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We address the nonparametric model validation problem for hidden Markov models with partially
observable variables and hidden states. We achieve this goal by constructing a nonparametric
simultaneous confidence envelope for transition density function of the observable variables and checking
whether the parametric density estimate is contained within such an envelope. Our specification test
procedure is motivated by a functional connection between the transition density of the observable
variables and theMarkov transition kernel of the hidden states. Our approach is applicable for continuous-
time diffusionmodels, stochastic volatilitymodels, nonlinear time seriesmodels, andmodelswithmarket
microstructure noise.
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1. Introduction

Let {Xt}t∈T be a stationary process with time index t ∈ T =

{0, 1, 2, . . .} in discrete-time setting or the interval T = [0, ∞)

in continuous-time setting. Examples include stock prices, interest
rates, temperature series, rainfall measurements, and unemploy-
ment rates over a certain period of time among others. The data-
generating mechanism underlying the process {Xt}t∈T usually
involves someunknownparameterQwhich could be finite dimen-
sional real-valued parameters in parametric settings or nonpara-
metric functions in nonparametric inference problems. To conduct
statistical inference about Q, one often needs to impose a certain
dependence structure on the underlying process {Xt}t∈T . For the
latter purpose, Markov chains are widely used in virtually every
scientific subjects, such as biology, engineering, queueing theory,
physics, finance, econometrics, and statistics.

∗ Corresponding address: 326 Thomas Building, University Park, PA 16802,
United States. Tel.: +1 814 865 6552; fax: +1 814 863 7114.

E-mail address: zuz13@stat.psu.edu.

0304-4076/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.jeconom.2011.01.002
In finance, an important Markov chain example is the
continuous-time diffusion model

dXt = µ(Xt)dt + σ(Xt)dWt , t ≥ 0, (1)

where {Wt}t≥0 is a standard Brownian motion, and µ and σ
are the drift and volatility functions. Then {Xt}t≥0 is a Markov
chain, and so is the discrete sample {Xi∆}i∈N with ∆ being the
sampling interval. In nonparametric setting, no parametric forms
are imposed on (µ, σ ), and we may take Q = (µ, σ ) to be a
vector of two functions. On the other hand, if we know (µ, σ ) =

(µ(·; θ), σ (·; θ)) for some known parametric forms µ(·; θ) and
σ(·; θ) with unknown parameter θ , then we may take Q = θ .
The survey paper Zhao (2008) reviewed different specifications of
(1). In econometrics, another useful example is the discrete-time
version of (1): Xi = µ(Xi−1) + σ(Xi−1)εi, where εi, i ∈ Z, are
independent and identically distributed (i.i.d.) random variables.
See Section 3.4 for different specifications.

Despite the popularity of Markov chains, the Markovian as-
sumption seems too restrictive in many situations. One distinc-
tive example violating the Markovian assumption is the class
of stochastic volatility models. Stochastic volatility model has
emerged as a useful alternative to the traditional deterministic
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volatility model (e.g. Hull and White, 1987; Taylor, 1994; Kim
et al., 1998; Ball and Torous, 1999). Consider the continuous-time
stochastic volatility model

d log(St) = σtdW1(t) and dσ 2
t = r(σ 2

t )dt + s(σ 2
t )dW2(t), (2)

where {W1(t)}t≥0 and {W2(t)}t≥0 are two independent standard
Brownian motions. Then the return series {Xi = log(Si∆) −

log(S(i−1)∆)}i∈N is not a Markov chain. Similarly, for the discrete-
time stochastic volatility model

Xi = σiεi and σ 2
i = r(σ 2

i−1) + s(σ 2
i−1)ηi, (3)

where {εi} and {ηi} are two independent i.i.d. sequences. Then {Xi}

from (3) is not aMarkov chain. Volatility plays an important role in
risk analysis and options pricing. To study the evolving dynamics of
volatilities, we can letQ = (r, s) be the parameter of interest in (2)
and (3). Due to the unobservable volatilities, it is more challenging
to conduct statistical inferences for (2) and (3) than (1); see Broto
and Ruiz (2004).

In this article we study inferences for hidden Markov models
(HMM). Given discrete observations {Xi} from a stationary process
{Xt}t∈T , we assume that {(Xi, Yi)} is a HMM with observable
variables {Xi} and some hidden or unobservable states {Yi}, where
{Yi} is a Markov chain; see the definition in Section 2. While
Markov chain can be viewed as a special example of HMM, HMM
includes many models that otherwise cannot be studied under
the Markov chain framework. For example, while the returns
{Xi = log(Si∆) − log(S(i−1)∆)}i∈N in (2) are non-Markovian, they
form HMM with the hidden states {Yi = (σs+(i−1)∆)s∈[0,∆]}i∈N or
Yi =


σi∆,

 i∆
(i−1)∆ σ 2

s ds


i∈N
; see Section 3.2. Similarly, for (3),

{Xi} is not a Markov chain but a HMM with the hidden states
{Yi = σi}; see Section 3.5. For a third example, consider

Xi = Yi + εi, (4)

where {Xi} is the observation sequence, {Yi} is the underlying
true but unknown process, and {εi} is the measurement or
contamination error independent of {Yi}. Several researchers have
used (4) to model financial markets in the presence of market
microstructure noise (e.g. Aït-Sahalia et al., 2005; Zhang et al.,
2005). If {Yi} is a Markov chain, then {Xi} is a HMM with
hidden chain {Yi}; see Section 3.6. For other applications of HMM,
see the monograph by MacDonald and Zucchini (1997). Due to
the unobservable states, statistical inference for HMM is more
challenging than that for Markov chains.

Given observations {Xi}, researchers want to draw statistical
inferences about Q which generates the HMM with unobservable
states {Yi}. If we know an a priori parametric family {Qθ , θ ∈ Θ}

for Q, then a parametric setting would be reasonable and the main
focus becomes the estimation of parameter θ . In many situations,
however, researchers have no or little prior information, and a
mis-specification of the underlying model could lead to wrong
conclusions. For example, specifying the correct model of the price
process of the underlying assets plays a key role in the pricing of
derivatives. In such circumstances, it is essential to test the null
hypothesis H0 : Q = Qθ for some unknown parameter θ ∈ Θ

before using any parametric model Qθ . In different contexts in
the literature, the latter hypothesis testing problem is often called
model validation, model checking, goodness-of-fit, or specification
testing. This is the primary goal of this article.

Nonparametric model validation under dependence has been
an important yet difficult problem. A few model-specific model
validation approaches have been proposed. Azzalini and Bowman
(1993) studied model checking by using pseudo-likelihood ratio
test. Härdle and Mammen (1993) proposed measuring the
discrepancy between parametric and nonparametric estimates
of the mean regression function. For residuals based tests, see
Fan and Li (1996) and Hong and White (1995). Fan and Yao
(2003) dealt with model validation problem for time series data
by using generalized likelihood ratio test in Fan et al. (2001),
which has been developed for independent data. Zhao and Wu
(2008) studied model validations for time series models through
simultaneous confidence bands. Most aforementioned approaches
rely on nonparametric regression estimation. Recently, there has
been considerable interest in density based specification tests. Aït-
Sahalia (1996) introduced a density based test by comparing the
parametric and nonparametric density estimates formodel (1); see
also Hong and Li (2005), Bosq (1998), and Gao and King (2004) for
density based approaches. For Markov models, Aït-Sahalia et al.
(2009) proposed specification tests based on transition densities.
Aït-Sahalia et al. (2010) also used transition densities to test the
Markov hypothesis.

In this article we consider model validations for HMM {(Xi, Yi)}
with observable variables {Xi} and unobservable states {Yi},
without imposing any specific model structure. We achieve this
goal by constructing a nonparametric simultaneous confidence
envelope (SCE) for the transition density or conditional density
function of Xi given Xi−1. Our specification test procedure is
motivated by a functional connection between the transition
density of the observable variables {Xi} and the Markov transition
kernel of the unobservable states {Yi}; see Section 2.1 for more
discussions. The proposed method constructs nonparametric SCE
for transition density and checks whether the parametrically
implied density estimate is contained within such an envelope.
As demonstrated in Section 3, the proposed method works
for a variety of models widely used in financial econometrics,
including continuous-time diffusion models, stochastic volatility
models, nonlinear time series models, and models with market
microstructure noise among others.

The rest of this article is organized as follows. In Section 2,
we first discuss the motivation of our method and then address
the model validation problem by constructing nonparametric SCE
for transition density function. In Section 3, we demonstrate the
applicability of our methods for several widely used models. The
finite sample performance is studied in Section 4. We defer the
proofs to Section 5.

2. Transition density specification test for HMM

Given discrete samples {Xi} from a stationary process {Xt}t∈T

whose data-generating mechanism involves some unobservable
states {Yi} and unknown characteristics Q, we are interested in
the hypothesis testing problem H0 : Q = Qθ , where Qθ is some
parametric form, θ ∈ Θ is an unknown parameter, and Θ is the
parameter space. We shall address this model validation problem
for hidden Markov models (HMM).

Firstwe give a formal definition ofHMMby following Bickel and
Ritov (1996) with minor modifications. For a set S, we denote its
Borel set by B(S).

Definition 1. A real-valued stochastic process {Xi}i∈Z on (R, B(R))
is a hidden Markov model with the hidden chain or states {Yi}i∈Z
on a polish space (Y, B(Y)) if

(i) {Yi}i∈Z is a strictly stationary Markov chain.
(ii) For all i, given {Yj}j≤i, {Xj}j≤i are conditionally independent,

and the conditional distribution of Xi depends only on Yi.
(iii) The conditional distribution of Xi given Yi does not depend

on i.

In the definition, the observable process {Xi} is real-valued
whereas the hidden states process {Yi} can take values in a
general polish space (Y, B(Y)). For example, as we will show in
Section 3.2, for the continuous-time stochastic volatilitymodel (2),
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Yi itself is a stochastic process with continuous sample path and
Y is the set of continuous functions. If {Xi} is a stationary Markov
chain, then it is also a HMM with {Yi = Xi}. In Section 3, we
show that many continuous and discrete time models are special
examples of HMM.

2.1. Transition density: connecting the observable {Xi} and unobserv-
able {Yi}

To motivate the idea, we first focus on the simple case that
the unobservable stationary Markov chain {Yi} is real-valued, and
we will deal with the general case at the end of this section.
For the Markov chain {Yi}, the transition density qY (y′

|y) of Yi
at y′ given Yi−1 = y plays a key role in characterizing the
probabilistic properties of {Yi}. In many applications, qY (y′

|y) can
fully characterize the underlying process. For example, consider
Yi = µ(Yi−1) + σ(Yi−1)εi, where εi are i.i.d. standard normal
random variables. Denote by φ the standard normal density
function. Then qY (y′

|y) = φ{[y′
− µ(y)]/σ(y)}/σ(y). It can be

easily shown that, if two specifications (µ, σ ) and (µ∗, σ ∗) result
in the same transition density qY (y′

|y), then (µ, σ ) = (µ∗, σ ∗),
and hence qY (y′

|y) completely determines the underlying data-
generating mechanism. In fact, several researchers have used
marginal and transition densities to address specification testing
problems for Markov models (e.g. Aït-Sahalia, 1996; Aït-Sahalia
et al., 2009). Aït-Sahalia et al. (2010) also used transition densities
to test the Markov hypothesis.

