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INVESTIGATION OF DIFFERENT NEURAL NETWORK
ARCHITECTURES FOR DYNAMIC SYSTEM IDENTIFICATION:

APPLICATIONS TO ORBITAL MECHANICS

Damien Guého∗, Puneet Singla†, Robert G. Melton‡

Machine learning and new AI algorithms inspire the scientific community to explore and
develop new approaches for discovery of scientific laws and governing equations for com-
plex physical and nonlinear dynamical systems. The question on how well deep learning
approaches can create sense from a given set of input data is difficult to answer. Considering
the unperturbed two-body problem, this paper investigates the approximation and prediction
capabilities of three types of neural networks: Feed-Forward, Residual and Deep Residual.
Used in a purely recurrent model, this three architectures are able to produce highly satis-
fying performances, very close to numerical integration tolerances. Furthermore, the effect
of the mathematical representation (i.e. coordinate system) on the learning process is also
investigated. From numerical results, it can be inferred that NN were able to better learn in-
herent dynamics characteristics in spherical coordinates without any apriori information than
in Cartesian coordinate system. It is shown that a simple NN architecture is able to learn the
symmetry of the central force and reproduce the conservation of the constants of the motion.

INTRODUCTION

The special process of dynamic system identification is to apply reverse engineering to experimental data-
sets (measurements) to eventually characterize a physical system with a mathematical model. In the last
few decades, the mission of the system identification community has been to provide a reliable methodology
as well as accurate numerical practices and strategies to derive a mathematical model to capture the main
characteritics of the system. With their remarkable ability to derive meaning from complicated or imprecise
data [2], neural networks (NNs) can be used to extract patterns and detect trends that are too complex to
be noticed by humans or other computer techniques. The idea behind chess computers such as IBM’s fa-
mous Deep Blue AI is that if one loads up as much data as possible into a powerful computer and allows
it to explore as many directions as possible to process that data, it ought to be able to think. However, the
ability of the NN to succeed is directly related to its specific structure [3], [4]. Some problems might be
too complicated for simple structures or at least structures that require a significant computational capability.
Recently, outstanding results for speech and image recognition have been achieved by some state-of-the-art
NNs [5], [10], which comes from their unique learning capabilities. While model-fitting picks the model
that best describes the data (among linear models, linear multivariate models, nonlinear generalized models,
etc.), dynamic system identification using neural networks tailors a unique non-linear model based on the
measured data [6]. Many state-of-the-art deep network architectures are considered to solve several kind of
ODEs based on different discretization schemes (Euler, Runge-Kutta, etc.) [9]. In this paper, we will con-
sider several neural network architectures to study the conservative Keplerian two-body problem. Previous
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work [1] investigated the learning capabilities of Feed-Forward Neural Networks (FF NN) where the goal
was to examine whether this specific structure of NN could learn the inherent dynamics of the two-body
problem and reproduce the constants of the motion. It has been found that a rich data set combined with
penalty terms in the loss function formulation corresponding to violation of constants of the motion during
the training provide good accuracy, close to numerical integration tolerances. In this paper, in addition to
FF NN, we consider Residual Neural Networks (ResNet) and a new structure derived from ResNet: Deep
Residual Neural Networks (DeepResNet).

PROBLEM STATEMENT

Due to its rich history and its conservative properties, the unperturbed two-body problem is chosen to
investigate the approximation and interpolation capabilities of NN-based methods. The objective is to see
if NN are able to learn the inverse square law of the gravity field and hence predict motion of a satellite in
a purely predictive manner. This section explains how a NN is used to approximate the known dynamics
model.

The dynamics of the unperturbed two-body problem

Let r1 and r2 be the position vector of two bodies, and m1 and m2 be their mass. If r = r2 − r1 is the
relative position vector between the two bodies, the dynamics of the two-body problem are given by

r̈ = − µ
r3

r, (1)

with µ = G(m1 +m2) and G is the universal gravitational constant.
In an inertial reference frame and using Cartesian coordinates, with r =

[
x y z

]T
and r =

√
x2 + y2 + z2,

Eq. (1) can be written as

ẍ = −µx
r3
,

ÿ = −µy
r3
,

z̈ = −µz
r3
.

