
′)− ∆̃(j)n (θ

′)| ≤ O(n)E|ξ(X0, ε0; θ ′)− ξ(X̃0, ε0; θ ′)|

= O(n)E{E[|ξ(X0, ε0; θ ′)− ξ(X̃0, ε0; θ ′)||X0, X̃0|]}

≤ O(n)E(C |X0 − X̃0|) = O(nρm) (69)

in viewof Condition 2. Lemma2 then follows, sincem = b$ log nc.
�

Lemma 3. Let Mn(θ ′) be as in (68). Let εn → 0 such that nεn →∞.
Assume that Conditions 1, 2 and 6 hold. Then

sup
|θ ′−θ |≤εn

|Mn(θ ′)| = OP[εn
√
n(log n)5/2].

Proof. Write

Mn(θ ′) =
m∑
j=1

M(j)
n (θ

′), where

M(j)
n (θ

′) = ∆(j)n (θ
′)−∆(j)n (θ)− E[∆(j)n (θ

′)].

Since supθ ′∈Θ |bθ ′cN − θ ′| = O(1/N), by (20) in Condition 6,

E
[
sup
θ ′∈Θ

|Mn(θ ′)−Mn(bθ ′cN)|
]

≤ 2nE
[
sup
θ ′∈Θ

|ξ0(θ
′)− ξ0(bθ

′
cN)|

]
= O(n/N). (70)

Recall ∆̃(j)n (θ ′) in (67). Letm = b$ log nc be as in Lemma 2. Define

M̃n(θ ′) =
m∑
j=1

M̃(j)
n (θ

′), where

M̃(j)
n (θ

′) = ∆̃(j)n (θ
′)− ∆̃(j)n (θ)− E[∆̃(j)n (θ

′)].

Now, we consider M̃(j)
n (θ

′) for a fixed j. Write M̃(j)
n (θ

′) =∑b(n−j)/mc
i=1 ζ̃

(j)
i (θ

′), where

ζ̃
(j)
i (θ

′) = ξ̃(i−1)m+j(θ
′)− ξ̃(i−1)m+j(θ)− E[ξ̃(i−1)m+j(θ ′)]. (71)

Notice that ζ̃i(θ ′), i ∈ N, are iid random variables with zero mean.
Let

V (j)n (θ
′) =

b(n−j)/mc∑
i=1

[ζ̃
(j)
i (θ

′)]2 and Vn = max
1≤j≤m

sup
|θ ′−θ |≤εn

V (j)n (θ
′).

Recall λ(θ ′) in (18). Since λ(θ) = 0 and λ(·) ∈ C(Rk,R), E[ξ̃0
(θ ′)] = λ(θ ′) = O(εn) uniformly over |θ ′ − θ | ≤ εn. Thus, by (20)
and (71) in Condition 6, E{sup|θ ′−θ |≤εn [ζ̃

(0)
i (θ ′)]2} = O(ε2n). Then

E(Vn) ≤
m∑
j=1

E[sup
θ ′∈Θ

V (j)n (θ
′)] = O(nε2n).

Let d2n = nε
2
n log n. The event Vn ≤ d

2
n implies that supi |ζ̃

j
i (θ
′)| ≤

dn for all 1 ≤ j ≤ m and θ ′ ∈ Θ . By Berstein’s exponen-
tial inequality (Bennett, 1962) for the sum of bounded and
independent random variables, for large enough n,

P{|M̃(j)
n (θ

′)| ≥ cdn log n, Vn ≤ d2n}

≤ 2 exp
{
−

c2d2n(log n)
2

2E[V (j)n (θ ′)] + 2cd2n log n/3

}
≤ 2 exp

{
−
c2 log n
1+ c

}
≤ 2n1−c (72)
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holds uniformly over θ ′ ∈ Θ and 1 ≤ j ≤ m. By the Markov
inequality and Lemma 2 and ndn →∞,

P{|M̃(j)
n (θ

′)−M(j)
n (θ

′)| ≥ cdn log n, Vn ≤ d2n}

≤ 2(cdn log n)−1E|∆(j)n (θ
′)− ∆̃(j)n (θ

′)| = O[n2+$ log(ρ)], (73)

uniformly over θ ′ ∈ Θ and 1 ≤ j ≤ m. By (72) and (73),

P{|M(j)
n (θ

′)| ≥ 2cdn log n, Vn ≤ d2n}

≤ P{|M̃(j)
n (θ

′)| ≥ cdn log n, Vn ≤ d2n}

+ P{|M̃(j)
n (θ

′)−M(j)
n (θ

′)| ≥ cdn log n, Vn ≤ d2n}

= O(`n), (74)

where `n = n1−c + n2+$ log(ρ). Notice that there are at most
b2Nεnck points of the form bNθ ′c/N ∈ {θ ′ : |θ ′ − θ | ≤ εn}. Thus,
by (74),