Unfortunately, since {Yi} is not observable, qY (y′
|y) is not

directly applicable, and we need to seek a reasonable ‘‘proxy’’ of
it based on observations {Xi}. Let πX (x), pX (x, x′) and qX (x′

|x) be
the marginal density of Xi, the joint density function of (Xi−1, Xi)
at point (x, x′), and the transition density or conditional density of
Xi at x′ given Xi−1 = x, respectively. Similarly, we define πY (y)
and pY (y, y′) as the marginal density of Yi and joint density of
(Yi−1, Yi), respectively. Denote by qX |Y (x|y) the conditional density
of Xi at x given Yi = y. By the definition of HMM, conditioning
on {Yj}j≤i, Xi−1 and Xi are independent and their conditional
distributions depend only on Yi−1 and Yi, respectively. So, by the
conditioning argument, we have

pX (x, x′) =

∫∫
qX |Y (x|y)qX |Y (x′

|y′)pY (y, y′)dydy′. (5)

Conditioning on Yi, we have

πX (x) =

∫
qX |Y (x|y)πY (y)dy. (6)

Since qX (x′
|x) = pX (x, x′)/πX (x) and qY (y′

|y) = pY (y, y′)/πY (y),
by (5) and (6),

qX (x′
|x) =


qX |Y (x|y)qX |Y (x′

|y′)πY (y)qY (y′
|y)dydy′

qX |Y (x|y)πY (y)dy
. (7)

The identity (7) establishes a functional connection between
qY (y′

|y) of the hidden states {Yi} and qX (x′
|x) of the observable

variables {Xi}. In particular, qX (x′
|x) is uniquely determined

by qY (y′
|y) together with qX |Y (x|y) and πY (y). On the other

hand, {qX (x′
|x)}x,x′∈R also contains rich information about qY (y′

|y)
through the functional relationship (7). Therefore, we can view the
process from the observable qX (x′

|x) to the unobservable qY (y′
|y)

as a functional inverse problem. In practice, qX |Y is often specified
throughmodel assumptions. For example, for the HMM {(Xi, Yi) =

(Xi, σi)} in (3), qX |Y is simply the normal density if we assume that
εi therein are normal errors. In summary, (7) motivates us to use
qX (x′

|x) as a ‘‘proxy’’ for qY (y′
|y).

Now we consider the case of a general polish space (Y, B(Y)).
The probabilistic properties of {Yi} are characterized by the
invariant probability measure ΠY (S) = P(Yi ∈ S) with S ∈ B(Y)
and the Markov transition kernel or generator QY (S|y) = P(Yi ∈

S|Yi−1 = y) with y ∈ Y and S ∈ B(Y). The identity (7) then
becomes

qX (x′
|x) =


Y


Y
qX |Y (x|y)qX |Y (x′

|y′)ΠY (dy)QY (dy′
|y)

Y
qX |Y (x|y)ΠY (dy)

. (8)

In some applications, it is more convenient to express (8) through
expectations

qX (x′
|x) =

E[qX |Y (x|Yi−1)qX |Y (x′
|Yi)]

E[qX |Y (x|Yi−1)]
. (9)

In particular, the expectation motivates us to estimate the
numerator and denominator by their corresponding empirical
versions; see Section 2.4.

2.2. Confidence envelope and specification testing

In this section we propose a specification testing procedure
based on qX (x′

|x). We achieve this by constructing a simultaneous
confidence envelope (SCE) for qX (x′

|x) over a compact set X ⊂

R2. For a significance level α ∈ (0, 1) and a pair of bivariate
functions ℓn(·, ·) and un(·, ·) based on observations, we say that
[ln(·, ·), un(·, ·)] is an asymptotic (1 − α) nonparametric SCE for
qX (x′

|x) on a compact set X ⊂ R2 if

lim
n→∞

P{ln(x, x′) ≤ qX (x′
|x) ≤ un(x, x′)

for all (x, x′) ∈ X} = 1 − α. (10)

With asymptotic probability (1 − α), the unknown true density
qX (x′

|x) is contained within the envelope [ln(·, ·), un(·, ·)]. The
concept of confidence envelope for a bivariate function is a
natural extension of the confidence interval for one-dimensional
parameter.

Now we relate the idea of nonparametric SCE to our model
validation problem. Consider the popular nonparametric kernel
density estimate for the transition density qX (x′

|x)

q̂X (x′
|x) =

p̂X (x, x′)

π̂X (x)
, (11)

where

p̂X (x, x′) =
1

nb2n

n−
i=1

Kbn(x − Xi−1)Kbn(x
′
− Xi), (12)

π̂X (x) =
1

nbn

n−
i=1

Kbn(x − Xi−1). (13)

Here and hereafter Kbn(u) = K(u/bn) for a kernel function K
satisfying


R K(u)du = 1 and bandwidth bn > 0. Under mild

conditions, q̂X (x′
|x) is a consistent estimate of qX (x′

|x), regardless
of the underlying model structure, and hence it can be used as
the ‘‘true’’ reference density. Under H0 : Q = Qθ , denote
by q̂X (x′

|x; Qθ̂ ) a parametric estimate of qX (x′
|x), where θ̂ is

an estimator of θ . To test H0, we can measure the discrepancy
between the parametric estimate q̂X (x′

|x; Qθ̂ ) under H0 and the
nonparametric estimate q̂X (x′

|x). A general test statistic has the
form Tn = d(q̂X (·|·; Qθ̂ ), q̂X (·|·)) with a proper choice of the
distance measure d(·, ·). Aït-Sahalia (1996) studied model (1)
based on square distance.

Following Bickel and Rosenblatt (1973), we consider maximal
deviation:

Tn = max
(x,x′)∈X

|q̂X (x′
|x) − q̂X (x′

|x; Qθ̂ )|

ω(x, x′)
, (14)
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where ω(·, ·) is a weight function that may depend on observa-
tions. Bickel and Rosenblatt (1973) consideredmarginal density for
i.i.d. observations. Classical result asserts the asymptotic normal-
ity of


nb2n[q̂X (x

′
|x) − qX (x′

|x)]. On the other hand, under H0, the
parametric density estimate q̂X (x′

|x; Qθ̂ ) is usually
√
n-consistent.

Therefore, under H0 : Q = Qθ , as bn → 0, q̂X (x′
|x; Qθ̂ ) − qX (x′

|x)
is negligible compared to q̂X (x′

|x) − qX (x′
|x), and we have

Tn = max
(x,x′)∈X

|[q̂X (x′
|x) − qX (x′

|x)] − [q̂X (x′
|x; Qθ̂ ) − qX (x′

|x)]|
ω(x, x′)

≈ max
(x,x′)∈X

|q̂X (x′
|x) − qX (x′

|x)|
ω(x, x′)

:= T ∗

n . (15)

The quantity T ∗
n is closely related to nonparametric SCE for qX (x′

|x).
To see this, we assume that there exist normalizing sequences
(γn, βn) such that γnT ∗

n − βn has a limiting distribution G. Denote
by Gα the (1−α)-quantile of G. Based on T ∗

n , a nonparametric SCE
for qX (x′

|x) can be constructed as q̂X (x′
|x) ± γ −1

n (Gα + βn)ω(x, x′)
in view of

P{|q̂X (x′
|x) − qX (x′

|x)| ≤ γ −1
n (Gα + βn)ω(x, x′), (x, x′) ∈ X}

= P{γnT ∗

n − βn ≤ Gα}.

The above argument has a number of implications. First, the
test statistic Tn is equivalent to constructing nonparametric SCE
for qX (x′

|x). Second, underH0, the parametric estimate q̂X (x′
|x; Qθ̂ )

is contained within the nonparametric SCE with asymptotic
probability (1 − α). Third, it is essential to construct SCE based
on the nonparametric estimate q̂X (x′

|x), otherwise the method
might fail. Consider, for example, the case where the SCE were
constructed based on the parametric estimate q̂X (x′

|x; Qθ̂ ) under
H0. Due to the

√
n-consistence of q̂X (x′

|x; Qθ̂ ), the constructed SCE
would have a width proportional to O(n−1/2) and therefore cannot
cover the more volatile


nb2n-consistent nonparametric estimate

q̂X (x′
|x). We now summarize our specification testing procedure:

(i) Construct (1 − α) nonparametric SCE for qX (x′
|x): [ℓn(·, ·),

un(·, ·)].
(ii) Under H0, apply parametric methods to obtain an estimate θ̂

of θ .
(iii) Under H0, obtain a parametric estimate q̂X (x′

|x; Qθ̂ ) of
qX (x′

|x).
(iv) Check whether ln(x, x′) ≤ q̂X (x′

|x; Qθ̂ ) ≤ un(x, x′) holds for
all (x, x′) ∈ X. If so, then we accept H0 at level α. Otherwise
H0 is rejected.

To implement the above idea, two tasks remain. The first is to
establish some maximal deviation result of the form (15) for the
nonparametric density estimate q̂X (x′

|x). The second is to construct
parametrically implied density estimate q̂X (x′

|x; Qθ̂ ) of qX (x′
|x)

under H0. We shall address these two issues in Sections 2.3 and
2.4.

2.3. Construct confidence envelope for transition density

For maximal deviations of nonparametric density estimate,
Bickel and Rosenblatt (1973) dealt with i.i.d. data. Under the in-
dependence assumption, the problem of constructing simultane-
ous confidence bands (SCB, the term ‘‘band’’ is used for univariate
function in contrast to ‘‘envelope’’ for bivariate function) have been
studied previously under various settings (e.g. Johnston, 1982;
Knafl et al., 1985; Eubank and Speckman, 1993; Fan and Zhang,
2000). Zhao and Wu (2008) considered SCB construction for time
series models.

Here we shall extend Bickel and Rosenblatt (1973)’s result to
the transition density of hiddenMarkovmodels (HMM). Recall that
X ⊂ R2 is a two-dimensional compact set.
Condition 1 (Dependence Assumption). Suppose that {Xi} is a HMM
with respect to a stationary hidden chain {Yi}. Denote byG

j
i the sigma-

field generated by {Yt , i ≤ t ≤ j}. Define the α-mixing coefficient of
{Yi} by

α(k) = sup{|P(A)P(B) − P(A ∩ B)|, A ∈ G0
−∞

, B ∈ G∞

k }, k ∈ N.

Assume that
∑

∞

k=1 α(k) < ∞.

Condition 2 (Kernel Assumption). Assume that the kernel K is
bounded, symmetric, and has bounded derivative and bounded
support [−ω, ω]. Further assume that K is a 4-th order kernel in the
sense that

 ω

−ω
ujK(u)du = 0, j = 1, 2, 3. Let ϕK =

 ω

−ω
K 2(u)du.

Condition 3 (Regularity Assumption). Without loss of generality
write X = [−T , T ] × [−T , T ] for some T > 0. Denote by
Xϵ

= [−T − ϵ, T + ϵ] × [−T − ϵ, T + ϵ] the ϵ-neighborhood
of X. Assume that there exists some ϵ > 0 such that πX (x) has
bounded fourth order derivatives on [−T − ϵ, T + ϵ] and qX (x′

|x)
has bounded fourth order derivatives with respect to both x and x′

on Xϵ, infx∈[−T+ϵ,T−ϵ] πX (x) > 0, inf(x,x′)∈Xϵ qX (x′
|x) > 0, and

supx∈[−T−ϵ,T+ϵ],y∈Y[|qX |Y (x|y)| + |∂qX |Y (x|y)/∂x|] < ∞.