(2)

From Eq. (1) and Eq. (2), we define the function f : R3 → R3 as

f : r 7→ r̈⇔ f :

xy
z

 7→
ẍÿ
z̈

 = − µ
r3

xy
z

 . (3)

which contains the dynamics of the two-body problem. One can reformulate the two-body problem and write
the dynamics using a pseudo-matrix form

F(·) =

[
03×3(·) I3×3(·)
f(·) 03×3(·)

]
(4)

such that

ẋ = F(x, t)⇔
[
ṙ
r̈

]
=

[
03×3(·) I3×3(·)
f(·) 03×3(·)

] [
r
ṙ

]
=

[
ṙ

f(r)

]
, (5)

where the matrix product has to be seen as a composition. Because we want the dynamics to be approximated
by a neural network, Eq. (5) becomes

ẋ = F̃(x, t)⇔
[
ṙ
r̈

]
=

[
03×3(·) I3×3(·)
NN(·) 03×3(·)

] [
r
ṙ

]
=

[
ṙ

NN(r)

]
, (6)

where f has been replaced by the neural network model (NN). Then, a fourth order Runge-Kutta integration
scheme is used to integrate these dynamics. Consequently, direct motion (position and velocity) and constants
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Figure 1: How the neural network is used: the upper part illustrates how the neural network is used to
approximate the dynamics along with the Runge-Kutta fixed-size step algorithm while the bottom part is
the classical generation of the true solution with the known dynamics and a Dormand-Prince integration
algorithm.

of the motion (angular momentum and energy) become a prediction of the NN model. While previous work
[1] considered several FF NN architectures with different formulations for the loss function, this paper uses
FF NN as a reference architecture and considers two new structures: the Residual Neural Network and the
Deep Residual Neural Network. Figure 1 displays how the solution from the neural network and the true
solution are generated to compute the loss function.

THE RESIDUAL NEURAL NETWORK MODEL

Receiving first place in ILSVRC 2015 image classification, Residual Neural Networks (ResNet), originally
developed by researchers from Microsoft Research, seem to require fewer parameters for enhanced accuracy
[11], [12], [13], [14] and are built upon two principles, which are modularity and residual learning.

Modularity

The first idea behind ResNet is that they are primitively small networks that can be repeated (or stacked) to
increase the depth of the network. A deeper ResNet is built by simply repeating this original module.

Residual Learning

The question of how to choose the structure (often equivalent to the number of layers) in a neural network has
been addressed multiple times but there is no pragmatic technique that describes how to design an efficient
neural network. It is also obscure whether there exists a unique optimal model for a given problem and there
is no consensus regarding the impact on performance from adding additional hidden layers. Typically, one
wants to add a new layer only if some benefit results. One way to ensure this additional layer allows the
network to learn something new is to also provide the input without any transformation to the output of this
extra layer. This essentially drives the new layer to learn something different from what the input has already
encoded.
For some fixed point problem, if the approximated value is xc such that φ(xc) ' xc and a true value x0 =
φ(x0), the error is x0 − xc. We call the residual the quantity φ(x0) − φ(xc) = x0 − φ(xc). The residual
is the error in the result. In the ResNet description, instead of directly fitting a desired underlying mapping,
we explicitly let these layers fit a residual mapping. If the underlying mapping is denotedM(x), we let the
ResNet fit the residual mapping

L(x) :=M(x)− x. (7)
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Description of the Network

A ResNet of depth d is a Network composed of d Residual Blocks, each of them performing an operation.
These operations are generally identical among the blocks, may be very simple or can be built upon a more
complex scheme and involve several sub-operations. Given a layer k < d (or a block), the particularity of the
ResNet is to provide the output xk−1 of layer k − 1 (or input xk−1 of layer k) without any transformation to
the output xk of this layer.
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1

Residual 
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2

Residual 
Block  

3

Residual 
Block  
d-1

Residual 
Block  

d
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Input Output

+x0

x2 = RB(x1)+x1

+x1 +xd-2

xd-1 = RB(xd-2)+xd-2

+xd-1

xd = RB(xd-1)+xd-1

Figure 2: General Representation of a ResNet.