P
{
sup

|θ ′−θ |≤εn

|M(j)
n (bθ

′
cN)| ≥ 2cdn log n, Vn ≤ d

2
n

}
= O(Nkεkn`n),

and consequently,

P
{
sup

|θ ′−θ |≤εn

|Mn(bθ ′cN)| ≥ 2cmdn log n, Vn ≤ d
2
n

}
= O(mNkεkn`n).

By the Markov inequality P{Vn > d2n} ≤ E(Vn)/(d2n) = O(nε
2
n/

d2n) = O(1/ log n), the above expression entails

P
{
sup

|θ ′−θ |≤εn

|Mn(bθ ′cN)| ≥ 2cmdn log n
}

≤ O(mNkεkn`n)+ O(1/ log n)→ 0

by taking N = n2 and choosing sufficient large c > k + 1 and
$ > −(2+ k)/ log(ρ). By (70), Lemma 3 follows. �

Proof of Theorem 2. By Condition 5 and the compactness of Θ ,
there exists a constant c > 0 such that inf{|λ(θ ′)| : |θ ′ − θ | ≥
u} ≥ cu for 0 < u ≤ maxθ ′∈Θ |θ ′ − θ |. Recall ξ(x, ε; θ ′) in (17).
Let Gi be the sigma field generated by (. . . , ηi, ηi+1, εi, εi−1, . . .).
Since εi has zero mean and unit variance and is indepen-
dent of Gi−1, {ξ(Xi, εi; θ) = εiµ

′

θ (Xi; θ)/σ (Xi; θ) + (ε2i − 1)
σ ′θ (Xi; θ)/σ (Xi; θ)}1≤i≤n form stationary square integrable mar-
tingale differences with respect to {Gi}1≤i≤n. Thus, ∆n(θ) =∑n
i=1 ξ(Xi, εi; θ) = OP(

√
n). Recall Mn(θ ′) in (68). Applying

Lemma 3 on thewhole compact spaceΘ , we have supθ ′∈Θ |Mn(θ ′)|
= OP[

√
n(log n)5/2]. Let εn = n−1/2(log n)3. Then,

inf
|θ ′−θ |≥εn

|∆n(θ
′)| ≥ n inf

|θ ′−θ |≥εn
|λ(θ ′)| − |∆n(θ)| − sup

θ ′∈Θ

|Mn(θ ′)|

≥ cnεn + OP[
√
n(log n)5/2] → ∞.

Since the solution θ̂ satisfies∆n(θ̂) = 0, we have θ̂ − θ = oP(εn).
Recall that λ(θ) = 0. By another application of Lemma 3 with
εn = n−1/2(log n)3,

n[(λ(θ̂))− λ(θ)] = ∆n(θ̂)−∆n(θ)−Mn(θ̂)
= −∆n(θ)+ O[(log n)11/2],

which entails (22) since−λ′(θ) = I(θ) is positive definite. �

6.4. Proof of Corollary 1

Proof. By Bahadur representation (22), it suffices to show that
∆n(θ)/

√
n ⇒ N(0, I(θ)), where ∆n(θ) is as in (23). By the

Cramér–Wold device, it is equivalent to show the linear com-
bination uT∆n(θ)/

√
n ⇒ N(0, uTI(θ)u) for all column vec-

tor u ∈ Rk. For any fixed u ∈ Rk, it is easily seen that
uT∆n(θ) is of the form (45) with ` = 2, g1(x) ≡ 0, g2(x) =
[uTµϑ (x; θ)/σ (x; θ), uTσϑ (x; θ)/σ (x; θ)] and g3(ε) = [ε, ε2−1]T.
Applying Theorem 3, we can easily see that γk = 0 for k ≥ 1 and

γ0 = Var[g2(X0)g3(ε0)]

=

∥∥∥∥ε0 uTµϑ (X0; θ)σ (X0; θ)
+ (ε20 − 1)

uTσϑ (X0; θ)
σ (X0; θ)

∥∥∥∥2
2

= E

[
uTµϑ (X0; θ)µϑ (X0; θ)Tu

σ 2(X0; θ)
+
uTσϑ (X0; θ)σϑ (X0; θ)Tu

σ 2(X0; θ)

]
= uTI(θ)u

since ε0 is a standard normal random variable independent of X0,
completing the proof. �
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