We briefly comment on Conditions 1–3. Condition 1 is
frequently used in statistical inferences involving dependent
data. Condition 2 is a standard assumption on the kernel
function in nonparametric inference problems. Condition 3
imposes smoothness assumptions.

Theorem 1. Recall q̂X (x′
|x) in (11). Assume that Conditions 1–3 hold.

Further assume that nb10n → 0, nb2n → ∞. Then for every (x, x′) ∈

X, as n → ∞,

Zn(x, x′) :=
bn

√
n

ϕK

q̂X (x′
|x) − qX (x′

|x)
√
qX (x′|x)/πX (x)

H⇒ N(0, 1). (16)

Moreover, for distinct points (x1, x′

1), . . . , (xk, x
′

k) ∈ X, Zn(x1, x′

1),
. . . , Zn(xk, x′

k) are asymptotically independent.

Theorem 1 can be used to construct a point-wise confidence
envelope for qX (x′

|x). Theorem 2 provides a maximal deviation
result for q̂X (x′

|x).

Theorem 2. Let q̂X (x′
|x) be as in (11). Recall that, in Condition 2, K

has support [−ω, ω] andX is a compact subset of R2. For mn → ∞,
let Xn = {(xj, x′

j) ∈ X, j = 1, . . . ,mn} be a subset of X consisting
of mn points such that max{|xj − xj′ |, |x′

j − x′

j′ |} ≥ 2ωbn for all
1 ≤ j ≠ j′ ≤ mn. Assume that Conditions 1–3 hold. Further assume
that

nb10n log n + m2
n(logmn)

3
[b3n + (nb2n)

−1
] → 0. (17)

For k ≥ 2 define

Bk(z) =

2 log k −

1
√
2 log k


1
2
log log k + log(2

√
π) − z


,

k ∈ N, z ∈ R. (18)

Then for every z ∈ R,

lim
n→∞

P


sup

(x,x′)∈Xn

bn
√
n

ϕK

|q̂X (x′
|x) − qX (x′

|x)|
√
qX (x′|x)/πX (x)

≤ Bmn(z)


= e−2e−z

. (19)

In (17), the first term nb10n log n → 0 is needed to control the
biaswhile the second termm2

n(logmn)
3
[b3n+(nb2n)

−1
] → 0 ensures

the validity of themoderate deviation (cf. Theorem3). In particular,
ifmn ≍ 1/bn, then (17) holds if bn = n−β for β ∈ (1/10, 1/4).
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We can use Theorem 2 to construct asymptotic (1 − α) SCE for
qX (x′

|x) as

q̂X (x′
|x) ±

ϕKBmn(zα)

bn
√
n


q̂X (x′|x)/π̂X (x),

zα = − log log


1

√
1 − α


,

(20)

in the following approximated version of (10) (note that zα is the
(1−α)-quantile of the limiting distribution on the right-hand side
of (19)):
lim
n→∞

P{ln(x, x′) ≤ qX (x′
|x)

≤ un(x, x′) for all (x, x′) ∈ Xn} = 1 − α. (21)
As mn → ∞, we can let Xn become asymptotically dense in
X. Therefore, for smooth function qX (x′

|x), (21) provides a good
approximation to (10) for large n.

Remark 1. In Condition 3, we have assumed that the conditional
density qX |Y of Xi given Yi exists. If {Xi} itself is a Markov chain,
then we can let {Yi = Xi} be the observable states. However, the
conditional density qX |Y does not exist. A careful examination of
the proof reveals that, Theorems 1 and 2 still hold if we replace
qX |Y in Condition 3 by the conditional density of Xi given Xi−1 and
apply the new filtration Fi = σ(Xj, j ≤ i) in the proofs. Thus, the
theoretical results developed also apply to ordinaryMarkov chains.

2.4. Construct parametric transition density estimate

After constructing nonparametric SCE for qX (x′
|x), in order to

test H0 : Q = Qθ , we need to obtain a parametric density
estimate q̂X (x′

|x; Qθ̂ ) of qX (x′
|x) under H0 and check whether

it is contained within SCE. Parametric estimation of q̂X (x′
|x; Qθ̂ )

involves estimating parameter θ through various parametric
methods, such as least-squares, maximum likelihood, generalized
method of moments, andM-estimation methods.

Under H0 : Q = Qθ , let us assume at the outset that θ
is known. In practice, the conditional density qX |Y of Xi given Yi
is often specified through model assumptions. For example, for
the HMM {(Xi, Yi) = (Xi, σi)} in (3), qX |Y is the normal density
if we assume that εi therein are normal errors. Therefore, under
H0 : Q = Qθ with known θ , the underlying model is completely
specified. Theoretically speaking, depending on whether {Yi} takes
value in R or a general polish space Y, one can use either (7) or (8)
to obtain theoretical parametric density qX (x′

|x; Qθ ) by replacing
(πY , qY ) and (ΠY ,QY ) therein by their theoretical expressions.

In many applications, however, the above naive method fails.
First, there is no closed-form (πY , qY ) in (7) or (ΠY ,QY ) in (8). Even
for the simplest ARCH(1) model Yi = (a2 + b2Y 2

i−1)
1/2εi, there

is no closed-form stationary density. For (2) with hidden states
{Yi = (σs+(i−1)∆)s∈[0,∆]}i≥1, Y is the set of continuous function on
[0, ∆], and it is infeasible to compute (ΠY ,QY ). Second, it is not
easy to evaluate the integrals in (7) and (8), especially when {Yi}

takes value in a general polish space Y.
To attenuate these issues, we propose a Markov Chain Monte

Carlo simulation based method. Under H0 : Q = Qθ with
known θ so that the model structure is completely specified, we
can simulate the hidden states {Y ∗

j }1≤j≤m from the underlying
model Qθ . In (9), replacing the numerator and denominator by
their corresponding empirical versions, we propose the following
estimate of qX (x′

|x):

q̂X (x′
|x; Qθ ) =

m−1
m∑
i=1

qX |Y (x|Y ∗

i−1; θ)qX |Y (x′
|Y ∗

i ; θ)

m−1
m∑
i=1

qX |Y (x|Y ∗

i−1; θ)

. (22)
Here we include θ to mean that the estimate is based on samples
from Qθ . Under mild conditions, for example mixing condition,
by the Strong Law of Large Numbers for both the numerator and
denominator in (22), q̂X (x′

|x; Qθ ) → qX (x′
|x; Qθ ) as m → ∞.

To implement the above idea,weneed a consistent estimate θ̂ of
θ . Parameter estimation for HMM is usually a difficult task. Under
parametric specification Qθ , a natural choice is the likelihood
method. By the conditional independence, the likelihood for
observations x := {Xi = xi}1≤i≤n is

L(x; θ) =

∫
Y

· · ·

∫
Y

qX |Y (x1|y1) · · · qX |Y (xn|yn)

× PY (dy1, . . . , dyn), (23)

where PY (S1, . . . , Sn) is the joint probability measure of {Yi}1≤i≤n.
Therefore, we can in principle obtain an estimate θ̂ of θ by
maximizing the likelihood L(x; θ). However, L(x; θ) is not directly
computable even for simple models. A possible solution is to use
the same idea in (22) by approximating L(x; θ) as

L̂(x; θ) =
1
m

m−
i=1

qX |Y (x1|Y
(i)
1 ) · · · qX |Y (xn|Y (i)

n ), (24)

where Y (i)
1 , . . . , Y (i)

n is the ith sample path. This method requires a
large number of sample paths (m sample paths of size n each) and
is computationally expensive. In general, there are no universally
efficient parameter estimation methods for HMM. In next section
we discuss related references for some specific models.

Nowwe summarize our procedure to obtain parametric density
estimate q̂X (x′

|x; Qθ̂ ).

(i) Under H0 : Q = Qθ , obtain an estimate θ̂ .
(ii) Under the estimated parametric model Qθ̂ , simulate Y ∗

1 , . . . ,
Y ∗
m.

(iii) Plug θ̂ and simulated samples Y ∗

1 , . . . , Y ∗
m into (22) to obtain

q̂X (x′
|x; Qθ̂ ) =

m−1
m∑
i=1

qX |Y (x|Y ∗

i−1; θ̂ )qX |Y (x′
|Y ∗

i ; θ̂ )

m−1
m∑
i=1

qX |Y (x|Y ∗

i−1; θ̂ )

. (25)

3. Examples

In this section, we show that many popular continuous-time
and discrete-time models in financial econometrics can be viewed
as HMMs with properly chosen {(Xi, Yi)}. Under H0 : Q = Qθ ,
since various parameter estimation methods, such as maximum
likelihood estimate (MLE), generalized least-squares method, M-
estimation, and generalized method of moments (GMM), are
available in a vast literature, we only briefly discuss some related
references and focus our attention on constructing parametric
density estimate under H0.

Throughout the rest of this article, we denote by φ(x) and
Φ(x) the standard normal density and distribution functions,
respectively. For p > 0 and a random variable X write X ∈ Lp

if ‖X‖p := [E(|X |
p)]1/p < ∞.

3.1. Continuous-time diffusion models

Let Xi ≡ Xi∆ be discrete samples from the diffusion model (1).
Here ∆ > 0 is a small but fixed number representing sampling
interval. In practice, for daily or weekly data, ∆ is one day or one
week, respectively. The process {Xi} is a Markov chain. Denote by
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πX be themarginal density function of the stationary solution Xt on
D = (Dl,Du) with −∞ ≤ Dl < Du ≤ +∞. By Aït-Sahalia (1996),

πX (x) =
c(x0)
σ 2(x)

exp

∫ x

x0

2µ(y)
σ 2(y)

dy


, (26)

where the choice of the lower bound point x0 ∈ D is irrelevant,
and c(x0) is a normalizing constant. Similar versions of Condition 4
below have been discussed in Hansen and Scheinkman (1995), Aït-
Sahalia (1996), and Genon-Catalot et al. (2000).

Condition 4. Assume that: (i) Both µ and σ are twice continuously
differentiable and σ 2 > 0 on D; (ii) The integral of m(x) =

exp{Λ(x)}/σ 2(x) converges at both boundaries of D, and the integral
of s(x) = exp{−Λ(x)} diverges at both boundaries of D, where
Λ(x) =

 x
x0

[2µ(y)/σ 2(y)]dy; (iii) limx→Dl,Du σ(x)πX (x) = 0 and
limx→Dl,Du σ(x)/|2µ(x) − σ(x)σ ′(x)| < ∞.