Mathematical description
Let’s consider E ⊂ Rn a normed vector space and RB: E → Rn a real-valued function, regular enough. If
RB is introduced in the residual scheme of Figure 2, any xk, 0 ≤ k ≤ d, can be written as

xk = (Id + RB)k(x0), (8)

where for 1 ≤ k ≤ d,

(Id + RB)k =

k∏
i=1

(Id + RB) := (Id + RB) ◦ (Id + RB) ◦ · · · ◦ (Id + RB)︸ ︷︷ ︸
k times

, (9)

and (Id + RB)0 = Id. Furthermore, for any k, 0 ≤ k ≤ d− 1:

xk+1 − xk = RB(xk), (10)

and, for any arbitrary h > 0:

xk+1 − xk

h
= h−1RB(xk)⇔ ẋk = R̃B(xk), (11)

with R̃B := h−1RB and using Euler discretization. This offers a new perspective: while FF NNs propose a
complex nonlinear mapping between input x0 and output xd, ResNets offer a mapping built upon a differen-
tial equation between layers. Therefore, topological spaces accessible from input x0 are different depending
on the choice of the network.

Dimension and dimensionality
Figure 2 presents a general representation of a ResNet where the dimensionality of the vector xk, 0 ≤ k ≤ d,
remains constant across the network and where the dimension of RB(xk) is of the same dimension as xk.
As a result, input and output have the same dimension and dimensionality. This usually does not cause any
issue as a majority of ResNets applications are dedicated for image recognition. The ResNet is used to extract
features from an original image and input and output are images of the same size; consequently dimension
and dimensionality are fixed.
Using a ResNet when dimension and/or dimensionality of the input is different than the dimension and/or
dimensionality of the output requires a slight modification in the ResNet structure. Hence, a wrapping layer is
introduced. This wrapping layer, which can be placed anywhere in the network has the role of accomodating
and matching the dimension and/or dimensionality of the input with the ones of the output. However, it is
computationally beneficial to introduce it as a first layer if the input’s dimension is lower than the output.
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Figure 3: General Representation of a ResNet with a wrapping layer.

The Deep Residual Neural Network model
Derived from the Residual Neural Network, the Deep Residual Neural Network (DeepResNet) is a special NN
structure that combines both the FF and ResNet architectures. Starting from a basic ResNet, the DeepResNet
has the special feature of having several residual blocks per layer. Similarly as in the FF NN, the input is
sent to the first Residual Blocks that constitute the first layer. The layers can be seen as several Residual
Blocks stacked on top of each other as presented in Figure 4 or more simply as a classical hidden layer in
a FF NN. However, the difference with a FF NN is that the output of the previous layer is sent without any
transformation to the the output of the next layer. The DeepResNet is then very similar to a FF NN with the
special feature of the ResNet. It is to be noted that the last skip connection that sends the output of layer d−1
to the output of layer d (e.g. the output of the network) has to be wrapped to respect the dimensionnality.
Again, a wrapping layer is introduced to respect the dimension of the quantities considered.
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Figure 4: General Representation of a DeepResNet with a wrapping layer.

NUMERICAL RESULTS
Training
Training set The training data set is composed of position and velocity measurements of one revolution for
ten different orbits. Propagation has been made with the poliastro library in Python using a Cowell
propagation package with no perturbation. poliastro is an open source collection of Python functions
useful in astrodynamics and orbital mechanics providing a simple and intuitive API. Numerical integration is
performed using Dormand- Prince (RKDP for Runge-Kutta Dormand-Prince) integration scheme using six
function evaluations to calculate fourth- and fifth- order accurate solutions. Error tolerances during numer-
ical integration are set to 10−10. Table 1 gathers the orbital elements of the ten orbits considered. All the
measurements are stacked in a single set to produce a large training array consisting essentially of inputs with
ten different initial conditions, with each data point taken every 0.01sec.
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Table 1: Orbital elements for the ten training orbits

Semi-major axis a 10000km ≤ a ≤ 14500km, ∆a = 500km

Eccentricity e e = 0.2

Inclination i i = π/6

RAAN Ω Ω = π/3

Argument of perigee ω ω = π/4

True anomaly θ θ = π/2

All the simulations in this paper are performed using the TensorFlow API originally developed by researchers
and engineers from the Google Brain team within Google’s AI organization [7]. TensorFlow is an open
source software library based on a strong computer algebra system and allows high performance numerical
computation thanks to a high level of abstraction. Tensorflow uses graphs to represent the NN structures and
perform abstract gradient calculations to speed up the training phase. In this paper, the Adam optimizer with
an initial learning rate of 0.001 is used for the training [8].