Proposition 1. Under Condition 4, Condition 1 holds with Yi = Xi.
Proof. Under Condition 4, Hansen and Scheinkman (1995) proved
that, the operator Ht defined by Htg(y) = E[g(Xt)|X0 = y] for
g(X0) ∈ L2 is a strong contraction in the sense that there exists
λ ∈ (0, 1) such that

‖Htg(X0)‖2 ≤ λt
‖g(X0)‖2 for g(X0) ∈ L2 and

E[g(X0)] = 0.
(27)

Therefore, for g1(X0), g2(X0) ∈ L2 satisfying E[g1(X0)] = E[g2
(X0)] = 0, by the Cauchy–Schwarz inequality,

|E[g1(X0)g2(Xt)]|

= |E{g1(X0)E[g2(Xt)|X0]}| = |E[g1(X0)Htg2(X0)]|

≤ ‖g1(X0)‖2‖Ht [g2(X0)]‖2 ≤ ‖g1(X0)‖2‖g2(X0)‖2λ
t . (28)

Denote by Gt and Gt the sigma fields generated by {Xs}s≤t and
{Xs}s≥t , respectively. The ρ-mixing coefficient of {Xt}t≥0 is defined
as

ρt = sup ρ(Gs, Gs+t), where ρ(G, G′) = sup


|Cov(X, X ′)|

‖X‖2‖X ′‖2


,

where the supermum is taken over all G (respectively G′)-
measurable random variable X (respectively X ′) satisfying X, X ′

∈

L2, E(X) = E(X ′) = 0. Since {Xt}t≥0 is a stationary Markov
process, by Theorem 4.1 in Bradley (1986) and (28),

ρt = sup


|Cov[g1(X0), g2(Xt)]|

‖g1(X0)‖2‖g2(Xt)‖2


= O(λt).

Hence, {Xt}t≥0 is ρ-mixing with mixing coefficient ρ(t) = O(λt),
which completes the proof since α-mixing coefficient is less than
the corresponding ρ-mixing coefficient. �

After we construct SCE for qX (x′
|x) as in Section 2.3, we

need to obtain a parametric estimate q̂X (x′
|x; Qθ̂ ) of qX (x′

|x)
under H0 : Q = Qθ = (µ(·; θ), σ (·; θ)) for a parametric
specification Qθ . To estimate θ under H0, a natural choice is the
maximum likelihood estimate (MLE). Consider the following Euler
discretization scheme:
Xt+∆ − Xt = µ(Xt)∆ + σ(Xt)(Wt+∆ − Wt). (29)
Then θ can be estimated by maximizing the approximate
conditional log-likelihood

θ̂ = argmax
θ

n−
i=1

log

×


1

σ(Xi−1; θ)
√

∆
φ


Xi − Xi−1 − µ(Xi−1; θ)∆

σ(Xi−1; θ)
√

∆


. (30)
And the transition density is given by

q̂X (x′
|x; Qθ̂ ) =

1

σ(x; θ̂ )
√

∆
φ


x′

− x − µ(x; θ̂ )∆

σ(x; θ̂ )
√

∆


. (31)

3.2. Continuous-time stochastic volatility models

Consider the continuous-time stochastic volatility model (2).
Let Xi = log(Si∆) − log(S(i−1)∆) be the log returns during time
period [(i − 1)∆, i∆]. The unobserved volatility process {σ 2

t }t≥0 is
a stationary Markov process. Volatility plays an important role in
risk analysis and options pricing. To study volatilities, we can take
Q = (r, s). Part (i) of Proposition 2 is adopted from Genon-Catalot
et al. (2000).

Proposition 2. Assume that (r, s) in model (2) governing σ 2
t

satisfy Condition 4. Then

(i) {Xi} is a HMM with the hidden chain {Y (1)
i = (σ 2

t+(i−1)∆)t∈[0,∆]}

or {Y (2)
i = (σ 2

i∆,
 i∆
(i−1)∆ σ 2

t dt)};
(ii) Condition 1 holds;
(iii) Condition 3 holds provided that with probability one c1 <

inft≥0 σ 2
t ≤ supt≥0 σ 2

t < c2 for some constants 0 < c1 < c2 <
∞.

Proof. (i): We shall only consider {Y (1)
i }; see Genon-Catalot et al.

(2000) for the proof of {Y (2)
i }. LetGt be the sigma field generated by

{σ 2
s }s≤t . By the independence of {W1(t)} and {W2(t)}, conditional

on Gi∆, Xj =
 j∆
(j−1)∆ σtdW1(t), j ≤ i, are independent normal

random variables with zeromean and varianceΣ2
i =

 i∆
(i−1)∆ σ 2

t dt .
Notice that the random variables Σ2

j , j ≤ i, are measurable with
respect to the sigma field σ(Y (1)

j , j ≤ i) ⊂ Gi∆. Therefore, we have
for all λ1, . . . , λi ∈ R,

E[eλ1X1+···+λiXi |Y (1)
1 , . . . , Y (1)

i ]

= E{E[eλ1X1+···+λiXi |Gi∆]|Y (1)
1 , . . . , Y (1)

i }

= exp{(λ2
1Σ

2
1 + · · · + λ2

i Σ
2
i )/2},

entailing the conditional independence of Xj, j ≤ i. TheMarkovian
property of {σ 2

t }t≥0 implies that {Y (1)
i }i≥0 is Markovian, completing

the proof.
(ii) See Proposition 1.
(iii) Let Yi = Y (1)

i . Then the conditional density qX |Y of Xi given
Yi is uniformly bounded in view of

qX |Y (x|Yi) = φ(x/Σi)/Σi = (2πΣ2
i )

−1/2

× exp[−x2/(2Σ2
i )] ≤ (2πc∆)−1/2, (32)

and Σ2
i =

 i∆
(i−1)∆ σ 2

t dt > c∆. Similarly, |∂qX |Y (x|Yi)| is uniformly
bounded. Clearly, qX |Y (x|Yi) is also uniformly bounded away from
zero on any compact set. By (9) and the Dominated Convergence
Theorem, it is easy to verify that qX (x′

|x) has bounded derivatives
of all orders on any compact set. So, Condition 3 holds. �

We now discuss parametric density estimate under and H0 :

Q = Qθ = (r(·; θ), s(·; θ)). First, we need to estimate θ . Under
parametric specification Qθ , a natural choice is the likelihood
method. Let fΣ (Σ2

0 , . . . , Σ2
n ; θ) be the joint density of {Σ2

i }0≤i≤n
under H0 : Q = Qθ . By the argument in the proof of Proposition 2,
the likelihood for given observations x = {Xi = xi}0≤i≤n from (2) is

L(x; θ) =

∫ n∏
i=0

Σ−1
i φ(xi/Σi)fΣ (Σ2

0 , . . . , Σ2
n ; θ)dΣ2

0 · · · dΣ2
n .

(33)
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Under H0, fΣ is completely determined up to unknown parameter
θ . Therefore, we can in principle obtain an estimate θ̂ of θ
by maximizing the likelihood L(x; θ). However, L(x; θ) is not
directly computable even for very simple models. Since L(x; θ) =

E
∏n

i=0 Σ−1
i φ(xi/Σi)


, a possible solution is Markov chain Monte

Carlo method by simulating a large number of sample paths of
{σ 2

t }t≥0 from the parametric model (2), which, unfortunately,
involves extensive computation. Possible alternatives have been
proposed in, for example, Kim et al. (1998) for Bayesian method,
and Andersen and Sørensen (1996) for moments based method.
For other contributions, see the survey paper by Broto and Ruiz
(2004). We point out that, most existing estimation methods
deal with simple (say, lognormal autoregressive) stochastic
volatility models. It still remains open how to develop efficient
estimation techniques for general stochastic volatility models. In
our simulation studies, we use a moment based method.

Recall qX |Y in (32). Once we have a consistent estimate of θ , we
can apply (25) to estimate qX (x′

|x) parametrically as

q̂X (x′
|x; Qθ̂ ) =

m−1
m∑
i=1

φ(x/Σ∗

i−1)φ(x′/Σ∗

i )/(Σ∗

i−1Σ
∗

i )

m−1
m∑
i=1

φ(x/Σ∗

i−1)/Σ
∗

i−1

, (34)

where Σ∗2
i =

 i∆
(i−1)∆ σ ∗2

t dt and {σ ∗2
t } is a simulated realization

from the estimated nullmodel dσ ∗2
t = r(σ ∗2

t ; θ̂ )dt+s(σ ∗2
t ; θ̂ )dWt .

3.3. Stochastic volatility models driven by stable Lévy process

Model (2) can be extended to non-Gaussian stable Lévy
processes. A process {Zt} is said to be a α-stable Lévy process if
it has independent and stationary increments, and Z1 has a stable
distribution with index α ∈ (0, 2]. The special case of α = 2
corresponds to Brownian motion. Consider

d log(St) = σtdZ(t) and
dσ α

t = r(σ α
t )dt + s(σ α

t )dW (t), t ≥ 0,

where {Z(t)}t≥0 is a α-stable Lévy process with index α ∈ (0, 2]
independent of the Brownian motion {W (t)}t≥0. Using the scaling
property of stable Lévy process, the same argument in Section 3.2
shows that Proposition 2 still holds with the hidden chain {Y (1)

i =

(σ α
t+(i−1)∆)t∈[0,∆]} or {Y (2)

i = (σ α
i∆,
 i∆
(i−1)∆ σ α

t dt)}. We omit the
details.

3.4. Nonlinear time series

Consider thenonlinear autoregressive conditional heteroscedas-
tic model

Xi = µ(Xi−1) + σ(Xi−1)εi, (35)

where εi are i.i.d. random variables. Special cases of (35) include
linear AR Xi = aXi−1 + εi, ARCH (Engle, 1982) Xi = (a2 +

b2X2
i−1)

1/2εi, TAR (Tong, 1990) Xi = amax(Xi, 0)+bmin(Xi, 0)+εi,
and EAR (Haggan and Ozaki, 1981) Xi = [a+b exp(−cXi−1)]Xi−1 +

εi among others. Clearly, {Xi} is aMarkov chain.We refer the reader
to Bradley (2005) for discussions on mixing conditions for Markov
chains.

Let Q = (µ, σ ). Under H0 : Q = Qθ for a specification Qθ =

(µ(·; θ), σ (·; θ)), Zhao (2010) considered the following estimate

θ̂ = argmin
θ

n−
i=1



Xi − µ(Xi−1; θ)

σ (Xi−1; θ)

2

+ 2 log σ(Xi−1; θ)

 . (36)
Under mild conditions, Zhao (2010) derived a Bahadur represen-
tation for θ̂ and established its

√
n-consistency. Assume that εi

are standard normal random variables. By the plug-in method, the
parametrically estimated transition density is

q̂X (x′
|x; Qθ̂ ) =

1

σ(x; θ̂ )
φ


x′

− µ(x; θ̂ )

σ (x; θ̂ )


. (37)

3.5. Discrete-time stochastic volatility models

Let {Xi} be samples from the discrete-time stochastic volatility
model (3). Special examples have been studied in Ruiz (1994),
Jacquier et al. (1994) and Kim et al. (1998). If we are interested
in the data-generating mechanism of the unobservable volatility
process {σi}, then we can let Q = (r, s). Clearly, {Xi} is a HMM
with the hidden chain {Yi = σi}.

Now we consider parametric density construction under H0 :

Q = Qθ = (r(·; θ), s(·; θ)). Let θ̂ be an estimate of θ ; see
Section 3.2 for various estimation methods. Assume that {εi}
and {ηi} are i.i.d. standard normal random variables. Then the
conditional density qX |Y ofXi given Yi = y is qX |Y (x|y) = y−1φ(x/y).
By (25), we propose

q̂X (x′
|x; Qθ̂ ) =

m−1
m∑
i=1

φ(x/σ ∗

i−1)φ(x′/σ ∗

i )/(σ ∗

i−1σ
∗

i )

m−1
m∑
i=1

φ(x/σ ∗

i−1)/σ
∗

i−1

,

where {σ ∗2
i } are simulated samples from the estimated null model

σ ∗2
i = r(σ ∗2

i−1; θ̂ ) + s(σ ∗2
i−1; θ̂ )ηi.

3.6. Models with market microstructure noise

Let {Yt}t∈T be the true process. In practice, we often do not
observe Yt directly but a contaminated versionXt of it. For example,
if Yi is the actual stock price at the i-th sampling time point, then
we may only observe Xi = Yi + εi with i.i.d. errors εi. Assume that
the errors {εi} are independent of {Yi}. This framework has been
proposed asmodels withmarket microstructure noise (Aït-Sahalia
et al., 2005; Zhang et al., 2005).

If {Yi} is a Markov chain, then {Xi} is a HMM with the un-
observable chain {Yi}. To construct parametric density estimate,
assume that {Yi} is a Markov chain with data-generating mecha-
nism Q of interest. Further assume that the contamination errors
εi are centered normal random variables with variance σ 2. Denote
by qX |Y the conditional density of Xi given Yi. Then qX |Y (x|y) =

σ−1φ{(x − y)/σ }. Under H0 : Q = Qθ , let (σ̂ , θ̂ ) be a consistent
estimate of (σ , θ). By (25), we can obtain the parametric density
estimate
q̂X (x′

|x; Qθ̂ )

=

m−1
m∑
i=1

σ̂−1φ{(x − Y ∗

i−1)/σ̂ }σ̂−1φ{(x′
− Y ∗

i )/σ̂ }

m−1
m∑
i=1

σ̂−1φ{(x − Y ∗

i−1)/σ̂ }

, (38)

where {Y ∗

i } are simulated from estimated null model Qθ̂ .

3.7. Extension to higher order Markov models

The proposed transition density based test can be extended to
deal with higher order Markov models. Consider
Xi = µ(Xi−1, . . . , Xi−p) + σ(Xi−1, . . . , Xi−p)εi, (39)
where µ and σ are p-dimensional functions. Let Q = (µ, σ ).
Suppose that we wish to test H0 : Q = Qθ for a specification Qθ .
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For p ≥ 3, due to the ‘‘curse of dimensionality’’, it is practically
infeasible to obtain a nonparametric estimate of the conditional
density of Xi given Xi−1, . . . , Xi−p. Here we shall give a partial
solution based on transition density.

In Section 2, our specification testing procedure is based
on one-step transition density qX (x′

|x). Here, due to the pth
order Markovian structure in (39), we need to consider k-step
transition densities, k = 1, 2, . . . , p, simultaneously. For k ∈

N, denote by qk(x′
|x) the conditional density of Xi given Xi−k =

x. Let q̂k(x′
|x) and q̂k(x′

|x; Qθ̂ ) be the nonparametric estimate
and parametric estimate under H0 of qk(x′

|x), respectively. For
appropriate distance measure d(·, ·) and weights ωk > 0, we may
construct a test statistic of the form

Tn =

p−
k=1

ωkd(q̂k(·|·), q̂k(·|·; Qθ̂ )) or

Tn = max
1≤k≤p

d(q̂k(·|·), q̂k(·|·; Qθ̂ )).

(40)

It is beyond the scope of the present work to explore this approach
and further research will be conducted in the future.

4. Finite sample performance

4.1. Kernel function, bandwidth selection, and Xn

In our data analysis we use the 4-th order kernel K(u) =

2φ(u)−φ(u/
√
2)/

√
2,whereφ(u) is the standardGaussian kernel.

For nonparametric problems, the choice of bandwidth is usually
more important than that of kernel function. For bandwidth bn, we
adopt the likelihood cross-validation bandwidth selectionmethod.
Denote by q̂−i(x′

|x; bn) the estimate in (11) based all samples but
the leave-one-out pair (Xi, Xi+1) and bandwidth bn. The likelihood
cross-validation bandwidth selection method then selects the
optimal boptn

boptn = argmax
bn

n−1−
i=0

log q̂−i(Xi+1|Xi; bn). (41)

See Section 5.2.2 in Li and Racine (2007) for more discussion.
In Theorem 2, we need to select a set Xn of grid points. For

a realization {Xi}, let ℓ0.15 and ℓ0.85 be the 15 and 85 percentiles,
respectively. Let s be the sample standard deviation of differences
{Xi+1 − Xi}. Then the region X = {(x, x′) : x ∈ [ℓ0.15, ℓ0.85], |x′

−

x| ≤ s} contains a large proportion of points (Xi, Xi+1), i =

0, . . . , n. Partition [ℓ0.15, ℓ0.85] into 10 intervals of equal length,
and denote the grid points by xj = ℓ0.15 + j(ℓ0.85 − ℓ0.15)/10, j =

0, . . . , 10. For each xj, divide [xj − s, xj + s] into five intervals of
equal length with grid points xj ± s, xj ± 0.5s, xj. We then take
Xn = {(xj, xj ± τ s), τ = 1.0, 0.5, 0, j = 0, . . . , 10}.

4.2. Accuracies of the asymptotic null distribution

Compared to marginal density estimation, transition density
estimation requires larger sample sizes. With the development
of modern technology, data sets with sizes of the order of tens
of thousands have become available. We simulate n = 10, 000
daily observations with ∆ = 1/252 (one year has approximately
252 trading days) from the Ornstein–Uhlenbeck process (Vasicek,
1977):

dXt = β(ν − Xt)dt + σdWt , ν > 0, β > 0, σ > 0. (42)

We set θ = (β, ν, σ ) = (0.2, 0.06, 0.013). For simplicity write
Xi = Xi∆. By Euler’s discretization scheme (29), the true transition
density of (42) is

qX (x′
|x; θ) = (σ

√
∆)−1φ{[x′

− x − β(ν − x)∆]/(σ
√

∆)}.
We simulate 1000 realizations of size n from the null model
(42). For each realization, we compute the test statistic

Tn = sup
(x,x′)∈Xn

bn
√
n

ϕK

|q̂X (x′
|x) − qX (x′

|x; θ̂ )|
q̂X (x′|x)/π̂X (x)

, (43)

where θ̂ is the linear regression estimate of θ based on the
approximation (29). Using the cross-validation method (41), we
find that most realizations from (42) give the optimal bandwidth
bn ≈ 0.0005. Since (41) is computationally expensive, instead
of applying (41) for each realization, we set bn = 0.0005
for all realizations to limit computation; the same technique
is also used in Sections 4.3–4.6. We compare the empirical
quantiles of these 1000 realized Tn with the asymptotic quantiles
derived from Theorem 2. In particular, the asymptotic (1 −

α)-quantile is Bmn(zα), where Bk(z) and zα are defined as in
(18) and (20), respectively. Table 1 presents the empirical and
asymptotic quantiles of Tn for different values of 1 − α. We see
that the asymptotic quantiles approximate the empirical quantiles
reasonably well.

4.3. Power study for Markov diffusion process

Let λ ∈ [0, 1]. Consider the true underlying process

dXt = β(ν − Xt)dt + [(1 − λ)σ + λ · 0.07|X |
0.7
t ]dWt , t > 0.

(44)

If λ = 0, then (44) reduces to the Vasicek (1977) model (42); if
λ = 1, then it becomes a special example of the CKLS model (Chan
et al., 1992):

dXt = β(ν − Xt) + σXγ
t dWt . (45)

For λ ∈ (0, 1), the volatility term (1 − λ)σ + λ · 0.07|X |
0.7
t is a

weighted version of the volatilities in the twomodels (42) and (45).
The latter two models are among the most widely used interest
rates models. In (44), we use the same setting for ν, β, σ , n, ∆ as
in Section 4.2. We use (44) as our true data generating process and
(42) as our null hypothesisH0. To study the power of testingH0, we
use the asymptotic quantile from Table 1 with significance level
α = 0.05. For a fixed λ ∈ [0, 1], the power is the proportion of
realizations among 1000 realizations from (44) that reject H0. The
size and power for (42) against (44) are 0.034, 0.068, 0.165, 0.428,
0.709, 0.885, corresponding to λ = 0.0, 0.2, 0.4, 0.6, 0,8, 1.0.

4.4. Power study for jump–diffusion models

We now consider the power when testing (42) against the
jump–diffusion model

dXt = β(ν − Xt−)dt + σ(Xt−)dWt + Jt−dNt−, (46)

where Nt is a Poisson process with intensity λ(Xt−), and Jt ∼

N(0, η2) is the independent jump size. As in Aït-Sahalia et al.
(2009), consider the specification λ(x) = λ, σ (x) = ξ , such that

ξ 2
+ λη2

= σ 2,
λη2

ξ 2 + λη2
=

τ

1.1
, η2

= 2ξ 2,

where σ = 0.013 as in (42) and τ ∈ [0, 1], with τ = 0 being
the null model (42). For all cases, we use bn = 0.0005 to limit
computations. The size and power for (42) against (46) are 0.036,
0.032, 0.096, 0.424, 0.896, 0.994, corresponding to λ = 0.0, 0.2,
0.4, 0.6, 0,8, 1.0.
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Table 1
Comparison of empirical and asymptotic quantiles of Tn in (43).

1 − α 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

Empirical 1.86 1.98 2.06 2.13 2.21 2.26 2.31 2.36 2.41 2.46
Asymptotic 2.00 2.09 2.16 2.22 2.27 2.32 2.37 2.41 2.46 2.51

1 − α 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 0.99

Empirical 2.52 2.57 2.63 2.71 2.78 2.87 2.98 3.11 3.33 3.73
Asymptotic 2.57 2.63 2.68 2.75 2.82 2.91 3.03 3.18 3.43 4.01
4.5. Power study for models with market microstructure noise

Consider the followingmodelwithmarketmicrostructure noise

Xi = Yi + εi,

Yi = θ1[(1 − λ)Yi−1 + λ|Yi−1|] + ηi, |θ1| < 1, λ ∈ [0, 1]
(47)

where εi ∼ N(0, θ2
3 ) and ηi ∼ N(0, θ2

2 ) are independent noises.
Based on the contaminated observations {Xi}, we wish to test the
null hypothesis H0 : Yi = θ1Yi−1 + ηi about the unobservable
process {Yi}. In (47), the parameter λ measures the deviation from
the null model, with λ = 0 being the null model and λ = 1 being
the TAR model Yi = θ1|Yi−1| + ηi.

Under H0, elementary calculations show that

E(X2
i ) =

θ2
2

1 − θ2
1

+ θ2
3 , Cov(Xi−1, Xi) =

θ1θ
2
2

1 − θ2
1
,

Cov(Xi−2, Xi) =
θ2
1 θ2

2

1 − θ2
1
.

So, we can use moments based estimation method by replacing
the theoretical expectations with their corresponding empirical
versions. Using sample size n = 2000 and true parameters
(θ1, θ2, θ3) = (0.6, 0.2, 0.2), we find that most realizations give
optimal bandwidth bn ≈ 0.12 for λ ∈ [0, 1]. As in Section 4.2, we
use bn = 0.12 for all realizations to limit computation. The size and
power are 0.027, 0.212, 0.675, 0.943, 0.991, 1.000, corresponding to
λ = 0.0, 0.2, 0.4, 0.6, 0,8, 1.0.