Coordinate choices and normalization It is very common and highly recommended to work with scaled data
when using NNs. First, weights and biases are randomly initialized using a standard Gaussian distribution
with zero mean and unit variance. Second, nonlinear activation functions inside the networks are mostly
bounded between -1 and 1; thus the values before the last layer are between these bounds. It is then a
common practice to have input and output data around these values. It would be inconceivable to hope for
some output orders of magnitude higher than those of the network itself. Hence, in this paper, all the lengths
are in Length Unit (LU) which corresponds to the Earth radius. Time Unit (TU) is calculated such that µ = 1
LU3/TU−2. This offers the comfort to use input close to 1 and output between -1 and 1.

Neural Network structures This paper considers three different NN architectures: Feed-Forward Neural Net-
work (FF NN), Residual Neural Network (ResNet) and Deep Residual Neural Network (DeepResNet). The
capabilities of three ResNet and two DeepResNet architectures will be compared with one FF NN structure,
seen as a reference. Table 2 presents the six different NN architectures used to investigate the approximation
and interpolation capabilities of NN-based methods.

Table 2: NN architectures tested

Feed-Forward ResNet DeepResNet

3 layers with 30 neurons per layers
20 Residual Blocks 20 layers with 20 neurons30 Residual Blocks 30 layers with 30 neurons40 Residual Blocks

The ResNet and DeepResNet structures used in this paper are those presented in the previous section. Both
networks are implemented with a single wrapping layer in order to take into account the change of dimension
of the output (acceleration) with respect to the input (position). However, the wrapping layer preserves the
dimensionality as both input and output are of dimension three.

Recurrent Model It is crucial to specify that all the NNs used for training and then system identification
are used in a recurrent manner. Indeed, during the identification phase after training, only one true initial
condition is given to the NN model at initial time t0. Prediction at time t1 is directly used as input for the
NN to provide a prediction at time t2 and so on. All the structures considered in this paper are used in
this recurrent scheme and a true solution is never injected afterwards to correct the NN model prediction
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sequence.

Loss function As an indicator of the fitness capabilities of the network, the loss function compares the true
value of the state with the approximation provided by the network during the training. Additionally, to
measure how well the conservative motion is preserved, a penalty term resulting in violation of constants of
the motion is introduced as a soft constraint inside the loss function. As a result, the loss is:

Loss =

n∑
k=1

||rk − r̃k||22 +||h0 − h̃k||22 + ||e0 − ẽk||22︸ ︷︷ ︸
soft constraints

 , (12)

with n the size of the training set, h0 = r0 × v0 the initial angular momentum and e0 = v20/r0 − µ/r0
the initial energy. In this paper we only introduce the difference in position as this is the measurement data
available in real life. The six networks are trained for 2500 epochs, meaning the entire data set has passed
through the networks 2500 times. The evolution of the loss function for these six networks can be seen
Figure 5 with a zoom between epochs 2000 and 2500 on Figure 6.

From Figure 5, it is clear that the loss function is monotically decreasing only for the FF NN to reach a steady
state value of approximatively 2× 10−7. The loss function for ResNets 20, 30, 40 is globally decreasing but
oscillations can be seen early in the training phase. After 2000 epochs, the loss is stabilized just above 10−7;
Loss for ResNet 20 being slightly higher than loss for ResNet 30 again slightly higher than loss for ResNet
40. DeepResNet 20×20 achieves the smaller loss among all the networks, reaching 10−7, but still with some
oscillations. On the other hand, DeepResNet 30×30 presents greater amplitude for oscillations combined
with the highest loss among all the networks above 2 × 10−7. Hence, we will focus on three structures that
produce the best performance on the training data set: Feed-Forward [30 30 30], ResNet 40 and DeepResNet
20×20.

Figure 5: Evolution of the loss function for different structures.
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Figure 6: Evolution of the loss function for different structures (zoom between epochs 2000 and 2500).