4.6. Power study for stochastic volatility models

Let εi be i.i.d. standard normal random variables. Consider
stochastic volatility model

Xi = σiεi,

with {σi} being a stochastic process given by

σ 2
i = 0.01 exp(vi) and

vi = θ1 + θ2vi−1 +


1 − λ + λ


0.1 + v2

i−1


ηi,

(48)

where ηi are i.i.d. centered normal random variables with variance
θ2
3 > 0. In (48), for λ ≠ 0, {vi} satisfy a autoregressive conditional

heteroscedastic model. As in Section 3.5, {Xi} form a HMM with
respect to the unobservable volatilities {σi}. We test the simple
linear autoregressive null hypothesis H0 : vi = θ1 + θ2vi−1 + ηi.

Under H0, it is easy to check that

log[E(X2
i )] = 2 log(0.1) +

θ1

1 − θ2
+

θ2
3

2(1 − θ2
2 )

,

log[E(X4
i )] = 4 log(0.1) + log(3) +

2θ1
1 − θ2

+
2θ2

3

1 − θ2
2
,

log[E(X2
i−1X

2
i )] = 4 log(0.1) +

2θ1
1 − θ2

+
θ3
2

1 − θ2
.

So, we use a moments based method to estimate (θ1, θ2, θ3) by
replacing the theoretical expectations with their corresponding
empirical versions. Using sample size n = 20, 000 and true
parameters (θ1, θ2, θ3) = (0.3, 0.6, 0.4), we find that most
realizations give optimal bandwidth bn ≈ 0.02 for λ ∈ [0, 1].
As in Section 4.2, we use bn = 0.02 for all realizations to limit
computation. The size and power are 0.074, 0.080, 0.124, 0.350,
0.778, 0.968, corresponding to λ = 0.0, 0.2, 0.4, 0.6, 0,8, 1.0.

5. Proofs

Recall that {Xi} is a HMM with respect to the Markov chain
{Yi}. Also recall that, πX (x), pX (x, x′) and qX (x′

|x) are the marginal
density of Xi, joint density of (Xi−1, Xi) and transition density or
conditional density of Xi given Xi−1 = x, respectively, and qX |Y (x|y)
is the conditional density of Xi given Yi = y. Throughout the proofs
we let c1, c2, . . . , be constants that may vary from place to place.

5.1. A martingale decomposition argument

The key idea of our proofs is based on a martingale decom-
position argument. First, we illustrate the basic idea. Let Fi =

σ(Xj, Yj+1, j ≤ i) be the sigma field generated by Xj, Yj+1, j ≤ i. For
i ∈ Z, define the projection operator PiZ = E(Z |Fi) − E(Z |Fi−1)
for Z ∈ L1. By the property of conditional expectation, it can be
easily checked that

E(PiZ |Fi−1) = E{[E(Z |Fi) − E(Z |Fi−1)]|Fi−1}

= E[E(Z |Fi)|Fi−1] − E(Z |Fi−1) = 0.

Thus, {Pi}i∈Z form a sequence of martingale difference operators
with respect to the filtration {Fi}i∈Z, in the sense that they can
transform a sequence of random variables into martingale differ-
ences through projection. See Wu (2005) for more discussions.

Let g be any function satisfying g(X0, X1) ∈ L1 and define

Sn =

n−
i=1

[ωi − E(ωi)], where ωi = g(Xi−1, Xi).

Suppose that we want to study the asymptotic behavior of Sn. By
definition, it is easily seen that ωi − E(ωi) = Piωi + Pi−1ωi +

[E(ωi|Fi−2) − E(ωi)]. Thus, we can write Sn as

Sn =

n−
i=1

Piωi +

n−
i=1

Pi−1ωi +

n−
i=1

[E(ωi|Fi−2) − E(ωi)]

:= Mn + Nn + Rn. (49)

In the above expression, since {Pi}i∈Z are martingale difference
operators with respect to the filtration {Fi}i∈Z,Mn is a martingale
with respect to Fn and Nn is a martingale with respect to Fn−1, and
standard tools for martingales are applicable. The relative order
of magnitude of Mn and Nn depends on the dimensionality of the
nonparametric inference problem involved. Generally speaking,
Mn and Nn are of the same order of magnitude for univariate
nonparametric problems, but Mn dominates Nn for bivariate or
multivariate nonparametric problems. An intuitive explanation is
that, due to conditional expectation, Pi−1ωi = E(ωi|Fi−1) −

E(ωi|Fi−2) is smoother thanPiωi = ωi−E(ωi|Fi−1) and hence has
smaller variance. Thanks to the highest amount of smoothing, Rn is
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often negligible under mild dependence conditions. We generally
call (49) the martingale decomposition.

In Lemma 1 we establish a representation for Rn in (49). To this
end we define

Wn(x, x′) =

n−
i=1

{E[qX |Y (x|Yi−1)qX |Y (x′
|Yi)|Yi−1]

− E[qX |Y (x|Yi−1)qX |Y (x′
|Yi)]}. (50)

It turns out that Rn is closely related toWn(x, x′). In our subsequent
proofs, we shall frequently use the following properties of
conditional expectation.

(i) For a random variable X ∈ L1 and any sigma-field F , we have
E(X) = E[E(X |F )].

(ii) For a random variable X ∈ L1 and any two sigma-fields F ⊂

G, we have E(X |F ) = E[E(X |G)|F ].

Lemma 1. Let g(·, ·) be a bivariate measurable function such that
g(X0, X1) ∈ L1. Define

Rn =

n−
i=1

{E[g(Xi−1, Xi)|Fi−2] − E[g(Xi−1, Xi)]}. (51)

Assume for simplicity that g(·, ·) is a bounded function so that
expectation and integral can be exchanged. Let Wn(x, x′) be as in (50).
Then

Rn =

∫∫
g(x, x′)Wn(x, x′)dxdx′. (52)

Proof. Since {Xi} is a HMM with respect to {Yi}, given Fi−1, the
conditional distribution of Xi depends only on Yi. We have

E[g(Xi−1, Xi)|Fi−1] =

∫
g(Xi−1, x′)qX |Y (x′

|Yi)dx′. (53)

So, by the property of conditional expectation,

E[g(Xi−1, Xi)|Fi−2] = E{E[g(Xi−1, Xi)|Fi−1]|Fi−2}

=

∫
E[g(Xi−1, x′)qX |Y (x′

|Yi)|Fi−2]dx′.

Notice that, by the HMM property,

E[g(Xi−1, x′)qX |Y (x′
|Yi)|Fi−2, Yi]

= qX |Y (x′
|Yi)E[g(Xi−1, x′)|Yi−1].

Thus, by the property of conditional expectation and the Marko-
vian property of {Yi},

E[g(Xi−1, x′)qX |Y (x′
|Yi)|Fi−2]

= E{E[g(Xi−1, x′)qX |Y (x′
|Yi)|Fi−2, Yi]|Fi−2}

= E[g(Xi−1, x′)|Yi−1] × E[qX |Y (x′
|Yi)|Yi−1]

=

∫
g(x, x′)qX |Y (x|Yi−1)dx × E[qX |Y (x′

|Yi)|Yi−1]dx

=

∫
g(x, x′)E[qX |Y (x|Yi−1)qX |Y (x′

|Yi)|Yi−1]dx. (54)

Also, notice that,

E[g(Xi−1, Xi)] = E{E[g(Xi−1, Xi)|Fi−2]}

=

∫∫
g(x, x′)E[qX |Y (x|Yi−1)qX |Y (x′

|Yi)]dxdx′, (55)

completing the proof. �

Lemma 2 is needed to establish a uniform bound for Wn(x, x′)
in Lemma 3.
Lemma 2. Let g(·, ·) be a differentiable bivariate function. For fixed
δ1, δ2 > 0 and a, b ∈ R, denote by Ia,b the set {(u, v) ∈ R2

: u ∈

[a, a + δ1], v ∈ [b, b + δ2]}. Then there exists a constant C < ∞,
depending only on δ1 and δ2, such that

sup
(u,v)∈Ia,b

g2(u, v) ≤ C
∫
Ia,b


g2(u, v) +


∂g(u, v)

∂u

2

+


∂g(u, v)

∂v

2

+


∂2g(u, v)

∂u∂v

2
dudv.

Proof. For (u, v), (u0, v0) ∈ Ia,b, let ḡ(u, v, u0, v0) = g(u, v) −

g(u0, v)−g(u, v0)+g(u0, v0). By the Cauchy–Schwarz inequality,

g2(u, v) ≤ 4[ḡ(u, v, u0, v0)
2
+ g2(u0, v)

+ g2(u, v0) + g2(u0, v0)]. (56)

Notice that

|ḡ(u, v, u0, v0)| =

∫ u

u0

∫ v

v0

∂2g(u, v)

∂u∂v
dudv


≤

∫
Ia,b

∂2g(u, v)

∂u∂v

 dudv,

uniformly over (u, v), (u0, v0) ∈ Ia,b. Again, by theCauchy–Schwarz
inequality,

sup
(u,v)∈Ia,b

ḡ(u, v, u0, v0)
2

≤ δ1δ2

∫
Ia,b


∂2g(u, v)

∂u∂v

2

dudv. (57)

By Lemma 4 in Wu (2003), we have

sup
u∈[a,a+δ1]

g2(u, v0)

≤ 2δ−1
1

∫ a+δ1

a
g2(u, v0)du + 2δ1

∫ a+δ1

a


∂g(u, v0)

∂u

2

du, (58)

sup
v∈[b,b+δ2]

g2(u0, v)

≤ 2δ−1
2

∫ b+δ2

b
g2(u0, v)dv + 2δ2

∫ b+δ2

b


∂g(u0, v)

∂v

2

dv. (59)

Inserting (57)–(59) into the right-hand side of (56) and then taking
an integral on both sides of the resulting inequality over (u0, v0) ∈

Ia,b, we obtain the desired result. �

Lemma 3. Recall Wn(x, x′) in (50). Assume that Conditions 1 and
3 hold. Then sup

(x,x′)∈X

|Wn(x, x′)|


2

= O(
√
n).

Proof. By Lemma 2, it suffices to prove

sup
(x,x′)∈X


‖Wn(x, x′)‖2

2 +

∂Wn(x, x′)

∂x

2
2

+

∂Wn(x, x′)

∂x′

2
2
+

∂2Wn(x, x′)

∂x∂x′

2
2


= O(n).

First, we consider sup(x,x′)∈X ‖Wn(x, x′)‖2
2. Under Conditions 1

and 3, the summands in Wn(x, x′) are α-mixing and uniformly
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bounded. By Theorem 2.20 in Fan and Yao (2003), ‖Wn(x, x′)‖2
2 =

O(n), uniformly over (x, x′) ∈ X.
For other terms, by the boundedness of |∂qX |Y (x|y)/∂x|, we

can exchange the order of the differentiation and expectation in
Wn(x, x′) in view of the Dominated Convergence Theorem. Thus,
they can be treated using the same argument as above. �

5.2. Proof of Theorems 1 and 2

Recall q̂X (x, x′), p̂X (x, x′) and π̂X (x) in (11)–(13), respectively.
Define

ξi(x, x′) = Kbn(x − Xi−1)Kbn(x
′
− Xi), (60)

Sn(x, x′) =
1

nb2n

n−
i=1

{ξi(x, x′) − E[ξi(x, x′)]}, (61)

Un(x, x′) = b−2
n E[ξ1(x, x′)] − pX (x, x′), (62)

Vn(x, x′) = pX (x, x′)[1 − π̂X (x)/πX (x)]. (63)

Then we have

π̂X (x)[q̂X (x′
|x) − qX (x′

|x)]

= Sn(x, x′) + Un(x, x′) + Vn(x, x′), (64)

where Sn(x, x′) is the stochastic part determining the asymptotic
distribution of q̂X (x′

|x),Un(x, x′) is the bias part due to p̂X (x, x′),
and Vn(x, x′) is the bias part due to π̂X (x). We shall treat them
separately.

For Un(x, x′), by Conditions 2 and 3 and the Taylor expansion of
pX (x− ubn, x′

− vbn) around (x, x′), elementary calculations show
that

b−2
n E[ξ1(x, x′)]

= b−2
n

∫∫
K


x − x0
bn


K


x′

− x1
bn


pX (x0, x1)dx0dx1

=

∫∫
K(u)K(v)pX (x − ubn, x′

− vbn)dudv

= pX (x, x′) + O(b4n),

uniformly over (x, x′) ∈ X. Thus, Un(x, x′) = O(b4n) uniformly over
(x, x′) ∈ X.

Now we consider Sn(x, x′). By the martingale decomposition
technique in (49), we have

Sn(x, x′) = Mn(x, x′) + Nn(x, x′) + Rn(x, x′), (65)

where

Mn(x, x′) =
1

nb2n

n−
i=1

Piξi(x, x′), (66)

Nn(x, x′) =
1

nb2n

n−
i=1

Pi−1ξi(x, x′), (67)

Rn(x, x′) =
1

nb2n

n−
i=1

{E[ξi(x, x′)|Fi−2] − E[ξi(x, x′)]}. (68)

To establish a uniform bound for Nn(x, x′), we need the
following Lemma 4.

Lemma 4. Let Conditions 2 and 3 hold. Define

Hn(x, x′) =

n−
i=1

Pi−1ζi(x, x′),

where ζi(x, x′) = Kbn(x − Xi−1)qX |Y (x′
|Yi).

(69)
Assume bn → 0 and supn log n/(nbn) < ∞. Then

sup
(x,x′)∈X

|Hn(x, x′)| = OP(

nbn log n). (70)

Proof. We shall use a chain argument. The basic idea is to
approximate Hn(x, x′) by discrete versions over finer grid points.
For simplicity write the compact set X = [0, T ] × [0, T ] for some
0 < T < ∞. Let N = n2, ωn = T/N, xj = jωn, 0 ≤ j ≤ N .
Then x0, . . . , xN partition [0, T ] into uniformly spaced intervals
with equal length ωn. For any x, x′

∈ [0, T ], there exist j and k such
that x ∈ [xj, xj+1) and x′

∈ [xk, xk+1). Then we have

|Kbn(x − Xi−1) − Kbn(xj − Xi−1)| ≤ c1(x − xj)/bn ≤ c1ωn/bn, (71)

where c1 = sup |K ′(u)|. Similarly,

|qX |Y (x′
|Yi) − qX |Y (xk|Yi)| ≤ c2(x′

− xk) ≤ c2ωn, (72)

where c2 = supx,y |∂qX |Y (x|y)/∂x|. Thus, by the boundedness of
K(u) and qX |Y (x|y), when bn → 0, there exists constant c3 such
that

|ζi(x, x′) − dijk| ≤ (c1ωn/bn + c2ωn)

×


sup
u

|K(u)| + sup
x,y

qX |Y (x|y)


≤ c3ωn/bn, (73)

where dijk is defined on discrete grid point (xj, xk) as

dijk = ζi(xj, xk) = Kbn(xj − Xi−1)qX |Y (xk|Yi).

We then obtain

|Pi−1ξi(x, x′) − Pi−1dijk| ≤ |E{[ξi(x, x′) − dijk]|Fi−1}|

+ |E{[ξi(x, x′) − dijk]|Fi−2}|

≤ 2c3ωn/bn.

Notice that c3 does not depend on the choices of i, j, k. So, Hn(x, x′)
can be uniformly bounded as

sup
(x,x′)∈X

|Hn(x, x′)| ≤ max
0≤j,k≤N

|Dn(j, k)| + 2c3nωn/bn, (74)

where

Dn(j, k) =

n−
i=1

Pi−1dijk.

Clearly, in (74), nωn/bn = O[1/(nbn)] → 0 with ωn = O(1/n2).
Now we consider max0≤j,k≤N |Dn(j, k)|. Notice that for fixed j

and k, {Pi−1dijk}i∈Z formmartingale differenceswith respect to the
filtration {Fi−1}i∈Z. Elementary calculations show that there exists
some constant c4 < ∞ such that

E[(Pi−1dijk)2|Fi−2] ≤ E(d2ijk|Fi−2) ≤ c4bn,

uniformly over i, j, k. So,
∑n

i=1 E[(Pi−1dijk)2|Fi−2] ≤ c4nbn.
Assume without loss of generality that supu,x,y |K(u)qX |Y (x|y)| ≤

1. By Freedman’s exponential inequality (Freedman, 1975) for
bounded martingale differences, for any c > 0,

P(|Dn(j, k)| ≥ c

nbn log n)

≤ 2 exp


−

c2nbn log n
2c

√
nbn log n + 2c4nbn



= 2 exp


−

c2 log n
2c

√
log n/(nbn) + 2c4


= O(n−λc ),
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uniformly over j, k, where λc = c2/(2cc5 + 2c4) and c5 =

supn
√
log n/(nbn) < ∞. Thus,

P


max
0≤j,k≤N

|Dn(j, k)| ≥ c

nbn log n


≤

−
0≤j,k≤N

P(|Dn(j, k)| ≥ c

nbn log n)

= O(N2n−λc ) = O[n−(λc−4)
].

Thus, by (74), the proof is completed by choosing a sufficiently
large c so that λc > 4. �

Lemmas 5 and 6 give uniform bounds for Nn(x, x′) and Rn(x, x′),
respectively.

Lemma 5. Recall Nn(x, x′) in (67). Assume that the conditions
in Lemma 4 hold. Then

sup
(x,x′)∈X

|Nn(x, x′)| = OP[

log n/(nbn)]. (75)

Proof. Applying the identity (53), we obtain

E[ξi(x, x′)|Fi−1]

= Kbn(x − Xi−1)

∫
Kbn(x

′
− z)qX |Y (z|Yi)dv

= bn

∫
K(u)Kbn(x − Xi−1)qX |Y (x′

− ubn|Yi)du

= bn

∫
K(u)ζi(x, x′

− ubn)du, (76)

where ζi(x, x′) is defined as in (69). Thus, we have the identity

E[ξi(x, x′)|Fi−2] = E{E[ξi(x, x′)|Fi−1]|Fi−2}

= bn

∫
K(u)E[ζi(x, x′

− ubn)|Fi−2]du.

Combining the above two identities, we have Pi−1ξi(x, x′) =

bn

K(u)Pi−1ζi(x, x′

− ubn)du. Recall Hn(x, x′) in (69). Now we
have

Nn(x, x′) =
bn
nb2n

∫
K(u)Hn(x, x′

− ubn)du

= OP[

log n/(nbn)]

in view of Lemma 4. �

Lemma 6. Recall Rn(x, x′) in (68). Assume that Conditions 1–3 hold.
Then sup

(x,x′)∈X

|Rn(x, x′)|


2

= O(n−1/2). (77)

Proof. Recall Wn(x, y) in (50). Applying Lemma 1 with g(z, z ′) =

Kbn(x − z)Kbn(x
′
− z ′), we obtain

Rn(x, x′) = (nb2n)
−1
∫∫

K


x − z
bn


K


x′

− z ′

bn


Wn(z, z ′)dzdz ′

= n−1
∫∫

K(u)K(v)Wn(x − ubn, x′
− vbn)dudv, (78)

in view of the change-of-variable u = (x− z)/bn, v = (x′
− z ′)/bn.

Thus, by Lemma 3, the proof is completed. �
Lemma 7. Recall π̂X (x) in (13). Assume that Conditions 1–3 hold.
Then

sup
x∈[−T ,T ]

|π̂X (x) − πX (x)| = O[b4n +

log n/(nbn)]. (79)

Proof. Applying the martingale decomposition technique in
Section 5.1, we write

π̂X (x) − πX (x) = Zn,1(x) + Zn,2(x) + Zn,3(x),

where

Zn,1(x) =
1

nbn

n−
i=1

Pi−1Kbn(x − Xi−1),

Zn,2(x) =
1

nbn

n−
i=1

{E[Kbn(x − Xi−1)|Fi−2] − EKbn(x − Xi−1)},

Zn,3(x) = b−1
n EKbn(x − Xi−1) − πX (x).

We treat Zn,1(x), Zn,2(x) and Zn,3(x) separately. By the same
argument in Lemma 4, we can show that supx∈[−T ,T ] |Zn,1(x)| =

OP[
√
log n/(nbn)]. For Zn,2(x), notice that

E[Kbn(x − Xi−1)|Fi−2] =

∫
Kbn(x − z)qX |Y (z|Yi−1)dz

= bn

∫
K(u)qX |Y (x − ubn|Yi−1)du.

Define

In(x) =

n−
i=1

{qX |Y (x|Yi−1) − E[qX |Y (x − ubn|Yi−1)]}.

By a similar argument in Lemma 3, it can be shown that
supx∈[−T ,T ] |In(x)| = OP(

√
n). Thus

Zn,2(x) =
1
n

∫
K(u)In(x − ubn)du = OP(n−1/2),

uniformly over x ∈ [−T , T ]. By Taylor’s expansion and Condition 2,
it is easily seen that Zn,3(x) = O(b4n) uniformly over x ∈ [−T , T ].
Thus, the desired result follows. �

The following Lemma 8 is needed to study the conditional vari-
ance in Proposition 3 and quadratic characteristic of multidimen-
sional martingale in Theorem 3.

Lemma 8. Let ζi(x, x′) be as in (69). Define

In(x, x′, z, z ′) =

n−
i=1

ζi(x, x′)ζi(z, z ′). (80)

Assume nbn → ∞. Then

sup
(x,x′),(z,z′)∈X

‖In(x, x′, z, z ′)‖2 = O(nbn).

Proof. Let di(x, x′, z, z ′) = ζi(x, x′)ζi(z, z ′) − E[ζi(x, x′)ζi(z, z ′)|
Fi−2]. Then {di(x, x′, z, z ′)}i∈Z form martingale differences with
respect to {Fi−1}i∈Z. By the orthogonality ofmartingale differences,
it is easy to see that n−

i=1

di(x, x′, z, z ′)


2

2

=

n−
i=1

‖di(x, x′z, z ′)‖2
2

≤

n−
i=1

‖ζi(x, x′)ζi(z, z ′)‖2
2 = O(nbn),
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uniformly over x, x′, z, z ′. Since E[ζi(x, x′)ζi(z, z ′)|Fi−2] = O(bn)
uniformly over i, x, x′, z, z ′. By the triangle inequality, the desired
result then follows from

‖In(x, x′, z, z ′)‖2 ≤

 n−
i=1

di(x, x′, z, z ′)


2

+

 n−
i=1

E[ζi(x, x′)ζi(z, z ′)|Fi−2]


2

. �

Lemma 9. Let Conditions 2 and 3 hold. Define

Jn(x, x′) =

n−
i=1

{βi(x, x′) − E[βi(x, x′)]},

where βi(x, x′) = K 2
bn(x − Xi−1)qX |Y (x′

|Yi).