Numerical results
Figures 7, 8 and 9 show the norm of the approximation error for position for the three test orbits not included
in the training (each orbit being separated by a vertical line) for the three NN structures. Considering the FF
NN, the absolute error between the neural network prediction and the true value does not surpass 1.4× 10−8

LU with a mean at 4.24× 10−9 LU. For ResNet 40 and DeepResNet 20×20, the absolute error in position is
below 10−8 LU with a mean at 1.99×10−9 LU and 1.38×10−9 LU respectively. Figures 10, 11 and 12 show
the norm of the approximation error for velocity for the three test orbits for the three NN structures. The FF
NN achieves an overall absolute error below 4×10−7 LU/TU with a mean at 9.24×10−8 LU/TU. For ResNet
40, the absolute error in velocity stays below 2.5×10−7 LU/TU with a mean at 4.29×10−8 LU/TU. Finally,
DeepResNet 20×20 does not surpass 1.75× 10−7 LU/TU with a mean at 2.61× 10−8 LU/TU. These results
show good approximation capabilities by the three different structures with an advantage to DeepResNet
20×20. Errors for position and velocity are very close to integration tolerances, typically around 10−10. To
further investigate the dynamical approximation capabilities of the NNs and see whether the penalty term
in the Loss function is efficient to get conservation of angular momentum and total energy. Figures 13, 14
and 15 first show the norm of the approximation error for angular momentum. FF NN is at a maximum
of 1.2 × 10−7 LU2/TU, ResNet 40 at 6 × 10−8 LU2/TU and DeepResnNet 20×20 at 4 × 10−8 LU2/TU.
Average values for the three networks are 2.45 × 10−8 LU2/TU, 1.14 × 10−8 LU2/TU and 6.02 × 10−9

LU2/TU respectively. Again, DeepResnNet 20×20 achives minimum approximation error. Finally, Figures
16, 17 and 18 show the norm of the approximation error for total energy. FF NN, ResNet 40 and DeepResNet
20×20 present a maximum at 2×10−6 LU2/TU2, 1.2×10−6 LU2/TU2 and 7×10−7 LU2/TU2 with average
values at 2.40 × 10−7 LU2/TU2, 1.57 × 10−7 LU2/TU2 and 9.71 × 10−8 LU2/TU2 respectively. Overall,
DeepResNet 20×20 achieves a better accuracy for the three orbits approximation and is able to capture the
constants of the motion. Table 3 summurizes the average error for the three different networks over the three
test orbits.

Table 3: Average errors over 3 orbits for the different NN structures considered

Average error over 3 test orbits Feed-Forward [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 4.24× 10−9 1.99× 10−9 1.38× 10−9

Norm of velocity error [LU/TU] 9.24× 10−8 4.29× 10−8 2.61× 10−8

Norm of angular momentum error [LU2/TU] 2.45× 10−8 1.14× 10−8 6.02× 10−9

Norm of energy error [LU2/TU2] 2.40× 10−7 1.57× 10−7 9.71× 10−8

Number of parameters 2070 480 7720
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Comparing NN capabilities, it is essential to take into account the number of parameters of the NNs to
determine which structure is the most efficient when providing similar results. In that case, ResNet 40 is
the NN architecture built with the smallest number of weights and biases and provides results very close to
DeepResNet 20×20.

Figure 7: Position error FF NN

Figure 8: Position error ResNet

Figure 9: Position error DeepResNet

Figure 10: Velocity error FF NN

Figure 11: Velocity error ResNet

Figure 12: Velocity error DeepResNet
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Figure 13: Angular momentum error FF NN

Figure 14: Angular momentum error ResNet

Figure 15: Angular momentum error DeepResNet

Figure 16: Energy error FF NN

Figure 17: Energy error ResNet

Figure 18: Energy error DeepResNet
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STUDY OF THE TWO-BODY PROBLEM IN POLAR COORDINATES
While previous section investigated the approximation capabilities of a NN for the two-body problem in
Cartesian coordinates, this section aims to explore the same approximation capacities but in polar coordinates.
Polar coordinates are interesting because the dynamics are expressed simpler.

Formulation
From Eq. 1, the dynamics of the two-body problem expressed in polar coordinates is

r̈ = − µ
r2

+ rθ̇2,

θ̈ = −2ṙθ̇

r
.

(13)

From Eq. 13, we define the function g : R2 → R2 as

g :

[
r
θ

]
7→
[
gr(r, θ)
gθ(r, θ)

]
=

[
−µ/r2

0

]
. (14)

that contains the dynamics of the central gravitational force in polar coordinates. One can reformulate and
write the full dynamics equations using a pseudo-matrix form

G(·) =

[
02×2(·) I2×2(·)
g(·) 02×2(·)

]
(15)

such that if x =
[
r θ ṙ θ̇

]T
, then

ẋ = G(x) + h(x)⇔


ṙ

θ̇
r̈

θ̈

 =

[
02×2(·) I2×2(·)
g(·) 02×2(·)

]
r
θ
ṙ

θ̇

+ h(x) =


ṙ

θ̇
−µ/r2

0

+ h(x), (16)

where the matrix product has to be seen as a composition and h : R4 → R2

h :


r
θ
ṙ

θ̇

 7→
 rθ̇2

−2ṙθ̇

r

 (17)

takes into account the remaining terms in the radial and circumferential acceleration components. Because
we want the dynamics of the central force to be approximated by a neural network, Eq. (16) becomes

ẋ = G̃(x) + h(x)⇔


ṙ

θ̇
r̈

θ̈

 =

[
02×2(·) I2×2(·)
NN(·) 02×2(·)

]
r
θ
ṙ

θ̇

+ h(x) (18)

where g has been replaced by the neural network model (NN). We want to investigate whether the part of
the dynamics coming from the central force, e.g. g, can be replaced by a NN. More precisely, we want to
closely examine:

1. whether the second component gθ(r, θ) is set to 0 or not,

2. in which extent the first component gr(r, θ) is independent from θ.

Note that gθ(r, θ) = 0 corresponds directly to a constant value for angular momentum.
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Training
The same ten orbits which orbital elements are presented in table 1 are used to constitute the training data
set, this time in polar coordinates. A classic FF NN with 3 layers and 30 neurons per layer is used for the
training. In this scenario, no penalty term corresponding to the conservation of the constants of the motion is
included in the loss function.

Numerical results
To investigate the precise behavior of the NN and assess its capabilities to approximate the dynamics of the
central force, we perform an analysis on the value of the weights and bias of the network. More practically,
we feed the network with all possible combinations of r and θ and check the value of gr(r, θ) and gθ(r, θ)
layer per layer. Four different snapshots are taken: after the first layer, after the second layer, after the third
layer and at the output.
Figures 19 to 22 present the four snapshots for the value of gr(r, θ) . After the first layer, Figure 19, gr(r, θ)
is clearly dependent on both r and θ. The first layer of weights and bias does not set a value of gr independent
of θ. After the second layer, Figure 20, almost all the domain is set to 1 which implies high values for weights
and bias before the activation function. The only variation that can be seen is for low r at θ near 0. After the
third layer, Figure 21, the value of gr(r, θ) is almost constant with a small variation around θ = 2rad. At this
point, gr is still dependent on θ. From Figure 22, it is evident that gr(r, θ) is independent of θ. Hence, the
NN is able to learn the inherent symmetry of the dynamical system.

Figure 19: Value of gr(r, θ) after first layer

Figure 20: Value of gr(r, θ) after second layer

Figure 21: Value of gr(r, θ) after third layer

Figure 22: Value of gr(r, θ) at the output
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Figures 23 to 26 present the four snapshots for the value of gθ(r, θ) . After the first layer, Figure 23, gθ(r, θ)
is basically sent to -1. It can be seen also that the value of gθ is independant of r. After the second layer,
Figure 24, low θ yields a value of gθ slightly less than -1, almost independant of r again. After the third layer,
Figure 25, the value of gθ(r, θ) has considerably changed and varies now between 0.2 and -1. Also, gθ is
now dependant of r. From Figure 26, it is evident that the output of the NN approximates the true zero value
of gθ with 2 decimal space accuracy. Further investigations are required to assess the effect of NN structure
on learning in two dimensionnal r, θ space.