Assume bn → 0 and nbn → ∞. Then

sup
(x,x′)∈X

‖Jn(x, x′)‖2 = O(

nbn).

Proof. Apply the martingale decomposition technique in Sec-
tion 5.1 and write Jn(x, x′) as

Jn(x, x′) = Jn(x, x
′) + J

n
(x, x′),

where

Jn(x, x
′) =

n−
i=1

Pi−1βi(x, x′),

J
n
(x, x′) =

n−
i=1

{E[βi(x, x′)|Fi−2] − E[βi(x, x′)]}.

Since {Pi−1βi(x, x′)}i∈Z formmartingale differenceswith respect to
{Fi−1}, by the orthogonality of martingale differences, we have

‖Jn(x, x
′)‖2

2 =

n−
i=1

‖Pi−1βi(x, x′)‖2
2 ≤

n−
i=1

‖βi(x, x′)‖2
2 = O(nbn),

uniformly over x, x′. By the same argument in (54) and (55), we can
write

J
n
(x, x′) =

∫
K 2
bn(x − z)Wn(z, x′)dz

= bn

∫
K 2(u)Wn(x − ubn, x′)du,

where Wn(x, x′) is defined as in (50). By Lemma 3, ‖J
n
(x, x′)‖2 =

O(bn
√
n) uniformly over x, x′. The desired result then follows from

the triangle inequality ‖Jn(x, x′)‖2 ≤ ‖Jn(x, x′)‖2 + ‖J
n
(x, x′)‖2 =

O(
√
nbn) + O(bn

√
n). �

Proposition 3 and Theorem 3 present CLT and maximal
deviation results forMn(x, x′) in (66).

Proposition 3. Recall Mn(x, x′) in (66). Assume that Conditions 1–
3 hold. Further assume that bn → 0 and nb2n → ∞. Let (x, x′) ∈ X.
Then as n → ∞,

Mn(x, x′) :=
bn

√
n

ϕK

Mn(x, x′)
√
pX (x, x′)

⇒ N(0, 1). (81)

Moreover, for distinct points (xj, x′

j), j = 1, . . . , k, in X,Mn(xj, x′

j),
j = 1, . . . , k, are asymptotically independent.
Proof. Weshall only show the convergence (81) for any fixedpoint
(x, x′) ∈ X since the asymptotic independence can be similarly
treated by considering linear combinations of Mn(xj, x′

j), j =

1, . . . , k via the Cramér-Wold device. By Section 5.1, Mn(x, x′)
is a martingale with respect to Fn, so it suffices to verify
the convergence of the conditional variance and the Lindeberg
condition in order to prove (81). The convergence of the
conditional variance is verified in the proof of Theorem 3; see qrs
in (85) with r = s. It remains to verify the Lindeberg condition.

Recall ξi(x, x′) in (60). Let γi(x, x′) be defined as in (83). ThenMn(x, x′) =
∑n

i=1 γi(x, x′). Since (x, x′) is fixed, we suppress
the dependence on (x, x′) and write ξi = ξi(x, x′) and γi =

γi(x, x′). By the boundedness of qX |Y (x|y), it is easy to see that
|E(ξi|Fi−1)| ≤ c1bn for some constant c1. For any c2 > 0, let
c3 = c2[ϕ2

KpX (x, x
′)]1/2. Because bn → 0 and nb2n → ∞, c3


nb2n −

c1bn ≥ c3

nb2n/2 for large enough n. Therefore,

n−
i=1

E(γ 2
i 1|γi|≥c2)

=
1

ϕ2
KpX (x, x′)b2n

E{[ξ1 − E(ξ1|F0)]
21

|ξ1−E(ξ1|F0)|≥c3
√

nb2n
}

≤
1

ϕ2
KpX (x, x′)b2n

E{(ξ 2
1 + c21b

2
n)1|ξ1|≥c3

√
nb2n−c1bn

}

= O(b−2
n )E(ξ 2

1 1|ξ1|≥c3
√

nb2n/2
) + O(1)P(|ξ1| ≥ c3


nb2n/2).

Applying the inequality E(ξ 2
1 1|ξ1|≥λ) ≤ E(|ξ1|

3)/λ = O(b2n/λ) =

o(b2n) with λ = c3

nb2n/2 → ∞, we obtain O(b−2

n )E(ξ 2
1

1
|ξ1|≥c3

√
nb2n/2

) → 0. By the boundedness of ξ1, P(|ξ1| ≥

c3

nb2n/2) → 0. Thus, we conclude that

∑n
i=1 E(γ 2

i 1|γi|≥c2) → 0,
completing the proof. �

Theorem 3. Recall Mn(x, x′) in (66). Let mn, Bn(z) and Xn be as
in Theorem 2. Assume that Conditions 1–3 hold. Further assume that

m2
n(logmn)

3
[b3n + (nb2n)

−1
] → 0. (82)

Then for every z ∈ R,

lim
n→∞

P


sup

(x,x′)∈Xn

bn
√
n

ϕK

|Mn(x, x′)|
√
pX (x, x′)

≤ Bmn(z)


= e−2e−z

.

Proof. We follow the argument in Zhao and Wu (2008). Recall
ξi(x, x′) = Kbn(x − Xi−1)Kbn(x

′
− Xi) in (60). Let

γi(x, x′) = [nb2nϕ
2
KpX (x, x

′)]−1/2
{ξi(x, x′) − E[ξi(x, x′)|Fi−1]}. (83)

For fixed k ∈ N distinct integers 0 ≤ j1, j2, . . . , jk ≤ mn −1, define
the k-dimensional vector ζi = [γi(xj1 , x

′

j1
), . . . , γi(xjk , x

′

jk
)]T and

Mn,k =

n−
i=1

ζi = [Mn(xj1 , x
′

j1), . . . ,
Mn(xjk , x

′

jk)]
T .

Here T denotes the transpose and Mn(x, x′) is defined as in (81).
Then {ζi}i∈Z are k-dimensional vectors of martingale differences
with respect to {Fi}i∈Z.

Denote by Qn the k × k quadratic characteristic matrix of Mn,k.
That is,

Qn =

n−
i=1

E(ζiζ
T
i |Fi−1) := (qrs)1≤r,s≤k. (84)
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Let τrs = ϕ2
K [pX (xjr , x

′

jr )pX (xjs , x
′

js)]
1/2. Then we can write qrs as

qrs =

n−
i=1

E[γi(xjr , x
′

jr )γi(xjs , x
′

js)|Fi−1] = qrs(1) − qrs(2), (85)

where

qrs(1) =
1

nb2nτrs

n−
i=1

E[ξi(xjr , x
′

jr )ξi(xjs , x
′

js)|Fi−1],

qrs(2) =
1

nb2nτrs

n−
i=1

E[ξi(xjr , x
′

jr )|Fi−1]E[ξi(xjs , x
′

js)|Fi−1].

By (76), for all r, s,

‖qrs(2)‖2 =
1

nb2nτrs

b2n
∫∫

K(u)K(v)

n−
i=1

ζi(xjr , x
′

jr − ubn)

× ζi(xjs , x
′

js − vbn)dudv

2

= O(bn),

in view of the Cauchy–Schwarz inequality and Lemma 8. For qrs(1),
we consider two cases r ≠ s and r = s separately. For r ≠ s, since
max{|xjr − xjs |, |x

′

jr − x′

js |} ≥ 2ωbn and K has support [−ω, ω], we
have ξi(xjr , x

′

jr )ξi(xjs , x
′

js) = 0 and qrs(1) = 0. For r = s, notice that

E[ξ 2
i (xjr , x

′

jr )|Fi−1] = bn

∫
K(u)βi(x, x′

− ubn)du,

where βi(x, x′) is defined as in Lemma 9. Also, E[ξ 2
i (xjr , x

′

jr )] =

E{E[ξ 2
i (xjr , x

′

jr )|Fi−1]} = bn

K(u)E[βi(x, x′

− ubn)]du. Recall
Jn(x, x′) in Lemma 9. Therefore, by Lemma 9,qrr(1) −

1
nb2nτrr

n−
i=1

E[ξ 2
i (xjr , x

′

jr )]


2

=
1

nbnτrr

∫ K(u)Jn(x, x′
− ubn)du


2

= O[(nbn)−1/2
].

It is easily seen that E[ξ 2
i (xjr , x

′

jr )] = b2nτrr [1 + O(b2n)]. Thus,
by the triangle inequality, ‖qrr(1) − 1‖2 = O[(nbn)−1/2

+ b2n].
In summary, by (85), we have ‖qrs − Irs‖3/2 ≤ ‖qrs − Irs‖2 =

O[(nbn)−1/2
+ bn] uniformly over 1 ≤ r, s ≤ k. Here Irs is the

(r, s)-element of the k × k identity matrix. It is easily seen that∑n
i=1 E|γi(xjr , x

′

jr )|
3

= O[(nb2n)
−1/2

] uniformly over 1 ≤ r ≤ k.
Then

∑n
i=1 E|γi(xjr , x

′

jr )|
3

+ E(|qrs − Irs|3/2) = O(Ωn) uniformly,
where Ωn = (nb2n)

−1/2
+ b3/2n .

Under (82), it is easily shown that [1 + Bmn(z)]
4 exp[B2

mn
(z)/2]

Ωn → 0 for every fixed z. For j = 1, . . . ,mn, define events

Aj = {|Mn(xj, x′

j)| > Bmn(z)},

Emn =


sup

(x,x′)∈Xn

|Mn(x, x′)| > Bmn(z)

.

LetN1,N2, . . . , be independent standard normals. By Theorem1 (a
multivariate version of it also holds) in Grama andHaeusler (2006),

P
 k
r=1

Ajr


= P

 k
r=1

{|Nr | > Bmn(z)}

[1 + o(1)]

=


2e−z

mn

k

[1 + o(1)]. (86)

Here the first equality agrees with the intuition that Mn(xj1 , x
′

j1
),

. . . ,Mn(xjk , x
′

jk
) are asymptotically independent standard normals
since the limiting covariance matrix is the identity matrix; the
second equality follows from P(N1 > x) = [1 + o(1)]φ(x)/x as
x → ∞, where φ is the standard normal density.

Notice that Emn = ∪
mn
j=1 Aj. Therefore, by (86) and the inclusion–

exclusion inequality, we have, for any fixed k and large enough n,

P(Emn) ≥

mn−
j=1

P[Aj] −

−
j1<j2

P

Aj1


Aj2


+ · · · −

−
j1<···<j2k

P
 2k
r=1

Ajr



=

2k−
r=1

(−1)r−1
mn

r

2e−z

mn

r

[1 + o(1)]

= −

2k−
r=1

(−2e−z)r

r!
[1 + o(1)].

Thus, lim infn→∞ P(Emn) ≥ −
∑2k

r=1(−2e−z)r/r!. Similarly, ap-
plying the inclusion–exclusion inequality with an odd num-
ber of items in the expansion, we have lim supn→∞ P(Emn) ≤

−
∑2k−1

r=1 (−2e−z)r/r!. The result then follows by letting k →

∞. �

Proof of Theorems 1 and 2. Theorems 1 and 2 follows from Slut-
sky’s theorem in view of (64), (65), Lemmas 5–7, Proposition 3, and
Theorem 3. We omit the details. �
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