Figure 23: Value of gθ(r, θ) after first layer

Figure 24: Value of gθ(r, θ) after second layer

Figure 25: Value of gθ(r, θ) after third layer

Figure 26: Value of gθ(r, θ) at the output

Table 4 summurizes the average error for the three different networks over the three test orbits in polar
coordinates. It is to be noted that the first column presents the results in Cartesian coordinates when there
is no penaly term included in the loss function. It is clear to see that this first attempt in polar coordinates
achieves lower accuracy than a training in Cartesian coordinates with 3 orders of magnitude in difference in
accuracy. Further comparisons with other structures can be made by confronting values from Table 4 with
those from Table 3.
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Table 4: Average errors over 3 orbits for the different NN structures considered in Cartesian and polar
coordinates with no penalty terms in the loss function

Average error over Cartesian Polar

3 test orbits FF [30 30 30] FF [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 7.94× 10−8 5.02× 10−4 1.22× 10−4 9.98× 10−5

Norm of velocity error
[LU/TU]

2.02× 10−7 8.50× 10−4 2.41× 10−4 1.01× 10−4

Norm of angular momentum
error [LU2/TU]

3.41× 10−7 2.53× 10−3 6.55× 10−4 2.11× 10−4

Norm of energy error
[LU2/TU2]

9.33× 10−7 2.34× 10−3 8.99× 10−4 5.49× 10−4

We recall that training a NN is equivalent to solve a large optimization problem where the parameters are the
weights and biases of the structure. Therefore, a random initialization at the beginning of the training phase
could potentially leads to a local minimum. In order to verify whether previous case was a local minimum,
the initial values of the weights from the last layer corresponding to the output gθ(r, θ) are set to 0 (same for
biases). Table 5 summurizes the average error for the three different networks over the three test orbits when
initializing the weigths for gθ(r, θ) to 0. In this specific scenario, the first column includes the training in
Cartesian coordinates with penalty terms in the loss function. The motivation is that setting initial weigths to
0 for gθ(r, θ) is similar to enforce conservation of angular momentum (see second line of Eq. Eq. (13)).

Table 5: Average errors over 3 orbits for the different NN structures considered in Cartesian and polar
coordinates including penalty terms in the loss function for training in Cartesian coordinates and initializing
weigths for gθ(r, θ) at 0

Average error over Cartesian Polar

3 test orbits FF [30 30 30] FF [30 30 30] ResNet 40 DeepResNet 20×20

Norm of position error [LU] 4.24× 10−9 4.54× 10−9 3.12× 10−9 3.03× 10−9

Norm of velocity error
[LU/TU]

9.24× 10−8 9.56× 10−8 9.05× 10−8 8.76× 10−8

Norm of angular momentum
error [LU2/TU]

2.45× 10−8 2.76× 10−8 1.09× 10−8 1.60× 10−8

Norm of energy error
[LU2/TU2]

2.40× 10−7 3.71× 10−7 2.31× 10−7 2.13× 10−7

On average, ResNet 40 and DeepResNet 20×20 achieve better accuracy and are able to predict an accurate
orbit up to 3.03×10−9 LU in position and 8.76×10−8 LU/TU in velocity as well as reproducing the constants
of the motion.

14



CONCLUSION
This paper investigated the approximation and prediction capabilities of three types of neural networks: Feed-
Forward, Residual and Deep Residual. First in Cartesian coordinates, it has been showed that the three
structures have been able to provide accurate results for orbit prediction considering a large data set while
incorporation violation of constants of the motion in the loss function. While the DeepResNet structure
considered provides the most accurate results, the ResNet architecture shows very similar performance with
much less parameters. Both orbit prediction and constants of the motion are approximated within numerical
integration tolerances. Same work in polar coordinates has been performed to assess the learning capabilities
of a NN model in a description where the central force is explicit. Simple FF NN structure was able to find the
symmetry of the two-body problem up to 2 decimal accuracy. Initializing the NN with weigths corresponding
to conservation of the angular momentum allows the training in polar coordinates to be the most accurate.
Once again, ResNet and DeepResNet structures show the best results overall. Further work will focus on
other techniques to accurately characterize inherent dynamics characteristics of the problem.
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